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ABSTRACT. In this paper we consider singular quasilinear elliptic equa-
tions with quadratic gradient and a singular term with a variable expo-

nent )
—Au + [Vl =f inQ,
u’Y(I)

u=~0 on 0.

Here  is an open bounded set of RV, ~v(x) is a positive continuous
function and f is positive function that belongs to a certain Lebesgue
space.

We show, among other results, that there exists a solution in the
natural energy space HE(Q) to this problem when ~(z) is strictly less
than 2 in a strip around the boundary; while there is no solution in
the energy space when there exists I' C 9Q with |I'|xy—1 > 0 such that
v(z) >2onT.

Moreover, since we work by approximation we can analyze the be-
havior of the approximated solutions u, in the case in which there is no
solution in Hg ().

1 INTRODUCTION

In the framework of quasilinear elliptic equations with quadratic growth
in the gradient, here we are concerned with the existence of solutions for the
following boundary value problem:

Vul®
—Au + ) =f in{,

u=0 on 0f),

(1.1)

where € is an open, bounded subset of RY (N > 3), 0 < f € L(Q) with
q> % satisfying

(1.2) M (f) L ess inf{f(z):x €w} >0, VYwCC Qs
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where Qs := {x € Q : dist(x,9Q) < §}, for § > 0 fixed, and v(z) € C1(Q) is
a positive function.

If the lower order term is nonsingular, namely

{—Au +g(z,w)|Vu*> = f inQ,

1.
(13) u=>0 on 052,

with g a Carathéodory function in © x [0,00), problem (?7) has been ex-
haustively studied in [?, 7, 7] with data f in suitable Lebesgue spaces.

In the case in which the lower order term is singular, there are several
papers that deal with existence and nonexistence of solutions when ~ is a
positive constant, namely with the model problem

2
uY

u=20 on Of).

(1.4)

First, existence of solutions for (??) was proved in [?7, 7, ?] for 0 < v <1
and the uniqueness of solution for 0 < v < 1 in [?]. We also quote the
paper [?]. Specifically, the existence of positive solutions of (?7) is proved
in [?] for v < 1 provided 0 # f € L(Q) (¢ > 5) with f > 0. In [?]
it is proved the existence of solution if v < 2 when a strong condition on
f is assumed (see [?] for the parabolic case). More precisely, it is imposed
condition (??) in the whole Q. Moreover nonexistence is proved if v > 2 or
if v = 2 and A\ (f) > 1, where \i(f) denotes the first positive eigenvalue
of the laplacian operator —A with zero Dirichlet boundary conditions and
weight f € LY(Q), (¢ > N/2). In [?] the author prove the same result as in
[?] avoiding, in the case 0 < 7 < 1, the assumption that f must be strictly
positive in compact subsets of €2 (see also [?]). Later, in [?] it is proved the
nonexistence of solution assuming only that v > 2.

In the present paper, we deal with a variable exponent and we analyze how
the behavior of v(z) influences the existence and nonexistence of solutions.
We may have a region inside {2 where v(z) < 2 and another region where
V(z) = 2.

The main goal here is to explain that what matters for existence of solu-
tions is the behaviour of v(x) near the boundary.

The idea to prove the existence result consists in approximating the sin-
gular term s7(@) continuously, such that the non singular approximated
problems fall into the framework in [?] and therefore they have finite energy
solution w,, for every n € N. We will prove that, for v(x) < 2 near the
boundary, the approximating solutions u,, converge to a positive solution of
(7?). As f € L9(Q) with ¢ > § it is easy to prove ([?]) that exist a priori
estimates of the solutions wu,, in H{ (). Observe, that due to singularity of
the lower order term, the approximated lower order term blow up as u,(z)
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is converging to zero. This is the reason why it is not possible to apply
the ideas of [?, ?, ?] to show the strong convergence of Vu, in L?(Q) (and
thus the strong convergence of the approximated solutions u,, in H}(£2) to
a solution of (??)). The keypoint to overcome this difficulty consists in
proving that u, are uniformly away from zero in every compact set inside
. We show here that v(x) must be less than 2 only near the boundary for
obtaining this kind of estimate. This principle allows us to prove that the
sequence of approximating solutions converges locally to a solution of (?7).

In order to prove our nonexistence result we follow the ideas in [?] adapted
for Sobolev functions vanishing only in a part of the boundary.

Our main results are the following (it is assumed that 02 is Lipschitz and
we denote by n. the exterior normal vector to 0f2, see the comments before
the statement of the main results).

Theorem 1.1 (Existence). Let f € LY(Q) with ¢ > & satisfying (??) and
v(z) < 2 on N or y(x) < 2 on ON with 8;;(117) > 0, then there exists
u € HE(Q)NL>®(Q) a solution to problem (77).

Theorem 1.2 (Nonexistence). If there exists ' C 0Q with |T'|y—1 > 0 such
that y(x) >2 on I ory(z) =2 on I' with 8;(:17) < 0 there then (??) admits

Te
no solution u € H () N L®(1).

We remark that what we will use to show existence of a solution is that
v(x) < 2 for every z in a strip around 0f inside Q. Our hypothesis on y(z)
in Theorem 77 guarantee this fact. Note that we can extend the existence
result to functions v(x) such that y(z) < 2 on A C 92 and y(z) = 2 on

ovy(x
90\ A with 2% ¢ there,
one

For the nonexistence part we use that there is an open set D C €2 such
that v(z) > 2 in D and [0D N 9Q|n-1 > 0. Remark that the conditions on
v(x) assumed in Theorem ?? imply the existence of such set D.

The paper is organized as follows. Section 2 is devoted to describe the
approximated problems and we prove some properties that we need in the
proof of our main results. In Section 3 we prove the main results. We analyze
the behavior of the solutions to the approximated problems in Section 4.

Notations. As usual, for every s € R we consider the positive and
negative parts given by sT = max{s,0} and s~ = min{s,0}. For any k > 0
we set Tj(s) = min(k, max(s, —k)) and Gi(s) = s — Ti(s). We denote by
|E| the Lebesgue measure of a measurable set £ in RY and by |[|y_; the
(N — 1)-dimensional surface measure of I'. For 1 < p < 400, |lul, is the
usual norm of a function v € LP(FE). We equipped the standard Sobolev

space H{(F) with the usual norm [ul| = ([, |Vu|2)1/2.
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Moreover, for any ¢ > 1, ¢ = Wil will be the Holder conjugate exponent
of ¢, while for any 1 < p < N, p* = NN—Z) is the Sobolev conjugate exponent
of p. As usual, S denotes the best Sobolev constant, i.e.,

S= sup |ullper(q)
”u”H[l)(Q):l

Following [?], we set ¢y (s) = se**, A > 0; we will use here that for every
a, b > 0 we have

(L5) ag(s) = bloa(s)| = 5,

if A > 5. We will also denote by e(n) any quantity that goes to 0 as n

o’
goes to infinity.

Acknowledgment. Research supported by MICINN Ministerio de Ciencia
e Innovacién, Spain under grant MTM2012-31799 and Junta de Andalucia
FQM-194 (first author) and FQM-116 (second author).

2  PRELIMINARY RESULTS

Let us start giving our definition of solution to problem (?7).

Definition 2.1. We say that u € H}(2) N L>(£) is a positive solution for
(??7)ifu>0ae z€Q,
[Vul?
u’Y(l’)

\V4 2
VuVep + [Vul p= [ f(x)p,
0 o u®@) 0
for every ¢ € H}(2) N L>®(Q2) with ¢ > 0.

e L'(Q)

and

In order to prove our results the approach is to consider the following
approximating problems. For every n € N let w,, be the solution to

ul | V|2 .
—Auy, + L =f inQ,

n

Uy =0 on 0f).

Now, we prove some estimates that we will need in what follows.

Proposition 2.2. There exists at least one positive solution 0 < u, €
HE(Q)NL>®(Q) of the approzimating problem (??). In addition, the sequence
{un} is bounded in H}(Q) and in L>°(Q), i.e. there exists C > 0 independent
of n with

lunllmp @) < €, llunllreo@) < C, Vn e N.
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Remark 2.3. Standard regularity arguments imply that u,, is Holder con-
tinuous.

Proof. Classical results allow us to deduce that the problem (??) has a
solution u, that belongs to Hg () (see [?]) and to L>®(2) (see [?]).

To prove the a priori estimate in L>®(2) we take ¢ = Gp(u,) as test
function in (??) to obtain

u |V, |2
/|VGk(un)|2+/ . W)L | . Gio(un)
" @ (w5 (14 1)

- [ f@Gu(w).
Q
Using the positivity of the lower order term we deduce that
[ VGl < [ f@)Gutun)
Q Q

Now, by Stampacchia’s method, see [?], it follows from this inequality the
existence of C' > 0 such that that

Lo (@) < C.

Now, we prove the a priori estimate in the Sobolev space. Taking u, as
test function in (??) and using Holder and Sobolev inequalities we arrive to

ut [V, |2
/ Vunf? + / ; wn < llallun
+1
Q o (uf + 2 (14 Lgy,)?)

<C S||fllqllunll-

Using the positivity of the lower order term and that ¢’ is the conjugate
exponent of ¢ (note that for ¢ > N/2 we have ¢’ < 2*) we conclude that the
sequence uy, is bounded in H}(f2). Therefore, up to a subsequence, u, — u
for some u € H} ().

On the other hand, taking u,, as a test function in (??) we obtain

i [ el i = [
o o (wi +3)" (L R Vw?) o

and as f is nonnegative we get

/Vu;P:/fU;SO.
Q Q

Therefore, we deduce that u,, > 0. Moreover, since

—Auy, 4 nlllze@+2y > f

the strong maximum principle assures that u,, > 0. O
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Now we prove that the solutions of the approximated problems wu, are
away from zero in every compact subset of €. In this proof is where we ap-
preciate that «y(x) must be less than or equal to 2 only near of the boundary
in order to obtain our existence result.

Proposition 2.4. Let f € LI(Q) with ¢ > & satisfying (??) and v(z) < 2
0 ()

on O or y(x) < 2 on I with
one

> 0 then there exists ¢, > 0 such that

Uy > Cy for every w CC €.

Proof. Let us consider
Qy ={z e : dist(z,00) < n}.

Given w CC  there exists > 0 such that w C Q\ ©,. The conclusion
follows from the fact that there exists ¢ > 0 such that u,(x) > c a.e. x €
Q\ Q,. Note that it is enough to show this for n small.

We will prove this fact in two steps. In the first one we prove that there
exists ¢ > 0 such that u, (z) > c for every x € 9(Q\ Q). Then, in the second
step, we will use this inequality to prove the claim in the whole \ﬁn.

Step 1. We may assume that n < 4, where ¢ is given by (??). Since

v(z) < 2 on 09 or y(z) < 2 on I with 3;(:8)
Ne

m € (0,6) such that, for every n < n; there exists v, < 2 with
0<7y(@) <7y, <2

> 0 then there exists

Thus we will assume that 0 < 2n < 1 < § and we

for every x € €, \ﬁg.
\ Q) C wy with

also have that 0(Q

3 )
wy = {:B €N Zn < dist(z,09Q) < I}

Observe that w; CC W where
n . —
W .= {x €N 3 < dist(z,00) < 277} C QQU\Q%

For every 0 < s < C, with C' given by Proposition 7?7, and z € W we have
that

5 < (C+1)"2
(8—|— %)'y(:r)Jrl - S’an ’
Taking
h(s) = Gl 1)
By

we have that 0 < u,, € HY(W) N C(W) is a supersolution to the equation
~Az+h(2)|V22=Ti(f) inW.
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Therefore, we can use Proposition 2.3 in [?] (note that condition (??) implies
that 77 (f) satisfies (1.4) of that paper in W and, since 3, < 2, the function
h satisfies (1.7) of [?]). We deduce the existence of ¢,,, > 0 that u,(x) > ¢,
for every x € w1, n € N.

Step 2. Using that, from Step 1, u,(z) > ¢y, in (2 \ Q) we prove now
that u, > ¢, in D :=Q \ﬁn.

We take ¢ € C3(Q), with ¢ > 0 and supp(¢y) CC D, as test function
n (?7?) and we obtain

un]Vun]2
Vun Ve + / by = / for.
/D D (un+ 1) (14 Lvu2) o

Thus, by density, for every nonnegative ¢ € H} (D) N L*°(D) we have

un\Vun\Q
Vi,V + / / 1o
/D D (un + 1) (14 1 Vu, 2)

Using that

2 2
BT P R
Ly (1+ L |Vu,[?) (un +

we obtain, with ¢ = (C 4 1)IVlz>@  that

/D Vun Ve + /D . lvunvyimm /f¢>,

for every 0 < ¢ € H}(D) N L*(D).

l) 17l Loe ()
n

(un +

n

Now, consider
c

H”(S):/l (o 1 Dlim

If we take in the previous inequality e™»(¥n) (¢, —wu,)T € H}(D)NL>(D)
as test function it follows that

‘/ [V [Pe™ ) > / Fem ) (e, —up) ™ >0,
DN{cwy >un} D

Then, (¢, —up)™ = 0 and therefore u, > ¢y, in D. O

3 PROOFS OF THE MAIN RESULTS

Proof of Theorem ?77. The result follows from the following steps. First we
prove that u, — u strongly in H{ _(£2) and next that we can pass to the
limit in (?7).
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Step 1. u, — u strongly in H}

loc

(Q). Here we prove that

31)  lim / V(un — )26 =0, Vo e C2(Q) with ¢ > 0.
Q

Reasoning as in [?], we consider the function ¢y(s) defined in (??) and
we choose vy (u, —u)¢ as test function in (??), we have

/Vun- —u)so&<un—u>¢+/QVun-V¢m(un—u>

+/ CLs o (Uun —u)o
A\Un —
2 (un + 1) (14 1| Vu,)?)

- /wa(un — )

Since, up to a subsequence, u,, — u weakly in Hg () and strongly in L?(Q),
we note that

/ F o(tn — Wb — / Vitn - Vo (tn — ) = £(n).
Q Q

Moreover, choosing wy CC € with supp¢ C wg, from Proposition ?7,
Proposition ?? and the fact that v(z) € C(Q2), we deduce that

> —e(ws) | V| |ox(un — u)|@.

Thus, it follows that
[ S = 04 = w0

(3.2)
—efw >/Nunr ot — 0)]6 < £(n).

Adding
- /Q Vu - V(up — u)ph (up —u)p = e(n)

in both sides of (??) and since
19 Pleatun = wlo <2 [ 19, = w)lerun ~u)le
+2 [ [VuPlor(u, — o
=2 [ 19~ 0Plpr(un = 0l + <o),

we find

19 = 0P [ = ) = 2 lr (= )] < e,



A SINGULAR ELLIPTIC EQUATION WITH A VARIABLE EXPONENT 9

Choosing A such that (??) holds with a = 1 and b = 2¢(wg), we conclude
that (?7) is satisfied.

Step 2. We pass to the limit in (??). Choosing 17 (u,) as test function in
(?7), we obtain

/Tg(un) Up |V |? </f
@ (uy+ 1) (14 L wu,2) T o

If we take the limit as € tends to zero, and we use that u, > 0 in €2, we get

n|vun|2
(3.3) / u < / f
Q (up + %)”(z)“ (14 L|Vu,|?) Q

Since

un|Vun|2
(un + 2) O (14 LV 2)

and the right hand side is bounded in L'(2) by the assumptions on f and
by (??). Then we can apply Lemma 1 of [?] (see also [?]) to deduce that,
up to (not relabeled) subsequences, Vu, converges to Vu a.e. in .

—Auy, = f —

Using Fatou lemma in (?77?), we get

IVUI2 /f

Therefore, to conclude the proof we only have to show that u is a distri-
butional solution of the problem (??). We begin by passing to the limit as
n — oo in the equation satisfied by u,,, that is, in

Up | Vg |2
Vuy, -V = , Vo € C5°(Q).
/Q e VO +/Q (un + 1)7EH (1+%|wn|2)¢ /QN’ P EarE)

First of all, the weak convergence of u, to u implies that

(3.4) lim / Vu Vo — / VuVe, Ve CR(Q).
Q

n—-+00 Q

On the other hand, if we fix w CC €2, then, by Proposition ??, Proposition 7?7
and since y(z) € C(2), we get

Un,
< ¢(w), Vn >> 1, and Vz € w.
(U% + l)v(a:)—‘rl

n

Consequently, if £ C w it follows that

U | Vi, |2
(3.5) / " W(I)L | n / |V, |?.
E (un + g) ( ~|Vup |
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Let € > 0 be fixed. Since u,, is strongly compact in Hﬁ)c(Q) and there exist

ne, dc such that for every F C w CC 2 with meas(F) < ., we have
£
/ |Vu,|? < @)’ Vn > ne.
In conclusion, by (??), we see that meas( ) < 0 implies

U | Vg |?
/ ,Y($)+1 1 S 87 vn Z n€7
(wn +3)7 (L4 3 Vual?)

i.e., the sequence
2
Un | V|

(s + )" (1 5192

n

[Vul?

u’7<z> ?

is equiintegrable. This, together with its a.e. convergence to
by Vitali’s theorem that

lim Un |Vt |? B |Vu|?
n—+o0o Jq (un + %)’Y(I)-‘rl (1 + %\VunP) Q uY (@)

implies

¢, Vo e G (Q).

Therefore, using the above limit and (?7?) we conclude that

Vul? 00

as we wanted to show. O

Now we prove our nonexistence result.

Proof of Theorem ??7. From our hypothesis, we may assume that I' = 0D N
00 with D C € open such that vy(z) > 2 for every x € D.

We prove the result using the ideas of [?]. Assume on the contrary that
there exists some u € H}(2) N L>®(2) solution of (??) with u > 0 a.e. in
such that

[Vul?

dr < +o0.
Q u?’(i’?)

Since «y(z) > 2, we know in D that
2 2 2
/ |Vul < |Vul < |Vul
D (u—l—€)2 —Jp u2 = D u(@)

< 400, Ve > 0,

i.e.,

/mew+a—m@W<ca Ve > 0.
D

Denoting 2. = |In(u + ) — In(¢)|, we have that z. € H'(D) with z. = 0 on
0D N 0f). Now we observe that there exists a constant C4 such that

(3.6) /f<@/ww
D D
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for any function g € H'(D) with g = 0 on I'. To see this fact, we argue by
contradiction. Assume that there is a sequence g, such that [ D IVgn|?> — 0
and [}, g2 = 1. Then g, converges strongly in H'(D) to a function go that
verifies fD|Vg0|2 = 0 (hence, gy = cte) ng(Q) =1land gg =0on T, a
contradiction. Thus, using the generalized Poincare’s inequality (?7) we get

/ z? < 04/ |VZE|2 < CyC3:=C5, Ve > 0.
D D
Denote E,, = {z € D : u(z) > X} for every n € N. Then we have

{z € D;u(z) >0} = U E,,
n=1
which implies that

[ee]
0<[D] <) |Ey
n=1

and then there exists ng € N such that |E,,| > 0. We deduce

In <nlo + E) —In(e)

for every € > 0, therefore

2
By | < / |In(u +¢) — 1n(5)|2 <,

0

2

1 C
In ( + 5) —In(e)| < b« +00, Ve > 0.
L ‘Eno‘
Now, as € goes to zero, we obtain a contradiction. O

4 BEHAVIOR OF THE APPROXIMATING SOLUTIONS u,

In this section we analyze the behavior of the solutions of the approximat-
ing problems (??) in the case in which there is no solution in the Sobolev
space H}(Q).

We consider here the case Q = D; U D», where Dy, Dy C §) are open sets
with |8D2 N 8Q|N_1 > 0 and

v(x) < 2 for every x € Dy,

y(x) > 2 for every x € D».
This will be referred as condition (H).

In this case Theorem ?? assures that there is no solution u € H}(2) N
L>(Q) of (?7). We explain what occurs with the approximations u,, in the
following result.
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Theorem 4.1. Assume (7?) for every § > 0 and that condition (H) is
satisfied. Then the weak limit u of the sequence wu, satisfies that 0 < u in
Dy, u=0 in Dy, u € HJ(D1) N L>®(Q) and u satisfies

Vul|? ,
|u7(fﬂ‘) =f in Dy,

u=20 on 0D;.

—Au +

(4.1)

Moreover, there exists a Radon measure vy € M(S) supported in Dy such
that, in the sense of distributions,
—Au+ | ‘QXD =f—1y
(4.2) wy(@) A0 ’

u=0 on 0f).

Proof. Observe that the sequence w,, of solutions of (??) weakly converges
in H}(Q) to u € H}(Q) N L®(Q) (using the Sobolev’s estimate proved in
Proposition ??). Moreover, Proposition ?? is valid for w CC D; (observe
that what we use in that result is that vy(z) < 2 for every x in a strip around
0f) inside ) and, in particular, v > 0 in D;. Even more, as in (??) we have
that

Un |V, |?

. 1
(un + %)’Y(SL’)-H(l + %\VunP) is bounded in L"(£2),

Vp =

therefore, the result of [?] yields that (up to subsequences) Vu, converges
to Vu almost everywhere in 2. Thus there exists a positive Radon measure
v € M(Q) such that, up to a subsequence, v,, — v in the weak-* topology

2
of measures. Since we can use Fatou lemma to obtain that Ltv,le) € LY(Dy)
_ [vuP ; ;
we can even assume that v = o7y X D1 (z) + v, where 1 is a nonnegative

bounded Radon measure on .

Now we claim that u = 0 in Ds. Indeed, if D = {z € Dy : u(z) > 0}
and |D| > 0 then, since y(z) > 2 in Dy we can argue as in the proof of
Theorem ?? (observe that u € H'(D) and v = 0 on a subset of D of
positive measure). For example, if D = Dy then u = 0 on 9Dy N ON. As
another example, we mention that if D C Dy then u = 0 on 0D. Thus we
reach a contradiction and the claim is proved.

As a consequence u € H[% (D7) and, as in the proof of Theorem 77, we can
pass to the limit in the approximating problems to prove (??). In addition,
(??7) follow from the weak-* convergence of v,. Finally, in order to prove
that vy is supported in Dy we observe that, taking ¢ € C§°(Dq) as test
function in (??) and (??) and substracting we obtain that

/QMVO = 0.
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On the other hand, taking ¢ € C§°(D2) as test function in (??) and using
that v = 0 in Dy we get that

/quduoz/gm a

Remark 4.2. Now we just remark that when we consider (H) in the case
0Dy N 0N = () we have proved that the weak limit u of the sequence u,
satisfies that 0 < w in £ and it is a solution to (??). This is a consequence
of the fact that we have v(z) < 2 in a strip near the boundary of €2, and
hence the approximations converge to a solution to (??) as was proved in
Theorem 77.

The case in which 9Dy N IQ # () with [0D2 NN n—1 = 0 is left open.

Remark 4.3. Finally we point out that, as in [?] or [?], the above results
can be generalized to a more general class of differential operators. More
precisely we can consider

. [Vul? .
—div(M (z,u)Vu) + Q(x, u) Ty = f inQ,
u x

u=20 on 052,

with M(z,s) a matrix with coefficients m; j(x,s), such that Q and m;
are Carathéodory functions, 7,7 = 1,..., N and for some positive constants
a,b, o, B it is satisfied that

0<a<Qz,s)<b, s>0,

0<alf? <M(z,s)¢-&  |[M(z,s)| <8, 5>0, z€Q, £cRY,
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