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SOME PROPERTIES OF CONTINUOUS LINEAR OPERATORS IN
TOPOLOGICAL VECTOR PN - S5PACES
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Al rracT, The potion of o probabilistic metric space correspods to the siboa-
Fions when we do not kaow exackly the distance. Probabilistic Metrie space wis
introduced by Barl Mengor, Alsina, Schweizes and Sklar gave 4 general definition
of probabilistic norned space hased on the definition of Menger [1]. In this note
we shidy the PN spuces which ave topologieal vevtor spaces anel the open mapping
awl elosed graph Theorems o this spaces are proved,

1. ISTRODUCTION AND P RELIBIIE AHIES

Probabilistic normed spaces were first defined by Serstney in 1962 (see [16]). Their
definition was generalized in [L. We reeall the definition of probatnlistic normed
space briefly as given in [1], together with the notation that will be needed (see [12]),
We shall consider the space of all distance probability distribution [unctions | brieHy,
d £s), namely the sct of all left-continuous and non-decreasing funetions from H iuto
[0,1] such that F(0) = 0 and F(+20) = 1. Here as usual. R =Ru{—nc. oo}
The spaces of these functions will be denoted by At while the subsel, 2F C A7 will
denote the set of all proper distance d.f's, namely those for which (7 F (+m) = 1.
Here { f(x) denotes the left limil of the function [ at the point r. The space AT
is partially ordered by the usnal pointwise ordering of functions 1.e., "< G il and
ouly if Flw) < Gla) for all & in K. Forany a 20, 2, is the duf, given by

) 1}, ifr<a
i l if v = a.

The space A~ can be metvized inseveral ways [12], but we shall here adopt the Sibley
metric dg. If F. G are «Lf.°s and & is in [0, 1], let (F.GR) denote the condition:

dahy < Fla+ )+ b for alle ]U‘. .’1 [
ll | =
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Then the Sibley metric g is defined by
ds(F,G) = inf{h €]0,1[: both (F,G;#) and (G, F:h) hold}.

In particular, under the usual pointwise ordering of fuuctions, =y is the maximeal
element of AT, A triangle function is a binary operation on A%, nawely a funetion
71 AT % AT — AT that is associative, commutative, nondecreasing in each place
and has £y as identity, that is, for all .G and /I in A"
(TF1) 7(r(F.G). H) = 7(F.7(G. H)),
(TF2) 7(F.G} = 7(G, F).
(PR3 F =g =% +(F ) <2(G, H).
(TP4) 7{F,ep) =7{ee. F} = F-
Mareover, a triangle funetion is confinnous il it is continuous in the melne space
(A™.dg).

Typical continuons triangle lunctions are

7 (F, G)x) = sup, e TF(8)-G(E)):

ancl
- F, G} = infyspe T (F(8). G}

Here T is a continious t-nori, be. a contiunous binary operation on [0,1] that is
connmutative, associative, nondecreasing in each variable and has 1 as identity; T
is & continuous #-conorm, nawmely a coutinuous binary operation on |0. 1] which is
related ta the continuons t-norm T through 7wy} = 1 = T'{L —a&:1 — y). Let
us recall among the triangalar function one has the function defined via Ta.y] =
min(z.y) = Miz,y) and T*(r,y) = max(r.p) or T(r.y) = wlr.y) = 7y and
T y) =x*(zy) =w 43— T

Definition 1.1, A Probubilistic Novmed spuee (briefly, PN space) is a (V, v, 7,77).
where V' is a real vector space, T and 7° are continuous triangle functions with
7 < 7 and v is a mapping (the probabilishe novm) from 17 into A, such that [or
every choice of p and ¢ in V' the following hold:

Vg = T(Mae ¥ li
Vy < T (Uaps Ya-nip) for every A€ [0, 1]

A PN space is called a Serstueyv space il it satisties (N1], (N3] and the [ollowing

condition:
b 15
.l.r”_“[‘;[_'j =y '| ll"i E
i,

holds for every @ # 0 € B and » > 0. There is a natnral topology in a PN-

space (V, w7, 7). called strong topology; 1t is defined for p @ Voand ¢ > @, by the
nvighborhoods

NL(#) = {g e Vivyp(t) = L =t} = {g € Vidi¥yp 20} < 1},
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A set A i the PN space (V.o 7%) is said to be D bounded if its probabilistic
radius, 4 helougs to D, The probabilistic radius of A is defined by
= inf{v(x): p € A}, w &[0, +00)
1, =

m

H.'II:'E} =

Of course, if Vois a normed space under the norm || - ||, then the set 4 may be
bounded when regarded as a subset of the normed space (1 || <[], The two notions
need nol coincide (see (8]).

Definition 1.2, A subset 4 of a PN space which is a TV space is said to be bounded
il for every m £ M there exists a & € B such that

A = ENG(1/m).

The papers [1. 17, 6. 5] on the relationship between the fwo types of houndeduess
ought also to be kepl in mind.

The concept of paranorm is # generalization of that of abselute value. The para-
norm of x may be thought of as the distance from x to 0.

Definition 1.3, [18] A paranorm is a real function p: V' — [ where V 15 a vector
space, and satisfying conditions (i) through (v} for all veetors a. bin 'V,
(1) plfy=10
(ii) pla) = O
(iit) p(—u) = pla]
{iv) pla+b) < pla) + p(b)
(v] If £, is a sequence of sealars with £, — { and u,, 15 a sequence of vectors with
wy, — e, then p(t,n, — fu) — 0 (continuity of multiplication}.

A paravorm p for which p(e} = 0 implies o = # will he called totel
Chie owes the following result to Alsina, Schweizer & Sklar ([2]).

Theorem 1.4, Every PN space (Ve 7.77), when it ts endowed with the strong
topology induced by the probabilistic worm v, is a lopological veclor space if. and
only if, for every p € V the map from B into V' defined by

Mo Ap (1.1}

th conlinions,

*

[t was proved in [2. Theorem 4], that, if the triangle function 7* is Archimedean,
i.c., if T admits uo idempotents other than ey and e {[12]), then the wapping {1.1)
is continuous and, as a consequence. the PN space (Vo7 77) s a TV space.

2 80ME PROPERTIES OF CONTINUQUS LINEAR OPERATOR IN TOPOLOGICAL
VECTOR PN sPacEs

Definition 2.1, A Probabilistic Total Paranorned space (briefly P tp-N space) 1s
a triple (V.. 7). where V' is real vector space, 7 is a continuons triangle function
and v is a mapping (the probabilistic total paranorm) from Voin to &7, such that
for every choise of p and g in V' the fellowing hold:



TITLECONTINUOUS LINEAR OFERATORS 1M TOPOLOCICAL VECTOR PN - SPACES 6l

pl) #, = =y if. and only if. p=#¢ (8 is the mall veetor i Ve

pP2] v = vy

P3) Ly = Tl M)

pd) If 1, and o, be two sequence of vectors and sealars respectively and w, — o
fip — o Then g, oo — S0

(
(
(
(

Fxample 2.2, Suppose p is a total paranorm on the veetor space Voand let 7 bea
triangle Tunction such that 7 (£, 6] < fugn and ¥, = ep0) Then (Ve 7)isa P tp-IN
space.

Proaf, (pl) v, =€y Sty = oS a =1

(P2} Va = €pia) = Cpi—n} = ¥ a0

(Pd) Yasd = Enfuts) 2 Enfadpih) 2 Tl:l'f-,nl-:]- '-":.-n;-'-‘.-}

(p4) Suppose u, and o, be two sequences of veclors and scalars respectively and

Uy — W, g — cv. Then Movp =t = Spl iy iy —cru) -‘E. Cornlin—nl+plog=a) — & O

Thearem 2.3, [3] A PN-space is a topological veclor space if, and only if, s a
{p-N space.,

Definition  2.4. A continuous linear map on V' into W, where V' and W are
topological vector space over &, is called topological Lhomomorphismail each open
subset G C V. the image «(G) is an open subset of w(V).

Definition 2.5, I X is a topological space. & set £ C X is meager set if £ s a
cowlable mmon of nowhere dense sets,

Theorem 2.G. Let (V.. 7) and (W.rn,72) be two P tp-N spaces. TV — W be
a continuous map of V ownth range dense in W. Then erther T(V) is meager in W
or else TIV) =TV, Alse T is topologieal humomorphism.

Proof. Let (V.pp,my) be a P tp-N space. By theorem 2.3, (V. 1,1} 15 topulogical
vector space and the set .""-"-.a;-li%}.'.'.! £ N is a f-ueighborhood base. Let f"-];{%}._ re N
he a base of vircled f-neighborhoods satisfyving

1 = i) .
4+ Nl Y C Na[—) ne N {2.1)

Misq sl iy

Nl

For each nonempty finite subset A of N, define the cireled #-neighborhood Vi by
Vie==i3 e ;"-.Z;f_}l;} and the real nunber P b;,-' P;:; = E”E 3 2.‘”. I'Un-"q: doﬁu{u: th
real valued function @ —| o | on V by | 2 [= 1 if x is not contained in any Vi aud
otherwise by

| 2 |= i { P, & € Vic}
Then | - | is a pseudo-norm on V', similarly we can find a psendo-norm | - | on W
The family {S., 7 = 0} is a f-ueighborhood i V. Tor fixed v, lot U7y = 5, and
I = b Then U + U5 = Uy and T(V) = UEnT'(L7).
since by assmuption T'(V) is a cowplete metric space there exist n € N such that
[nT(U72)] has an intervior point: Hence [T(U2]] has an interior pomt. Nuw

T + [T(0a)] € [T0) + (L)

Hence there exist ¢ = U such that (V)N 5, C D5 ) for every 2 = 1L Thus 11 s
a topological homomorphism and TV = W, O
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Caorollary 2.7. A continuews linear map T aof a P tp-N spuce (Vi 71 ) in to another
such space (W, v, T2} is a fopological homemerphism iff T(V'] 1 closed o 117,

Proof. T(V) is isomorphic with —_lﬁ and hence in W conversely if T(V) is closed
in W7, then it is P tp-N space and henve ean replace W in preceding theorem, U

Theorem 2.8, [f (V.v. ) and (W, v, 72 are fwo P tp-N spaces. T:V—=Wise
confinuous surjection and G s open in V' then T(G) 1s open in W.

Proof. We first show for every r = (1

o€ nt[T(Ng(r})] (

b
L
—

Not that because T s surjective we have,

W= L,,.f°=1['a"'l‘ "mi.'"—- 11

U KT (Ne( )]

By the Baire Category l.hi.'uil'{-'ui there is o fr = 1 such that !.-[T(.-"'-.',g[g]]] Ly nomempty
interior thus M = ént [N }] L. If g € M. let s = 0 such that N (5) ©
[’j‘("&q[ 1} Let g € W, (51 where ¢ is the null vector in W Since gy €
Tf Nal(L£))]. there exist a wquuncc—* {pn} In Ng(5) such that T(pn) — go. Thers is
also 4 wquguw {pl} i Ng(5) such that T(p ) — qo +a. Thus T(, — .} — g and
{of, — pa} © Na(r): that is No{r) C [T[Ny (¥))]. This establish claim (2.2). Now it
will be shown that

T(NH(E))] € [TONa(r)))-

e > i

(2.4)

Note that il (2.3) is proved. then claim {2.2) imples that o € it [T No(r))]. for
anv ¢ = 0 and the theorem is proved. ludee d if €7 15 an open subset ol V7, theu
for every p € G let r, > 0 such that Nir,) © G, But o € int T(Nalry))] and so
T{p) € inlT(Nu(r)).

Thus there is an &, > Osuch that U, = Nygls,) © 1 (N, (e ). Therefore Uyes{U,) ©
(@), But T(p) € U, so Upee; {b,,} = T(G)} aud hence TG is open.

To prove (2.3) fix ¢ € [T(No(£))], by (2.2) 0 € ind[T{Ng(5))]. Hence

'rh IT {J|—]]' I .!

| lxul"'i-

f
Let pl = "'v"rJ("J ?'lth 11mt il’g;,] € [q] - [I "x‘,:, ,}]‘J Now Tf;rnj = g — 12 where

{r;r,,} in 'L ‘-1.1Lh Hmr_
(i) pn € -"k"r:{l%}.
(ii) g, € [T(Na(2))].
'::l“] Tri4+1 = qu ¥ [qu 3
But d.{vp,.50) < 32, 50 S div,, 5) < oo, Hence p = S P exist in V' oaud
duv,, 5) < 7. _Juis.u

n
XT fj'rllI — Z{Qra M 1) =10 — Qg1
k=] -
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The relation (iii) implies that g, — 0, therefore
@ = T} =Tip) € T(Nolr)),
1

This proving (2.3) aud completing the prool of the theorem. O

Theovem 2.9, (Prochaska)[7]- Serstiev spuce (Voo 7) with v(V) € D7 and 7 = 7ar
is a locally convex space.

Clorallary 200, I (Vo o) and (Wiore, 7ag) be fo Sepstner spaces with (V) C
O and va(W) C D7, Let TV — W is a continnous surjection, und {7 15w open.
subset of V7, then T{G) is open.

Proof. Theorems 2.7 and 2.8, O

Definition 2.11. ["ﬁ| A lincar wmap T @ (Vippon) — (W 1y, 75} boetween two PN
spaces is said to e strongly bonnded if there exist o constant k =t such that for
every p £ Voand foe every o = 1,
P

'!J:JT,;P-.('I-I] i ‘I'('_J.II.E 5
Letnma 2.12. [8]. Every strongly bownded hinear operator T @ (Vg m) — (W g, 1)
between two PN spaces is continuous with respect to the strong topology in (V, ¥ T1)
and (W, v, 73] respectively.

Theoremn 2.13. Let (V.vy.n) and (W, v, 74) be two P tp-N spaces and T : V' — W
is strongly abounded finear operator that is bijective, then T is strongly bounded.

Proof. The operator T is continuous by Lemma 2. 11, Now the result follows from
theorem 2.7, O

Theorem 2,14, Let (Vi 7) and (Wi, ) be twe P tp-N spaces under the same
triangular function v, and TV — W is a linear operatar such thal the grapdi of T
w5 closed, wherr

graph T={(p. T(p)l.pe Vi
Then T 18 continuous,

Proof. Let G = graphT. since (V' x W, u"o7) where g7 1 V' % W — At s defined
by p7ipg) = T{rp. ), is a P tp-N space and G is closed, (7 is complete. Define
G o= Vby plp, Tip)) = p. 1L is easy to check that p is bounded and bijective, [E5%

the precediug theorem, p~' 1V — G is continons. 170V — W is the coposition
of the continous map p~' : V' — G and the conthmous wap of G — W defined
by (p, T(p)) — T(p). Therefore T is continnous. O

Corollary 215, Let (V.. 7ap ) and (W, Ty ) be two Serstner spaces with 1 (V) C
Dt and i(W) C DT and T : V — W be o linear operator such that graph of T is
closed, Then 1 is continuois.

Proof. 1t is obviously obtained from Theorems 2.8 and Theorem 2.13. Ll
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