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Abstract

Strong asymptotics on the whole complex plane of a sequence of monic Jacobi polynomials plon#p n)

is studied, assuming that

im @2 =4, lim 2 =B,

n—oo n n—oo 1
with A and B satisfying A > —1, B > —1, A+ B < —1. The asymptotic analysis is based on the
non-Hermitian orthogonality of these polynomials, and uses the Deift/Zhou steepest descent analysis
for matrix Riemann-Hilbert problems. As a corollary, asymptotic zero behavior is derived. We show
that in a generic case the zeros distribute on the set of critical trajectories I' of a certain quadratic
differential according to the equilibrium measure on I' in an external field. However, when either «ay,, G5
or a, + Bn are geometrically close to Z, part of the zeros accumulate along a different trajectory of the
same quadratic differential.

1 Introduction

An,Bn)

We consider Jacobi polynomials PT(L with varying negative parameters An and Bn such that

-1<A<O, —-1< B <0, -2<A+B< -1 (1.1)
We will obtain strong asymptotics as n — oo of Py(LAn’Bn)(z) uniformly for z in any region of the complex
plane and uniformly for A and B in compact subsets of the set of parameter values satisfying ([[CTl). Since the
asymptotics is uniform in A and B, we also find the asymptotics for general sequences of Jacobi polynomials

PT(LO‘"’ﬁ n) such that the limits

A= lim and B = lim Bn (1.2)

n—oo N n—oo N

Qn

exist, and satisfy (). From the asymptotics of the polynomials we will also be able to describe the limiting
behavior of the zeros.

From the point of view of behavior of zeros, the Jacobi polynomials with varying parameters a,,, 0y
such that (C2) and () hold are the most interesting general case. Indeed, Martinez-Finkelshtein et al.
[25] distinguish five cases depending on the values of the limits (L) (cf. Fig. ). The first case is the case
where A, B > 0, which corresponds to classical Jacobi polynomials with varying positive parameters. These
polynomials are orthogonal on the interval [—1,1], and as a result all their zeros are simple and belong to
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the interval (—1,1). The asymptotic behavior of Jacobi polynomials with varying positive parameters is
discussed in [, B, [0, [[7, 23, 26]. We also consider the parameter combinations B > 0, A+ B < —2 and
A >0, A+ B < —2 as classical. Indeed, the transformation formula

PT(La,B)(x) _ <1 — :E) PT(L*27Z*O¢*B*1’B) (x_—’—?)) (1.3)

2 rz—1

see [32, §4 .22], expresses a Jacobi polynomial with parameters o and (3 satisfying a + 5 < —2n and 8 > —1
directly in terms of a Jacobi polynomial with positive parameters. It follows that ([L3]) reduces the study
of Jacobi polynomials with varying parameters a,, and S, such that the limits (C2) hold with B > 0 and
A+ B < —2 to the study of Jacobi polynomials with varying positive parameters. The analogous formula

1 " -
PT(La,B) () = < —|2—m) Prga,—Qn—a—ﬁ—l) <3J) (1.4)

Tz +1

shows similarly how to reduce the case A >0 and A+ B < —2 to the classical case.

1 A=0

Figure 1: The five different cases in the classification of Jacobi polynomials with varying parameters according

to [25].

The second case in the classification of [25] corresponds to limits A and B in ([L2) satisfying one of the
three combinations A < —1, A+ B> —-1,or B< -1, A+ B> —1,0or A< —1, B < —1. In this case the
zeros accumulate along an open arc in the complex plane. Their asymptotic distribution was found in [25]
in terms of the equilibrium measure in an external field (cf. [29]). The approach followed there was based on
the non-hermitian orthogonality of the Jacobi polynomials with these parameters. See [20] for an overview
of non-hermitian orthogonality properties of Jacobi polynomials with general parameters.

The remaining cases correspond to combinations of A and B values such that one or more of the inequal-
ities -1 < A <0, -1 < B<0,and —2 < A+ B < —1 are satisfied. In these cases, the zero behavior is
more involved due to the possible occurrence of multiple zeros (at 1 only) or a zero at co (which means a
degree reduction). To be precise, if & = —k is a negative integer with k& € {1,...,n}, then we have (see [32,
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formula (4.22.2)]),

SIS Al OIS S 7 ) foi (3 (1.5)

so that Pé_k’ﬁ) has a zero at 1 of multiplicity k. Similarly, if 3 = —I with [ € {1,...,n} then RSO"_Z) has
a zero at —1 of multiplicity . A degree reduction may occur when « + (3 is a negative integer, namely if
a+p=-n—k—1withke{0,...,n— 1}, then

Fn+a+1) E P(a’ﬁ)

(@) (5) —
B &) = fras ) m T

(2), (1.6)

see 32, Eq. (4.22.3)]; see §4.22 of [32] for a more detailed discussion. Now assume we have varying parameters
an, Bn such that the limits (C2) exist. If —1 < A < 0, and if the «,, are integers, then we have for each n

large enough, that P,ﬁ“"ﬁ ") has a multiple zero at 1. In the weak limit of the zero counting measures this
corresponds to a point mass |A| at 1. Similarly, if —1 < B < 0, and if the (3,, are integers, then we have in
the limit a point mass |B| at —1. Finally, if —2 < A+ B < —1 and «,, + 8, are integers, then we have in
the limit a point mass 2 + A + B at infinity.

The classification of the remaining cases in [25] depends on the number of inequalities —1 < A < 0,
-1 < B <0, -2 < A+ B < —1 that are satisfied. The third, fourth and fifth case correspond to
combination of parameters A and B such that exactly one, exactly two, or exactly three, respectively, of the
inequalities are satisfied (cf. Fig.[). In these three cases the limiting behavior of zeros will be very sensitive
to the proximity of a,, (if -1 < A < 0), B, (if -1 < B < 0) or o, + By, (if =2 < A+ B < —1) to integer
values. For Laguerre polynomials the same phenomenon was analyzed recently in [21].

Since all three kinds of singular behavior can occur in the fifth case, this is the most interesting case and
that is the reason why we consider it here. The other cases can also be treated with our methods. Fig. [l
shows the behavior of zeros which is typical for case 5. From the figure it appears that the zeros accumulate
on a contour consisting of three analytic arcs. From our analysis below it follows that this is indeed the
case, provided that the parameters are not too close to integers. We identify the curves as trajectories of a
quadratic differential as well as the limiting density of the zeros on the curves, see Theorems and B4 for
the exact statement. To be able to explain the remarkable zero behavior was the main motivation for the
present work.

We remark that the different possibilities within the cases 1, 2, 3, and 4 can be transformed to one
another using the transformation formulas (I3), (Cd) for Jacobi polynomials. It is interesting to note that
case b is invariant under these transformations, see [25].

We also remark that the transitions between the five cases (i.e., A =0, A= -1, or B=0, B = —1,
A+ B = —1or A+ B = —2) will present additional difficulties. These are the non-general cases, in contrast
to what we call the general cases 1-5. The zero distribution in some of these cases has been studied by Driver,
Duren and collaborators (see also a recent survey [33] on the large parameter cases of the hypergeometric

function). In [I1] the case P£k7l+1’_n_1), k € N, has been analyzed, corresponding to A = k € N and
B = —1; this result was generalized in [I5] using a saddle-point method to allow k to be any positive real

number. Case PS"™7"" has been studied in [I3]. In general, these works establish the accumulation

set of the zeros but not the limiting distribution. Trajectories of the zeros of the Gegenbauer polynomials
P with fixed n as b varies from —1/2 to —oo have been described in [12).

The rest of the paper is organized as follows. The main results are stated in Section 2. We start defining
the basic configuration on the plane used in the description of the zero (Subsection 2.2) and strong (Subsec-
tions 2.3-2.4) asymptotics of the polynomials. In Section 3 we prove two technical lemmas. The cornerstone
of our approach is the matrix Riemann-Hilbert problem formulated in Section 4; the transformations of this
problem in the framework of the Deift-Zhou steepest descent analysis (Section 5) are used in Section 6 to
prove the main results of the paper.
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Figure 2: Zeros of Pfgsﬂ) for « = =70+ 107, 3 = —80 + 10~°, which corresponds to Case 5 in Fig. [

The Deift-Zhou steepest descent method for asymptotics of Riemann-Hilbert problems was introduced
in 9] and applied first to orthogonal polynomials in [7, K], see also [B]. We use an adaptation of the
method to orthogonality on curves in the complex plane. The optimal curves are trajectories of a quadratic
differential and they were used for steepest descent analysis of Riemann-Hilbert problems first in [B] and
later in [2, [T9, 211, 22, 24].

2 Statement of results

2.1 Geometry of the problem
We assume A and B satisfy the inequalities (Tl) and define

B? — A2 £ 4i\/(A+1)(B+1)(-A—B-1)
G+ = (AT B 12 : (2.1)

Because of the inequalities ([[LT)) we have that all factors in the square root in (I) are positive, so that
(+ €CT={2€C: Imz >0} and (_ is the complex conjugate of (.
Regardless of the branch of the square root and of the path of integration we choose, the set

z 1/2
=18 .={,ecC: Re/ ((t= ¢t = )Y dt=0 (2.2)
_ t2 -1
is well defined, and consists of the union of the critical trajectories of the quadratic differential (cf. [3T])
(=) —C) 0
— dz*. 2.
(22 —1)2 : (23)

Lemma 2.1 We have that I' is the union of three analytic arcs, which we denote by I'p, I'c, and T'r. All
three arcs connect the two points (+ and intersect the real line in exactly one point, in such a way that each
of the intervals (—oo, —1), (—1,1), (1,00) is cut by one of the arcs.
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The contour T is oriented as indicated in Fig. Bl That is, I'y and I'c are oriented from (4 to (_, and I'p
is oriented from (_ to (. The orientation of I' induces a + and — side in a neighborhood of the contour,
where the + side is on the left while traversing I according to its orientation and the — side is on the right.
We say that a function f on C\T has a boundary value f(¢) for ¢t € '\ {4, (_} if the non-tangential limit
of f(z) as z — ¢ with z on the + side of T" exists; similarly for f_(¢).

Figure 3: Contour I' =I'f, UT'¢ UT'g with the orientation chosen.

Also, we denote by 2_7 and Q; the bounded components of C\ T containing —1 and 1, respectively, and
by Qs the unbounded component of C \ T" (Fig. B).
In what follows we write

R(z)=((z=¢)(z=¢)Y2 zeC\ I, (2.4)

which is defined and analytic in the cut plane C \ I'c, such that R(z) ~ z as z — 0.
We also need the critical orthogonal trajectories of the quadratic differential ([Z3]). These are defined by

]_'\J. _ I\J_+ U ]_'\J_f

FJ‘:{ZE(C:Im/ f(t) dt:O}
c t2—1

where the integration is along a path from (_ to z in C™ \ I'¢, and

rt+ = zEC+:Im/ f(t) dt =0
C+t -1

where the integration is along a path from ¢, to z in C* \ I'c.

The typical structure of the orthogonal trajectories I'* is shown in Fig. Bl Three orthogonal trajectories
emanate from both (; and (_, ending at 1, —1 and oo, respectively (see the dotted lines in Fig. H). We
denote by 'yfr , 'yirl, 7L the arcs of 't that connect ¢y with the points 1, —1, and oo, respectively; this is
also the part of I't in the upper half plane. The corresponding arcs in the lower half plane are denoted by
v, 7-; and 7y, so that v, is the mirror image of 4! in the real axis, for s € {1, —1, 00}.

where

2.2 Weak convergence of zeros
Then we define the absolutely continuous (a priori, complex) measure g on I' by

A+ B+2R(2)
= P — dz, zel, (2.5)

dp(z)
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Figure 4: Typical structure of the sets I' (solid lines) and I'* (dotted lines).

where Ry denotes the boundary value of R on the +-side of I'. (Only on I'c there is a difference between
the + and — boundary values.) The line element dz is taken according to the orientation of I'.

Lemma 2.2 The measure [0 is positive and
wlr)=14+A4>0, wle)=-1—A—- B >0, w(lgr)=14 B> 0. (2.6)
In particular we have that p is a probability measure on I'.

The importance of p is shown in the following result.

Theorem 2.3 Let (ay,) and (By) be two sequences such that o, /n — A and B,/n — B where A and B
satisfy (LI). Suppose that

lim [dist(cw,, Z)]Y" = lim [dist(8,,Z)]"/" = lim [dist(a, + B, Z)H™ = 1. (2.7)

n—oo n—oo

Then, as n — oo, the zeros of the Jacobi polynomial P,Ea"’ﬁn) accumulate on T' and p is the weak* limit of
the sequence of normalized zero counting measures.

The conditions 1) imply that «,,, 5, and a, + 3, are not too close to the integers. That such a condition
is necessary is easily seen from the case when these numbers are in fact integers (cf. [CH)).
To describe the general case, we need the function

_A+B+2/Z R(t)
¢

dt (2.8)

o(z) = = ot

which is a multi-valued function. However, its real part is well-defined, and we see from the definition (Z2))
that I' = {z : Re¢(z) = 0}. For every r we introduce the level set

I'={z€C: Reo(z) =r}. (2.9)
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We note that by the selection of the branch in Z4), Re ¢ > 0 in the unbounded region 2o, and Re¢ < 0 in
the two bounded regions Q+1. For r > 0, we have that I',. is a simple closed contour in .., while for r < 0,
we have that I',. consists of two simple closed contours, one contained in €27 and the other in Q_;. We define
for r < 0,

r,_1=IN0_4, 1 =00y

We choose the positive (=counterclockwise) orientation on each of the closed contours. All these contours
are trajectories of the quadratic differential [Z3)). See Fig. H for the trajectories.

6

-4+

-6 I I I I I I

Figure 5: Some trajectories of the quadratic differential [Z3)), or equivalently, some level sets I',., for the
values A = —0.7 and B = —0.8.

Finally, we introduce three numbers r,, rg, and 7444 and we assume that

lim [dist(ov,, Z)]Y" = e ", (2.10)
lim [dist(B.,Z)]Y" = e 7%, (2.11)
lim [dist(cv, + B, Z)]Y™ = e Ters, (2.12)

It is easily seen that these numbers are non-negative and that the case ro, = rg = ro43 = 0 corresponds to
Theorem It is also easily seen that at least two of the numbers r,, 7g and 7443 should be equal, and
if the third one is different, it will be greater than the other two. So we distinguish four cases in the next
theorem.

Theorem 2.4 Let (o) and (By) be two sequences such that o, /n — A and B,/n — B where A and B
satisfy [LI)). Suppose that there exist three numbers v, Tg, and ro4p such that the limits ZI0), ZII), end
@I2) exist. Then the following hold.

(a) Ifro =13 =rqotp, then the zeros of P,E“"’ﬁ” accumulate on T' as n — oo, and p is the weak™ limit of
the normalized zero counting measures.
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(b) Ifro =rg < ratg, then the zeros of P,E“"ﬂ") accumulate on Tc UT, where r = (ro+p —1r4)/2 > 0 and

A+ B+2R(z)
2 22 -1

dz, zelcUT,

is the weak* limit of the normalized zero counting measures.

(€) If ra = ragp < 13, then the zeros of Pﬁa"”ﬂ")

and

accumulate on Tr UT, _1 where r = (ro —rg)/2 < 0,

A+B+2
+ ,+ R(z) dz, zelprUI,. 1
271 22 -1 ’

is the weak* limit of the normalized zero counting measures.

(d) If rg = ra4p < Ta, then the zeros of P,ga"ﬁ") accumulate on I'p UL, 11 where v = (rg —14)/2 < 0,

and
A+ B+2 R(z)

27 z2 -1

is the weak® limit of the normalized zero counting measures.

dz, zelp Ul 1

Of course the statement of Theorem is a special case of part (a) of Theorem 24l We choose to mention
Theorem separately, since it represents the generic case. The statements of Theorem 4] are also valid
along subsequences of N, if we assume existence of the limits (ZI0)-EI2) as n — oo for n in a subsequence
A of N.

To illustrate the different phenomena that can happen we show some figures (Fig. B and Fig. [).

Figure 6: Zeros of Pf&;ﬁ) for « = =70+ 1075, B = —80 4 107, together with the set I corresponding to
A=—0.7, B=—0.8.

Remark 2.5 A general approach to the limiting zero behavior of polynomials satisfying a non-hermitian
orthogonality property has been established in the works of Stahl [30] and Gonchar-Rakhmanov [I8]. These
authors describe the limit distribution in terms of the equilibrium measure in an external field on a contour
satisfying a symmetry property in C. Our contour I' possesses this property, but the theorems of [30] and
[I8] are not applicable: an essential assumption in these papers is the connectedness of the complement to
the contour. Nevertheless, the measure u from ) is the above mentioned equilibrium measure on I' in a
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Figure 7: Zeros of P{%” for @ = =70 + 102, 8 = —80 + 1030 (left), and a = —70 + 105 + 1010,
3= —80— 1075 (right), together with the set I corresponding to A = —0.7, B = —0.8.

certain external field. Also the contours I',. have the symmetry property and the measures given in parts
(b)—(d) of Theorem Zd are the equilibrium measures in the external fields on these contours. So Theorem 7
shows that in a certain sense the results of Gonchar-Rakhmanov-Stahl are also valid for Jacobi polynomials
with varying negative parameters. It seems likely that similar results hold in more general situations.

2.3 Strong asymptotics away from (.

The weak convergence results of Theorems and B4 follow from the strong asymptotic results that we
obtain for the Jacobi polynomials. We state the result here for the sequence REA"’B”). We use 13,§A”’B”) to
denote the corresponding monic Jacobi polynomial.

Note that T' and T'* divide the complex plane into six domains, which we number from left to right by
I, 11, II1, IV, V, and VI, as shown in Fig. B

To state the asymptotic results we need to be specific about the branches of the functions that are
involved. We already defined ¢ in [28) as a multi-valued function. Now we specify that

dt z€C\ (TcU~f Uyt uat) (2.13)

o(2) ot

B A+B+2/Z R(t)
2 ¢
where integration from (_ to z is along a curve in C\ (I'c U~ Uyt U~Z). Note that this definition prevents
the curve from going around the cut I'c and also from going around one of the poles +1.

Near infinity, ¢ behaves like

A+ B+2

0(z) =

logz+c+0O (1) (2.14)
z

for some constant c¢. This constant ¢ will also appear in the asymptotic formulas below.
In our formulas we will also see fractional powers (z —1)~4"/2 and (z+1)~B"/2. We will choose these to
be defined and analytic in C\ (7;" U~vZL) and C\ (v, U~Z), respectively, and to be positive for real z > 1.

Finally, we define
B 1/4 _ 1/4
w3 ((=6) -+ (=8))
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I~

N

Figure 8: Domains defined by trajectories I' UT.

-z ((55) (=)

which are defined and analytic in C \ T'c. The fourth-roots are chosen so that they approach 1 as z — oo.
We call these functions N1; and N7, since they will appear later as the corresponding entries of a matrix V.
Now we have all the ingredients to state our main theorem.

and

Theorem 2.6 Let A and B satisfy [LIl). Then the monic Jacobi polynomials }3,EA"’B") have the following
asymptotic behavior as n — 0.

(a) For z in domains I and II,

ﬁr(LAn,Bn)(Z) _ e—nc(z _ 1)—An/2(z + 1)—Bn/2

() (140 (L)) oot 0wt (1101 aas

(b) For z in domain III,
ﬁr(LAmBn)( ) efnc(z ) An/2(z+1) Bn/2

Bnmi Sin(Anm) on(2) 1
( sin((A + B)mr) Nu(z) {1+0 n (2.16)

(¢) For z in domain IV,
ﬁT(LAn,Bn)( ) €_nc(2’ ) An/Q(Z+1) Bn/2

( o smblj:l frg))nﬂ N (2) (1 o <%)) (217)

)
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(d) For z in domains V and VI,

ﬁT(LAn,Bn)(Z) _ efnc(z _ 1)7An/2(z + 1)7Bn/2

<en¢<z>Nn(z) (1 +0 (%)) +e3m%e—w<z>mg@) (1 +0 (%) )) (2.18)

These asymptotic formulas hold uniformly for z in the indicated domains away from the branch points,
uniformly for A and B in compact subsets of the region —1 < A <0, - 1< B <0, -2< A+ B < -1, and
for values of n such that (A + B)n is not an integer.

Remark 2.7 One can verify that the asymptotic formulas I0)-EIF) agree on the boundaries of the
respective domains.

Remark 2.8 The fact that the formulas [ZI8)—EI8) hold uniformly for A and B in compact subsets of the
region given by ([II]) implies that we can allow varying values of A and B. In particular, we can consider two
sequences (a;,) and (8,) such that the limits ([[C2) exist and satisfy ([[LT]). We then have asymptotic formulas

for the Jacobi polynomials PmBn) as in ET3)-EZI8) with A replaced by A, = a,/n and B replaced by
Bn/n. Then we also have to realize that ¢, ¢, N1; and Njo are going to be n-dependent. Indeed, these
quantities are defined using A and B, which here we have to replace by A,, and B, ; we chose to state the
theorem for a,, = An and 3, = Bn for the sake of brevity of notation.

Remark 2.9 The expressions between brackets in the right hand-sides of ([ZI3)-@I8) contain two terms
that correspond to the Liouville-Green approximation of two linearly independent solutions of the differential
equation satisfied by the corresponding Jacobi polynomials (cf. [27, Ch. VI]). In different regions of the plane
and depending on the parameters, these two terms are of comparable sizes (and then zeros of the polynomials
arise), or one of them is dominating the other. If we assume that An, Bn, and (A 4+ B)n are not close to
integers, the expressions sin(Ann)/sin((A + B)nr) and sin(Bn)/ sin((A + B)nr) have moderate sizes (not
too small, not too big). In that case the dominant term is determined by Re¢. For z € Q, we have
Re ¢(z) > 0, and then ZIH) and ZIF) both reduce to

ﬁT(LAn,Bn)(Z) =e "0z — 1)—An/2(z + 1)_Bn/26n¢(z)Nu(Z) (1 +0 (%)) (2.19)

for z in domains I and VI.
For z € Q; UQ_; we have Re ¢(z) < 0, so that e~"?(*) dominates e"*(*) for large n. Then ZIH)-EI8)
reduce to

D(An,Bn) — _,—Anmi—nc SiH(BTLTF) _ 1\—An/2 —Bn/2 —n¢(z) l
P, (2) e Sn((A + Bynm) (z—1) (z+1) e Nia(2) |14+ 0 - (2.20)

for z in domains IT and IIT (that is, for z € Q_;), and to

sin(Anm)

ﬁ(AmBn) _ ,Bnmi—nc
" (2) =e sin((A + B)nm)

(z = 1)7A2(2 4 1) BV2e G Ny (2) (1 +0 <%>) (2.21)

for z in domains IV and V (that is, for z € Q).
We emphasize that (ZI9), 20), and @ZI) only hold if An, Bn, and (A+ B)n are not close to integers.
In general one has to use the compound asymptotic formulas ZI5)—-EIF).

Remark 2.10 If An is an integer, then ZI7) and [I8) reduce to [ZI9) for z in domains IV, V, and VL
Then we see the multiple zero at z = 1, not only because of the factor (z — 1)~4"/2, but also because

o(z) = —élog(z - 1)+ 0(1) as z — 1
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so that
@) = ( = 1)7A2(1 4+ 0(2 — 1)) as z — 1. (2.22)
So we have a zero at z = 1 of multiplicity —An, as it should be.
Similar remarks apply if Bn is an integer. In that case we have a zero at z = —1 of multiplicity —Bn.

Remark 2.11 If An is not an integer, then P“™"™ does not have a zero at » = 1. This is in agreement
with formulas ([ZI7) and [£I8) since the zero at z = 1 due to the factor (z —1)~4"/2 is compensated exactly
by the singularity in e="?(*) at z = 1, see [ZZF).

2.4 Strong asymptotics near (_.

The asymptotic formulas [ZTH) and ([ZIJ) are not valid near the branch points (_ and ;. Near those points,
there is an asymptotic formula involving Airy functions. We need the following particular combination of
Airy functions, depending on A, B, and n,

A(s;A,B,n) = —eB"m%wAi(ws) —l—eA"”% w? Ai(w?s)  (2.23)
_ 1 cos((A+ B)nr) — exp((B — A)nmi) s 1 (s
2 sin((A + B)nr) Ai(s) + % B (), (224)

where w = €2™/3 and Ai and Bi are the usual Airy functions [I]. Note that A(s; A, B,n) is defined for
combinations of A, B, and n that are such that (A 4+ B)n is not an integer.

Theorem 2.12 Let A and B satisfy [(LI). Then there is a 6 > 0 such that for every z with |z —(_| < 4,
the monic Jacobi polynomials REA”’B”) have the following asymptotic behavior as n — oo:

ﬁr(LAmBn)(Z) :efnc(z o 1)7An/2(z + 1)7Bn/2\/Ei
z—C 1/4 1
X lnl/G (—+f(z)> An?3f(z); A, B,n) (1 +0 <E>)

=G (2.25)
() s o)
v 1) =[50 2/3 20

where the 2/3rd root chosen is real and positive on v5,. The O-terms in Z2ZH) hold uniformly for |z—(_| < ¢
and for A and B in compact subsets of the region —1 < A <0, -1 < B <0, -2 < A+ B < —1, and for
values of n such that (A + B)n is not an integer.

There is a similar asymptotic formula for the behavior near (.

Remark 2.13 From the uniform asymptotics in Theorem it is possible to establish a more precise
behavior of the zeros of P,gA"’B") close to the branch points (4. In fact, the zeros of the function A defined
in (Z23)-E2Z4) model the behavior of these zeros of PA™B™  For instance, in the generic case &) both
terms in (ZZ3) or [ZZ4) have approximately the same size, and A has its zeros aligned along three curves
emanating from 0 and forming the same angle. The situation is different in cases (b)—(d) of Theorem EZ4
For instance, if 743 > 7o = Tq, then the first term in Z24) dominates the second term. But if ro # 74
then one of the two terms in ([Z23) dominates the other. In these cases the zeros of A behave like zeros of
the dominating Airy function and are aligned along a single curve emanating from 0.
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3 Proof of Lemmas 2.1 and

Proof of Lemma [Tl The quadratic differential 3) has a simple zero at (+ and a double pole at +1
and at oo. This determines the local structure of the trajectories as follows, see also [3], [28, Chapter 8] or
[B1, Chapter II1],

(1) Three trajectories emanate from (y at equal angles. These are the critical trajectories.

(2) Near £1 the trajectories are simple closed contours. Here we use the fact that

(z=C)z=¢)  cu 1
ey ‘(zq:l)?w(m)

as z — +1,

with c41 < 0.

(3) The trajectories near oo are also simple closed contours. This follows from the fact that in the expansion

_(z—(gg)_(zl)—zC):%JrO(l) as z — 0o,

we have coo = —1 < 0.

In the lower half-plane C~ there is only the simple zero at (_. The other points are regular points.
This means that the three critical trajectories that emanate from (_ extend to the boundary of C™, cf. [28
Lemma 8.4]. Because of (2) and (3) and the fact that trajectories do not intersect, the critical trajectories
do not tend to infinity, or come to £1. So each critical trajectories exits the lower half-plane in a point from
R\ {—1,1} and these points are mutually distinct, say &1, £, and &g, with {1 < ¢ < £r. Because of the
symmetry with respect to the real axis,

C+ R(t)

Re
. -1

dt = 0.

Hence, the three trajectories extend into the upper half-plane as their mirror images in R, and so they
continue to (4. This proves the existence of three arcs 'y, I'c, and ' contained in I' and connecting (L,
where & € T for s € {L,C, R}.

Next, we note that I', U ' is a closed contour consisting of trajectories. It follows from [28] Lemma
8.3] that it has to surround a pole. Similarly I'c U T'g has to surround a pole. This can only happen if
&L < —1<éc <1<&p.

To complete the proof of the lemma, we need to establish that I' consists only of 'y, I'¢, and ' and
nothing more. We use that the function

z):Re/: tfg)ldt, zeC\ (TecU{-1,1}), (3.1)

is single-valued and harmonic in C\ (I'c U {—1,1}). The path of integration in @) is in C\ T'c. It is easy
to see that

lim h(z) = +o0.
Since h =0 on I', UT'g = 08, it follows by the maximum principle for harmonic functions that h(z) > 0
for z € Q. Similarly, since

lim h(z) = —oo,
and h=00onT Ulc = 90_1, and on TrUT' ¢ = 94, we have that h(z) < 0for z € Q4. SinceT' = {h = 0}
we get that I" consists exactly of I'r, I'c, and I'g. This completes the proof of Lemma 21
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Proof of Lemma Recall that R(2) := /(2 — (1 )(z — (_) denotes the single-valued branch in C \ I'c
such that R(z) ~ z as z — oo. With this convention and taking into account ) it is straightforward to

check that
2B —2A

=——<0 R(l)= ———
AtrBr2 O=ad575+3"
From the definition of T" it follows that du(z) is real-valued on I" and does not change sign on each component

of I\ {¢-. 4.

Using the residue theorem, we have that

R(-1) 0. (3.2)

u(Te UTR) :/ dp(t) = (A+ B +2) res < h(z) ) '

T'cUl'r 2=

where we have used ([B2). Analogously,

(T UTe) = / du(t) = (A+B+2) res. <ZR(2) ) __B.

I'pUl'e == 2 1
Finally,
R(z)
wlp UlR) = du(t) = (A+ B +2) res | — =A+ B+2.
I'pUl'r Z=00 < -1
Hence,
1
pl) =5 (e UTR) +p(r Ule) + u(l'L UT'R)) = 1,
and
pwlr) = 1—pulcUTlR) = 1+ A4,
wTr) = 1—plLUlc) = 1+ B,
wTe) = 1-p(lLUlR) = -1-A-B,

which proves ). Since each part has positive total p-mass and p does not change sign on each of the
parts, we find that p is a positive measure. This completes the proof. O

4 A Riemann-Hilbert problem for Jacobi polynomials

Consider a closed path I', encircling the points +1 and —1 first in the positive direction and then in the
negative direction, as shown in Fig. @l The point £ € (—1,1) is the begin and endpoint of T,.

Figure 9: The universal curve I',.
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For a, 8 € C, denote
w(z;a, B) := (1 —2)%(1 + 2)? = explalog(1l — z) + Blog(1 + 2)].

This is a multi-valued function with branch points at oo and +1. However, if we start with a value of
w(z; o, B) at a particular point of T',,, and extend the definition of w(z; «, 3) continuously along T, then
we obtain a single-valued function w(z;a, 3) on Ty, if we view I, as a contour on the Riemann surface for
the function w(z;«, 8). For definiteness, we assume that the “starting point” is £ € (—1,1), and that the
branch of w is such that w(&; «, 5) > 0. We prefer to view I';, as a subset of the complex plane. Then T,
has points of self-intersection, as shown in Fig. @ At points of self-intersection the value of w(z; «, §) is not
well-defined.
In [20] it was shown that for k& € {0,1,...,n}, we have

—7T2 2n+o¢+ﬁ+3eﬂi(a+ﬁ)

k p(a,B) . _
/Fu E RSOt B dt = m e T (e — e (—n = ) O (4.1)

This shows that the Jacobi polynomials P,(LO“B ) are orthogonal on the universal curve I'y,. The right-hand
side of () vanishes for k = n if and only if either —2n — a — 8 — 2, or n + « or n + (3 is a non-negative
integer. In some of these cases the zero comes from integrating a single-valued and analytic function along a
curve in the region of analyticity; other values of o and (8 correspond to the special cases mentioned before

when there is a zero at 1. It is shown in [20] that the orthogonality conditions ([I]) characterize the Jacobi

B)

polynomial P{*® provided the parameters satisfy

—n—a—03¢N, and n+a¢N, and n+F¢N. (4.2)

Then Pﬁaﬁ ) is of degree exactly n, and we will denote by ﬁé“’ﬁ ) the corresponding monic Jacobi polynomial.

Based on the orthogonality @) a Riemann-Hilbert problem is constructed in [20], whose solution is
given in terms of 1375“’5 ) with parameters satisfying ([E2).

Let I',, be a curve in C as described above with three points of self-intersection as in Fig. @l We let I'? be
the curve without the points of self-intersection. Recall that the orientation of T, (see also Fig. ) induces
a + and — side in a neighborhood of I';,, where the + side is on the left while traversing I',, according to its
orientation and the — side is on the right. Again, we say that a function Y on C\ T', has a boundary value
Y, (t) for t € I'? if the limit of Y(z) as z — ¢ with z on the + side of I, exists; similarly for Y_(¢).

The Riemann-Hilbert problem for Jacobi polynomials is then as follows. We look for a 2 x 2 matrix
valued function Y = Y(®8) . C\ I', — C?*? such that the following four conditions are satisfied:

(a) Y is analytic on C\ T',.

(b) Y has continuous boundary values on I'?, denoted by Y} and Y_, such that

0 1

o-(oB)( %)

(d) Y(z) remains bounded as z — t € I', \ 'Y,

Yo(t) =Y () <1 wit; o, ﬁ)) for ¢ € T,

(c) As z — o0,

This Riemann-Hilbert problem is similar to the Riemann-Hilbert problem for orthogonal polynomials
due to Fokas, Its, and Kitaev [I6], see also [6]. Also the solution is similar.
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Proposition 4.1 ([20]) Assume that the parameters «, 3 satisfy D). Then the above Riemann-Hilbert
problem for'Y has a unique solution, which is given by

PO () L B Wu(ses) g
r
Y(Z) = u (a,8) . ) zeC \ ]_—‘u7 (43)
Cn—1P£ﬁ7f)(Z) i f W dt

u

for some non-zero constant c,_1.

The Riemann-Hilbert problem holds for any combination of parameters a and 3 such that (EZ) is
satisfied. Also the contour Iy is rather arbitrary. It could be modified to any curve that is homotopic to it
in C\ {-1,1}.

5 Transformations of the Riemann-Hilbert problem

In this section we consider parameters A and B satisfying the inequalities ([LTl). We also assume that n € N
is such that An, Bn and (A + B)n are non-integers. Throughout this section A, B, and n remain fixed.

From Proposition EEJl we know that the Jacobi polynomial EEA”’B”) is characterized as the (1,1) entry of
the solution of the Riemann-Hilbert problem for Y given in the previous section with &« = An and 3 = Bn.
In this section we apply the steepest descent method of Deift and Zhou to this Riemann-Hilbert problem in
order to reduce it to a Riemann-Hilbert problem that is normalized at infinity and whose jump matrices are
close to the identity. In the next section we derive the asymptotic results from this analysis. The Deift/Zhou
steepest descent method proceeds through a number of transformations of the original Riemann-Hilbert
problem.

5.1 Choice of contour

In the first step of the analysis we have to pick the right contour. For A and B satisfying (I]) we have
the contour I' = T'4B) defined in (), which according to Lemma Bl consists of three analytic arcs
I'=TpUl'cUTl'gr. We modify I';, to a contour that follows I' in such a way that every part of I' is covered
twice as shown in Fig. [

Figure 10: Tautening I', on the set T'.
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Passing from the Riemann-Hilbert problem on I',, to the Riemann-Hilbert problem on I'; we have that
on each part of I' two of the jumps are combined. The new jump matrices take the form

1 w(ti;An,Bn)\ (1 —w(t2;An,Bn)\ (1 w(ti; An, Bn) — w(te; An, Bn)
0 1 0 1 —\0 1 ’

where ¢, and ¢, are points on the Riemann surface, both lying above t. The values of w(t;; An, Bn), j =1, 2,
differ from each other by a phase factor. To make this precise we specify a single-valued branch for the
weight

w(z; An, Bn) = (1 — 2)2"(1 + 2)P"

onI'. Since I'\ {(4} is simply connected, we can define a single valued branch on I'\ {(; }, and we will do it
in such a way that w(&; An, Bn) > 0, where £ = £¢ is the intersection point of I'c with the interval (—1,1).

Then the jump on each of the contours I'y,, I'c, and I'r can be calculated. The result is the following
Riemann-Hilbert problem on I' for a matrix valued function which we continue to call Y. The contour I" has
the orientation shown in Fig. Bl

(a) Y is analytic on C\T.
(b) Y has continuous boundary values on I\ {¢_, {4}, denoted by Y, and Y_, such that

Yo (t) = Y (%) <(1) dsw(t;f”’B”)) for t € Ty \ {¢i}, s€{L,C,R}, (5.1)

with constants
dp = e?ﬂ'Bni (6277Am' _ 1) , do =1— 6271'(A+B)’I’Li dp=1-— e?ﬂBni’ (52)

)

and we follow the convention about the branch of w(t; An, Bn) on I' mentioned above.

=) %)

(d) Y (z) remains bounded as z — (4.

(¢) As z — o0,

Of course the solution to the above Riemann-Hilbert problem is similar to the solution {3) to the earlier
Riemann-Hilbert problem. In particular we still have

Yiu(z) = BP0 (z) (5-3)

The constants dr,, do and dg from [&2) will play an important role in what follows. These numbers are
non-zero, exactly because of our assumption that An, Bn, and (A + B)n are non-integers. Observe that

dp, +do = dg, (5.4)

which is a relation that will be used a number of times.

5.2 Auxiliary functions

In order to make the first transformation of the Riemann-Hilbert problem we need some auxiliary functions.
We already know from Lemma that u defined in Z3) is a positive measure on I" such that

ILL(FL)=1+A>O, [L(Fc):—l—A—B>O, ,LL(FR)=1+B>O. (55)
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Let g be the complex logarithmic potential of the measure u,

oz) = [ log(z ~ tduo)
This is a multivalued function; however its derivative is single valued:
A+B+2 R A/2 B/2
(2) — / — / , for z € Quo,
g,(z)_/du(t)_ 2 22—1 z—-1 z+1
z—t A+B+2 R(z) A/)2 BJ/2
2 22—-1 2—-1 2z+41’

G(z) = exp </z g'(t)dt), z€C\T,

for z € Q_1 UQ;y.
We define

where the path of integration lies entirely in C \ T' except for the initial point (_. From the fact that p is a
positive unit measure on I' it follows that G is single-valued in each component of C\ I'. Furthermore, G is
analytic, G((_) = 1, and the following limit exists

P GOy e </Oo(g'(t) —1/t) dt) . (5.6)

z—o0 2

We calculate the jumps of G. We have

Gi(2)G_(2) = %, for z €T, (5.7)
and
gigzi = exp(—2¢4(2)), for z €T, (5.8)

where ¢ is defined by ZI3). It will be useful to introduce also the related function

A+ B+2 [* R()
¢(Z)— 2 <+t2_1

dt = ¢(z), for ze C\ (Tc Uy Uy Uvy). (5.9)

To relate ¢Z with ¢ it is necessary to compute A+B +2 C t2( )1dt. This integral depends on the path from
(- to (4. We can distinguish four paths, namely F r, —T'c4, —T'c— and —T'z. (Recall that I'c and I'y, are

oriented from (4 to (_. So we put a minus sign to indicate that the path is from {_ to {;.) We obtain

mip(Tr) = mi(l+ B) integral over I'
A+B+2 [ R(t) gt = —miu(Te) = mi(l+ A+ B) integral over —I'c 4
2 /C t2—1 ) mple) = —mi(l+ A+ B) integral over —I'c _
—miu(ly) = —mi(l+ A) integral over —I',

where we have used ([20)). It follows that

¢+() = ¢(z)+mi(1+B) R
o-(2) = ¢(z) —mi(l1+ A) } for z on 75, (5.10)
+(z) = ¢(z)—nmi(1+A+B) ot
¢ (2) = é(z)—mi(l+A) } for z on 774, (5.11)
¢1(2) = ¢(2)+mi(1+ B)
¢p-(2) = é(z)+m‘(1+A+B)} for z on 9y (5.12)

Observe also that by construction both ¢ and q~5 have negative real parts in the bounded components €2_4
and €y of C\ T' (where defined) and positive real part in {0, (with the appropriate cuts).
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5.3 First transformations Y — U

Now we introduce a new matrix valued function U by

Ul(z) = k"% w(C_; An, Bn)~73/? Y (2) G(2) "7 w({_; An, Bn)73/?, (5.13)
1 0. . . x 0 . .
where o3 = is the Pauli matrix, and for any non-zero z, 73 = . Here G is the function
0 -1 0 1/x

introduced in (£2), and « is the limit defined in &0). Then U satisfies the Riemann-Hilbert problem
(a) U is analytic on C\T.

(b) U has continuous boundary values on I' \ {1} such that

Uy(2) = U_(2) (eXp(276¢+(2)) exp(_;; . (Z))) for 2 €T°, se{L,C, R} (5.14)

(c) U(z)=140 (%) as z — .
(d) U(z) remains bounded as z — (4.

To obtain the jumps in ([EI4]) we used the relations (B7) and (). For the asymptotic behavior in (c)
we used the limit (B0).
We use the following factorizations of the jump matrices in (T2

e2no+ de 1 0 0 dc¢ 1 0
( 0 62n¢>+> = (%ezw 1) <_% 0 %62%* 1 (5.15)

e2n¢ ds 1 0 e2ne ds
( 0 €2n¢> = <di€2n¢ 1> <_dl 0 y for s = L,R, (516)

s s

and

in order to define the next transformation.

5.4 Second transformation U — T

The trajectories I' and the orthogonal trajectories I't divide the complex plane into six domains, which we
number from left to right as domains I, I, III, IV, V and VI, see Fig. We define T in each of these six
domains separately. We put

1

T=U ( 1 —%né (1)) in domain I, (5.17)
ae

- 1 0\ . .

T=U\( 1 _one 1 in domain VI, (5.18)
E@

. 1 —d —d

T=U ( L 2o ?) < ! 0L> =U ( 0 2n5,> in domain II, (5.19)
Tac ar a

- 1 —d —d

T=U ( 1 _2n¢ (1)) ( (1) 0R> =U < (1) 2n§) in domain V, (5.20)
T dR© ar ar ©

- 1 _

T=U ( 1 ong ?) ( 9 3L> in domain III, (5.21)
ac® ar

- 1 _

T=U ( 1 one ?) 9 33) in domain IV. (5.22)
~act ar
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Since ¢(z) behaves like 25+2 ]og 2 as z — 0o, we have [e~2"¢(2)| ~ |z|~(A+B+2n g0 that

1 0
<L o—2n9(2) 1) =I+4+0(1/z) asz— oo.
ds

Thus T(z) = I + O(1/z) as z — co.

By definition, T is analytic in C\ (T UT"). However, we have arranged our transformation in a way that
the jumps on 'y, and T'p disappear (due to the factorization ([EI0) and the definition of T) so T is analytic
inC\ (Tcul+).

We compute the jumps on I'c UT" with the convention that these curves are oriented as shown in Fig.
Straightforward computations then show that

5 B 0 drdp
T, =T _ de dOC on ['c,

- - 1 0 _
T+ =T <L62n¢+ _ 1 —2n¢_ 1) on 7:0 U Vo>
d

dr L€
. - (1 —dpeno- — 4L p2ne N B
T, =T_ 0 . dc on v’y Uvy_q,

. . _d% 2ne_ 2n¢
T, =T ((1) dc© 1+dRe ! on v Uny.

Since ¢ is analytic across the curves 7, , the jumps on these curves simplify to (we also use (&4))

- - 1 0 -
T+ =T <_ dc e—2n¢ 1) on Yoo
drdgr
_drdr eanﬁ

T, =T <0 dcl ) on v, U~y .

If we now express the jumps on the contours "/j‘ in terms of ¢, see ETD)-BETI2), they look as those on the
lower half plane, but with ¢ replaced by b

o 1 0 .\
T+ =T- _ _dc¢ 672’”& 1 Oon Yoo

drdr

B B _ drdgr ,2né
T,=T_ <(1) dcle > on v U~
Now with 7 such that

drd
i (5.23)
dc

T = (Tol 2) T (6 T(—)l) . (5.24)

The effect on the jump matrices is that the (1,2) entries are multiplied by 7=2 and the (2,1) entries are
multiplied by 72. So T satisfies the following Riemann-Hilbert problem:

we define T' by

(a) T is analytic on C\ (I'c UT4).
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(b) T has continuous boundary values on (I'c UT+) \ {¢4} such that

0 1
T, =T_ <_1 0) on e, (5.25)
1 0 _
T+ =T_ _672n¢ 1) on Yo, (526)

—ond 1) on 7L, (5.28)

1 —e?? - -
T =T_ <O 1 > on y_; Uy, (5.27)

> on v U~ (5.29)

(c) T(z2)=I1+0 (L) as z— ooc.
(d) T(z) remains bounded as z — (4.

The problem for T is by now relatively standard. However, compared with earlier works, the triangularity
of the jump matrices on the curves ,in is reversed. The inverse transposed matrix 7! satisfies the jumps

_ {0 1
T+t:Tt<_1 0) onT¢,
—2n¢
T'=T1"" ((1) ‘ 1 ) on Yo,
_ _ 1 0 _ _
Tth = Tft <e2n¢ 1) on 7y_q U71 )

_ _ 1 672n¢~>
T+t:Tt<0 ) ) on yL,

- _ 1 0
Tt =T (eWE 1) on v U~
which are exactly of the form considered for example in [§, 22].

5.5 OQOutside parametrix

The jump matrices in (20)-(29) are close to the identity matrix if n is large. Therefore we expect that the
main term in the asymptotic behavior of T is given by the solution N to the following model Riemann-Hilbert
problem:

(a) N is analytic in C\ I'¢g,

(b) Ny =N_ <_01 é) onT'c\ {¢+},

(c) N(2) =I+0(1/z) as z — 0.

In analogy with the condition (d) in the Riemann-Hilbert problem for T' we would like to ask that N(z)
remains bounded as z — (1. However, this would lead to a Riemann-Hilbert problem with no solution.
Instead we allow for moderate singularities of N at (4:



ASYMPTOTICS FOR JACOBI POLYNOMIALS 22

(d) N(z) =0(]z — Ci|’1/4) as z — (.

The solution to this problem is given by

a(z)Jr;(Z)_l a(z)*;(z)_1
N(Z) = _a(z)—a(z)71 a(z)+al(z)71 (530)
2i 2
with ”
-0
G(Z)—m, ZE(C\PC,

being analytic and single-valued in C \ T'¢, such that a(z) — 1 as z — oo, see [0, [, B, 22]. In [22] also an
alternative expression for N has been established in terms of R(z) := \/(z — (4)(z — (_):

r\ 12 R\ 1/2
N(z) = (%()) _(%())1/2 . (5.31)

() ()

5.6 Local parametrices

Near the branch points (4 we construct local parametrices in the same way as done by Deift et al [7, 8, 6],
see also [21l, 22]. In a neighborhood Us = {# € C : |z — {_| < d§} of (_ we construct a 2 x 2 matrix
valued P that is analytic in Us \ (I'c U~yZ; Uv; U~g), satisfies the same jump conditions as T' does on
UsN (e UyZ; U~y Ury) and that matches with N on the boundary Cs of Us up to order 1/n.

o

N @~

Figure 11: Conformal mapping f.

‘We need the function
3 2/3
1) =[50t (5.32)

where the 2/3rd root is chosen which is real and positive on v, . This is a conformal map from Us onto a
neighborhood of 0 provided § > 0 is small enough. We note that v is mapped to the positive real axis, I'c
to (a part of) the negative real axis. Recall that ¢ is real and negative on v; and v~; and we see that v,
is mapped to argw = 27/3 and y_; to argw = —2x/3 (Fig. [). Then the Riemann-Hilbert problem for P
is solved by (cf. [22])

P) = [BEW@ )] (5.33)
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where s 14N ©
B =1 -1 nt/6f(z) :
B(2) = /re® ( L ) (W) , (5.34)
and ¥ is built out of the Airy function Ai and its derivative Ai’ as follows
Ai(s) Ai(w?s) iy
< AT(s) w? AT (w2s) e for 0 < args < 27/3,
Ai(s) Ai(w?s) _mig, 1 0
< AP(s) w?AY(w2s) e 11 for 27 /3 < args < ,
U(s) = ) ) (5.35)
Ai(s) —w?Ai(ws) _mig (10 for — 7 < < —27/3
AI/(S) _ AI/(WS) € 1 1 or ™ args T/,
Ai(s) —w?Ai(ws) iy
< AF(s)  — A¥'(ws) e for —27/3 <args <0,
with w = e27%/3,

Note that we take the inverse transpose in (B33)), which is absent in the construction in [22]. This is
of course due to the fact that the Riemann-Hilbert problem for 7~¢ is comparable to the Riemann-Hilbert
problem found in [22], see the remark at the end of subsection 5.4.

A similar construction yields a parametrix P in a neighborhood U = {z:]z = ¢4] < &}

5.7 Final transformation 7 — S

Figure 12: Contour I'g for the Riemann-Hilbert problem of S.

The final transformation 7" +— S is

S=TN"! outside the disks Us and Us, (5.36)
S=1pP! inside the disk Us, (5.37)
S=1p7! inside the disk Us. (5.38)
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Then by construction, S has jumps on the circles Cs = 90Uy and Cs = OU;s as well as on I'c UTL. Since
the jumps of T and N on I'¢ agree, we have that S is analytic across the part of I'c outside the disks Us
and Us. Similarly, the jumps of T" and P agree inside the disk Us, and the jumps of T' and P agree inside
the disk Uy, so that S is analytic in Us and Us with possible isolated singularities at (.. However it follows
from the behavior of T and N near (1 that the singularities are removable. Thus S solves the following
Riemann-Hilbert problem.

(a) S is analytic on C\T'g, where I's consists of the circles Cs and Cs, and of the parts of v_1, 71 and Yoo
outside the disks, see Fig.

(b) S has continuous boundary values on I'g such that

S, =S_N (_elm (1)) N~1' on~ \Us, (5.39)
1 —e2nd 1 B _ -

Sy=S8SN{, | |N on (vZ; Uny )\ Us, (5.40)

1 0

S, =S_N (—eW 1) N~ on L\ Us, (5.41)
1 -2\ v + +

S, =S_N 0 1 N on (vF; Uy)\ Us, (5.42)

S, =S8 PN! on Cj, (5.43)

S, =8 PN! on Cs. (5.44)

(c) S(z)=1+0 (1) asz — .

6 Asymptotics: Proofs of the theorems

6.1 Asymptotics of S

The analysis in the last section is done for fixed values of A, B, and n. All the transformations are exact for
finite n. It is now our aim to let n — oo and control the jump matrices in the Riemann-Hilbert problem for
S. We want to do it in a way which is valid locally uniformly for parameters A and B satisfying ([TJ).

Then first of all we should study the dependence of the contour I's on the parameters A and B. Note
that I's does not depend on n, but it does depend on A and B. In fact, we have that I'" is completely
determined by A and B, while the radius § of the circles around (1 is only restricted by the requirement
that the mapping f from ([32) is a conformal mapping on Us. With that in mind, it is clear that we may
assume that the curve I's depends on A and B in a continuous way.

Now we can see what happens with the jump matrices in (E39)-4d) as n — oo. On 4, \ Us we have
that Re ¢ is strictly positive. Hence the jump matrix in @39 is I + O(e™“") as n — oo, uniformly on
Yo \ Us. This estimate is also valid uniformly for A and B in compact subsets of the set

{(4,B) | -1<A<0, -1<B<0, -2<A+B< -1} (6.1)

Similarly, the jump matrices in (Z0)—-EZA) are I+ O (e ") as n — oo, uniformly on the respective contours
and uniformly for A and B in compact subsets of (G1I).
For (243) and ([&Z4]) we make use of the matching conditions

Pl) = (1 +0 (%)) N(z)  uniformly for z € Cj. (6.2)
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and
P(z) = (I +0 (%)) N(z) uniformly for z € Cs. (6.3)

So that the jump matrices in (BZ3) and &Z) are I + O(1/n) as n — oo, uniformly on the two circles. A
closer analysis also reveals that the O-terms in (E2) and (E3) are valid uniformly for A and B in compact

subsets of (E1]).
So the conclusion is that all jumps in (E3X)-EZ) are I + O(1/n) uniformly for z on I'g, and uniformly
for A and B in compact subsets of (G). Then arguments such as in [, [7, §] lead to the following conclusion.

Proposition 6.1 We have that
1
S(z)=I+0 <E) (6.4)
uniformly for z € C\ T's and uniformly for A and B in compact subsets of the set ([{E1]).

_ The estimate (B4 is the basic asymptotic result. Unravelling the sequence of transformations Y + U
T +— T~ S, we obtain asymptotic formulas for Y in any region of the complex plane. In this way we obtain
the asymptotic formulas for P, = Y7;.

6.2 Proof of Theorem

Proof of Theorem Suppose A and B satisfy (ILI) and let n € N such that An, Bn, and (A + B)n
»(An,Bn)

are non-integers. Then we have P, (z) = Y11(2) by E3).
For z in domain I away from the branch points, we get by using (B13)), (Id), (2Z4) and (&30),
G n
}/11(25) = ( (Z)> Ull(z)

G(2)\" [~ 1 -
G(z)e ¢\ d

() e

K dc

G(2)e— 2\ " d

_ (%) (e"¢(z)(SN)11(z) - ie—"ﬂz)(szv)lg(z)) . (6.5)

Since S = I + O(2) and since the entries of N are bounded and bounded away from zero away from the
branch points, we have that

Next we recall that for z in domain I,

G'(2) , . A+B+2 R(2) A/2  BJ2
G(z)_g(z)_ 2 2—-1 z—-1 241

so that 4 B
log G(z) = ¢(z) — 3 log(z — 1) — 5 log(z + 1) + const.

Thus there is a constant ¢ such that

G(z)e 9

- —e(z—1)"2(z41)"B/2 for z in domain I. (6.7)
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Since Y11(#) is a monic polynomial of degree n, we find by letting z — oo in [E3) and using T4 and (E1),
that ¢ should be as defined in (ZT4)).

Plugging (&6), @) and the formulas (B2) for dr and d¢ into formula (X)) we obtain ZIH) for 2z in
domain I.

For z in domain II away from the branch points, we find in the same way

G(z)e?®)
K

) <en¢(z)(SN)1l(z) _ ;l_Re—ﬂqb(z) (SN)12(2)> (68)

C

Yll(Z) = <
Since G4 = G_e~2? on I', see (BX), we have that Ge? is the analytic continuation of Ge™? into domain

II. So we have by (G1)
G(2)e?(2)

K

Then using (£2), (E8), and E3) in ), we obtain IH) for z in domain II.

For z in domain III away from the branch points, we obtain

=e (2 — 1) M2z +1)B/? for z in domain II. (6.9)

G #(z)\ " d d
vu(z) = (GELEY (0L o5y, (2) — Lo (SN () ) - (6.10)
K dc dc
Again we use (2), [EH), and ([ET) to obtain ZIH) from @EIM) for z in domain III.
The proofs of the formulas ZI17) and ZIJ) for z in the other domains IV, V, and VI are the same.

We have derived the formulas ZIH)-(I]) under the assumption that n is such that An, Bn, and
(A + B)n are non-integers. Since the formulas hold uniformly in A and B in compact subsets of ([G1) and

ﬁy(LAn’Bn) depends continuously on A and B, they continue to hold if An or Bn is an integer. However, we

cannot allow (A 4+ B)n to be an integer, since then there is a reduction in the degree of PA™E™ and we
cannot normalize the Jacobi polynomial to be monic.
This completes the proof of Theorem 26 O

6.3 Proof of Theorem

Proof of Theorem Suppose A and B satisfy [l) and let n € N such that An, Bn, and (A 4+ B)n
are non-integers. Then we have P\A™P™) () = Y1 (2) by @3).
Let z € Us be in domain VI. Following the transformations (&13)), (222), ([24), we see that

<Y11*(Z)> _ (M )nT(z) (_g(b(z)c»(z)) !

where x denotes an unimportant unspecified entry. For z in domain VI, we have ([G1) so that

no(z)
(YH@) = (s = 1) AR (2 + 1) BAT(e) <_£6n¢<z>> |
do

*

Since z belongs to Us, we have T'(z) = S(z)P(z) by &31). By (533) we have P(z) = E—t(2)U~t(s)e "?(2)os
where s = n?/3 f(z). Thus

(Y11(2)> ="z — 1) A2 (2 4 1) P28 (2) B (2) U (s) ( 1dL> . (6.11)

*
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From (B34)) we see that

Et(z) = 2\156*7”‘/6 C ‘Z_l) (%)U (6.12)

Furthermore, we have 0 < args < 7/3 for s = n?/3 f(2) since z is in domain VI, so that we use the formula
E38) to evaluate ¥t(s). Taking into account that

Al(s) Ai(w?s) _ 1 i
det ( Ai'(s) w?Ai'(W?s) ) or c

we have from (EI2) and (E3H),
—t —try cio (—i 1) (a(2)\7 (WP AT (w?s) —AY(S)\ i/
E7H(2)¥7(s) = V/me <1 1> <51/4 — Ai(w?s) Ai(s) ¢ ’

Plugging this into [@I1]) we get

(1) vt ey (1) (22)7 (FC -t

d
* d—LA()+w2A1(w s)

where the prime denotes the derivative with respect to s.
Comparing with (B2) and [Z24) we see that

A(s) = A(s; A,B,n) = —% Al( ) + w? Ai(w?s).

Thus

P2 Als) +i4H A (s)
a(z) sl/4
<Y11(Z)) _ efnc(z _ 1)7An/2(z + 1)7Bn/2ﬁs(z) (613)
* g1/4 A( _ a(z)A/
a(z) s) Si/4 (s)
We derived the formula (EI3) for z € Us in the domain VI. Similar calculations for z € Us in the other
domains give the same result, so [EI3]) is valid in the full neighborhood Us of {_. Now it remains to recall
that Y1, = BSP™ and that S = I 4+ O(1/n) as n — 0o in order to obtain EZ23).
We have derived (ZZH) under the assumption that An and Bn are non-integers. Since the formula holds

uniformly for A and B in compact subsets of (EI) and }B,EA"’B") depends continuously on A and B, they
continue to hold if An or Bn is an integer.
This completes the proof of Theorem O

6.4 Proof of Theorem 24

Proof of Theorem [Z4l Conclusions of Theorem B4l are based upon the strong asymptotics obtained in
Theorem 8

We let (a,) and (8,) be two sequences such that a/n — A and (3, /n — B where A and B satisfy the
inequalities (I]) and we assume that the limits EZT0)-T2) exist.

Taking into account that formula ZTH) is uniform in A, B, for z in domains I and II we have

Planbn) () = e7m¢(z — 1) /2(z 4 1)~Fn/2

(oma (100 () = s N0 (140 (3)))



ASYMPTOTICS FOR JACOBI POLYNOMIALS 28

Since the first factors in the right hand side have no zeros in domains I-II, z is a zero of P,E“"’ﬁ ") only if

) e v (10 (7)) (.14

But N13/Np is uniformly bounded and uniformly bounded away from zero, if we stay away from the branch
points (4. Thus, taking the absolute values in ([EId]), we see that the zeros in domains I-II away from the

branch points must satisfy
1
-+0(—).
n

in the other domains III-VI away from the branch points satisfy

sin(fB,7)

1
2Re(2) = ; log | B

Analogously, the zeros of P{*""")

1

1
2Reo(z) = - log +0 <—> , for z in domain III,

1 n 1 . .
2Re¢(z) = - log :E g ;r +0 <5) , for z in domain IV,

sin(a,m)
® [sin((an + B)m)

Furthermore, for any sequence of real numbers (k, ),

2Re¢(z) = % lo

1
+ O <ﬁ> , for z in domains V-VI.

1 1
lim - log |sin(7ky, )| = lim - log |dist(kn, Z)| ,

whenever either one of these limits exists. Thus, under the assumptions of the theorem, the zeros of P,ﬁ“"ﬁ ")
away from the branch points must satisfy

Ta4+B — T3, for z in domains I and II,
1 o — T8, fi in d in III,
YRed(z) = 1+ O <g> R Ta — T8 or z in domain (6.15)

T3 — Ta, for z in domain 1V,

Tat+B — Ta, for z in domains V and VI
From the definition of the constants [ZI0)-((TI2) it follows that the “generic” case is
Ta =T =Tatp - (6.16)

Recall that Re ¢(z) > 0 in domains I and VI, and Re ¢(z) < 0 in domains II-V. Hence by [EI4), if z € C\ T,

then P,E“"’ﬁ ")(z) # 0 for sufficiently large n, which proves that the zeros can accumulate only on I'.
Next assume we are in case (b) of the Theorem 4] that is,

TatB > Ta =T34

By (EI3), the zeros cannot accumulate in domains II, ITI, IV and V, nor on I', UT' . In domains I and VI
they must satisfy

_ 1 _ TatB — T8 Tatp —Ta
Re¢(z)—r+0<n), r= 5 = 5 ,

showing that they must accumulate on the curve I, defined in (). Hence, in this case the accumulation
set belongs to 'c UT,..
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The rest of the cases is analyzed in the same fashion.
Once we have established that the zeros accumulate along curves in the complex plane, it remains to find
the asymptotic zero distribution. We can use the differential equation (see e.g. [32, §4.22])

(1- 22) y;{(z) + [ﬂn — iy — (o + B + 2)2:] y;z(z) +n(n 4 an + B+ 1) ya(z) =0

— P”gan ,Bn

satisfied by y, ). Rewriting this equation in terms of h,, = y.,/(ny,) we reduce it to the Riccati

form

+ﬁn_an_(an+ﬁn+2)zh;(z)+n+an+ﬁn+l _

. 1
5 - 0 (6.17)

(=) (L + ) )

Let v, denote the normalized zero counting measures of P,&“"’ﬁ 2 Using the week compactness of the

sequence (v,,) we may take a subsequence A C N such that v, converge along A to a certain unit measure v
in the weak*-topology. By the discussion above, v is supported on a finite union of analytic arcs or curves

an,Bn

(level sets T';.), and every compact subset of C\ supp(v) contains no zeros of Pﬁ ) for n sufficiently large.

Hence,
me) = [ —ne = [ nen,

z—t z—t’

locally uniformly in C\ supp(v). Taking limits in (EI7) we obtain that h satisfies the quadratic equation
(1-22R*(2)+[B-A—(A+B)2] h(z) +A+B+1=0,

so that e A+B+2 R X y .
v(t + B+ z
= -5 C
,/Fz—t 2 22 -1 2<z—1 z+1>’ z € C\ supp(v),
with R defined in 4] and (+ given in II). By Sokhotsky-Plemelj’s formulas, on every arc of supp(v),

A+ B+2R.(2)
= e (6.18)

Assume that [ETI8) holds, so that supp(v) C T'. By @I8), v/ = p’ almost everywhere on supp(v). Taking
into account Lemma 22 and that v is a unit measure it follows that v = p.

If ra4p > 1o = rg then supp(v) C e UL, 1 = (ra4s — 7a)/2 > 0. Again taking into account Lemma
and the normalization of v it follows that supp(v) = T¢ UT,.

The remaining cases are analyzed analogously. This completes the proof of Theorem EZ4 ]

dv(z)
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