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Abstract The notion of ideal convergence is a generalization of statistical convergence which has
been intensively investigated in last few years. For an admissible ideal § C N x N, the aim of the
present paper is to introduce the concepts of f—convergence and f*-convergence for double sequences
on probabilistic normed spaces (PN spaces for short). We give some relations related to these notions
and find condition on the ideal ¢ for which both the notions coincide. We also define §-Cauchy and § *-
Cauchy double sequences on PN spaces and show that §-convergent double sequences are §-Cauchy on
these spaces. We establish example which shows that our method of convergence for double sequences

on PN spaces is more general.
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1 Introduction

Fast [1] presented a generalization of the usual concept of sequential limit which he called
statistical convergence. Schoenberg [2] and Salat [3] gave some basic properties of statistical
convergence. Fridy [4] introduced the concept of statistically Cauchy sequence and proved
that it is equivalent to statistical convergence. Such an extension has been widely studied
from various aspects and also applied to different problems arising in the convergence theory.
Mursaleen et al. [5] and Méricz [6] independently extended these concepts from single sequences
to double sequences with the help of two dimensional analogue of natural density of subsets of
N x N. Kostyrko et al. [7] presented an interesting generalization of statistical convergence with
the help of an admissible ideal ¢ and called it §-convergence. The idea was extended to double
sequences by B. Tripathy and B. C. Tripathy [8] where some properties related to solidity,

symmetricity, completeness and denseness are obtained. Kumar [9] defined a closely related
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concept §*—convergence for double sequences and proved some results related to ¢ and f*—
convergence. On the other side, Menger [10] proposed the probabilistic concept of the distance
by replacing the number d(p, q) as the distance between points p, ¢ by a probability distribution
function F, ,(z). He interpreted F, ,(x) as the probability that the distance between p and ¢
is less than x. This led to the development of the area now called probabilistic metric spaces.
This is Sherstnev [11] who first used this idea of Menger to introduce the concept of a PN
space. In 1993, Alsina et al. [12] presented a new definition of probabilistic normed space
which includes the definition of Sherstnev as a special case. For an extensive view on this
subject, we refer [13-19]. Quite recently, Karakus et al. [20] defined statistical analogues of
convergence and Cauchy double sequences on PN spaces and gave a useful characterization.
Subsequently, V. Kumar and K. Kumar [21] studied ¢-Cauchy and f*—Cauchy sequences on
the same spaces. In this paper, we extend the concepts of §-convergence, f*—convergence and
f—Cauchy from single sequences to double sequences on PN spaces and establish some results

related to these notions.

2 Preliminaries

Throughout this paper, N, R respectively denote the sets of positive integers and real numbers
whereas N x N denotes the usual product set. For any set .S, P(S) stands for the power set of
S and A® denotes the complement of the set A.

Definition 2.1 A distribution function (briefly a d.f.) F is a function from the extended reals
R into [0,1] such that

(a) it is non-decreasing;

(b) it is left-continuous on R;

(¢) F(—o00)=0 and F(c0) = 1.

The set of all d.f.’s will be denoted by A. The subset of A consisting of proper d.f.’s, namely
of those elements F such that ¢t F(—occ) = F(—o00) = 0 and £~ F(4+00) = F(+00) = 1 will be
denoted by D. A distance distribution function (briefly, d.d.f.) is a d.f. F such that F(0) = 0.
The set of all d.d.f.’s will be denoted by AT, while D" := DN AT will denote the set of proper
d.d.f.’s.

Definition 2.2 A triangular norm or, briefly, a t-norm is a binary operation T : [0,1]? —
[0,1] that satisfies the following conditions (see [22]):

(T1) T is commutative, i.e., T(s,t) =T(t,s) for all s and t in [0,1];

(T2) T is associative, i.e., T(T(s,t),u) =T(s,T(t,u)) for all s,t and u in [0, 1];

(T3) T is nondecreasing, i.e., T(s,t) <T(s',t) for all t € [0,1] whenever s < §;

(T4) T satisfies the boundary condition T(1,t) =t for every t € [0,1].

T* is a continuous ¢-conorm, namely, a continuous binary operation on [0, 1] that is related
to a continuous t-norm through 7*(s,t) = 1 — T(1 — s,1 — t). Notice that by virtue of its
commutativity, any t-norm 7' is nondecreasing in each place. Some examples of ¢t-norms T
and its t-conorms T* are: M(z,y) = min{z,y}, (z,y) = - y and M*(x,y) = max{z,y},
(z,y) =z +y—=z-y.
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Using the definitions just given above Sherstnev [11] defined a PN space as follows:
Definition 2.3 A triplet (X,v,T) is called a probabilistic normed space if X is a real vector
space, v is a mapping from X into D and for x € X, the d.f. v(z) is denoted by vy, v, (t) is
the value of v, att € R and T is a t-norm. v satisfies the following conditions:

(i) va(0) =0;

(ii) v (t) =1 for allt > 0 if and only if z = 0O;

(i) vaz(t) = ux(ﬁ) for all o € R\ {0};

(iv)  Very(s+1) > T(ve(s),vy(t)) for all z,y € X and s,t € Rf = {z € R: x> 0}.

Let (X,]| - |) be a normed space and p € D with u(0) = 0 and p # €g, where

0, ift<o0,
1, ift>0.

€o(t) =

For x € X, t € R, if we define

uz<t>=u(ﬁ), £ 40,

then in [17], it is proved that (X,v,T) is a PN space in the sense of Definition 2.3.
Alsina et al. [12] gave new definition of a PN-Space. Before giving this, we recall for the
reader’s convenience the concept of a triangle function, that of a PN space from the point of

view of the new definition.

Definition 2.4 A triangle function is a mapping T from AT x AT into AT such that, for all
F, G, H, K in AT,
(1) 7(F,e0) = F;
(2) 7(FG)=1(G,F);
(3) 7(F,G) < 7(H,K) whenever F < H, G < K;
4) 7(r(F,G),H)=71(F,7(G,H)).
Particular and relevant triangle functions are the functions 7, 7« and those of the form

II7 which, for any continuous ¢t-norm 7', and any x > 0, are given by
7 (F,G)(2) = sup{T(F(u), G(v)) | u + v = x},
= (F, G)(z) = inf{T*(F(u), GW)) | u + v =a}

and

Definition 2.5 ([12]) A probabilistic normed space is a quad-ruple (X,v, 7,7*), where X is a
real linear space, T and T* are continuous triangle functions such that T < 7*and the mapping
v:X — AT, called the probabilistic norm, satisfies for all p and q in X, the conditions

(PN1) v, =eg if and only if, p =0 (0 is the null vector in X);
(PN2) Vpe X,v_p, =y,
(PN3)  vptq 2 7(vp, vg);
(PN4)

PN4) Vae€[0,1],vp <7 (Vap, Yi1—a)p)-
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If a PN space (X, v, 7, 7*) satisfies the following condition
(S) Vpe X,VA€R\{0},Yz >0,v,(z) = Vp(lmT‘),
then it is called a Sherstnev PN space; the condition (S) implies that the best-possible selection

for 7* is 7* = 7, which satisfies a stricter version of (PN4), namely,
VYAe[0,1], vy=7um (u)\p, V(17>\)p) .

It is possible to include the convergence of double sequences in these Sherstnev PN spaces. See

[23, 24] for a recent study of triangle functions.

Definition 2.6 A Menger PN space under T is a PN space (X,v,7,7*) denoted by (X,v,T),

in which T = Tp and T = T+, for some continuous t-norm T and its t-conorm T*.

Theorem 2.7 ([17]) The simple space generated by (X, || - ||) and by p is a Menger PN space
under M and also a Sherstnev PN space. Here M (z,y) := min{z, y}.

For further study, by a PN space we mean a PN space in the sense of Definition 2.3. We
now give a quick look on the characterization of convergence and Cauchy double sequences on
these spaces.

Let (X,v,T) be a PN space and « = (x;;) be a double sequence in X. We say that (x;;) is
convergent to £ € X with respect to the probabilistic norm v if for each e > 0 and A € (0, 1)
there exists a positive integer m such that v, _¢(e) > 1 — X whenever 7, j > m. The element
¢ is called the ordinary double limit of the sequence (z;;) and we shall write v-lima;; = & or
x5 — & as 1, ] — oo with respect to the probabilistic norm v.

A double sequence (x;;) in X is said to be Cauchy with respect to the probabilistic norm v
if for each € > 0 and X € (0,1) there exist a positive integer M’ = M’(e,\) and M = M (e, \)
such that v,,; ., (¢) >1— X whenever i,p > M' and j,q > M.

Karakus and Demirci [20] defined the statistical analogues of convergence and Cauchy for
double sequences on PN spaces with the help of double natural density given by Mursaleen and
Ossama [5] as follows.

Let K C N x N and K(m,n) denote the number of (4,7) in K such that ¢ < m and j < n.
K(m,n)
mn
has a limit, then we say that K has a double natural density and

is defined by lim,, oo % = 5 (K).

Then the lower asymptotic density of K is defined by ¢,(K) = lim inf,, ,—o . In case

K(m,n))

that the sequence (

Finally, we recall the terminology used in [7] to define §-convergence. Let S be a non-empty
set. A family of sets § C P(S) is called an ideal in S if and only if (i) 0 € §; (ii) for each
A,B € §, we have AU B € ¢; (iii) for each A € § and B C A, we have B € §.

A non-empty family of sets § C P(S) is called a filter on S if and only if (i) # ¢ §; (ii) for
each A, B € §, we have AN B € §; (iii) for each A € § and B D A, we have B € §.

An ideal § is called non-trivial if § # {0} and S ¢ §.

It immediately follows that § C P(S) is a non-trivial ideal if and only if the class & = J(¢§)
={S—A:Ae §}isafilter on S. The filter = I(¢§) is called the filter associated with the
ideal §.

A non-trivial ideal § C P(S) is called an admissible ideal in S if and only if it contains all
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singletons, i.e., if it contains {{s} : s € S}.

An admissible ideal § C P(S) is said to satisfy the condition (AP) if for every countable
family of mutually disjoint sets {41, A, ...} belonging to § there exists a countable family
{By,Bs,...} in § such that A; A B; is a finite set for each i € N and B =J;2, B; € §.

3 f—convergence of Double Sequences in PN Spaces

In this section, we define f -convergence of double sequences on PN spaces and give some of its

properties.

Definition 3.1 Let (X,v,T) be a PN space and § C P(N x N) be a non-trivial ideal. A
double sequence x = (x;5) of elements in X is said to be fy-convergent to & € X with respect to
the probabilistic norm v if for each e > 0 and X € (0,1), the set {(i,7) € Nx N : vy, _¢(e) <
1— A} € §. The element & is called the double § -limit of the sequence x = (x4;) and we write
fy—limi,j x5 =&.

Example 3.2 (i) If we take § = {F C NxN: E = (N x A) U (A x N) for some finite
subset A of N}, then f -convergence of double sequence on PN spaces is equivalent to its usual
convergence on PN spaces.

(ii) If we take § = §; = {A: A CNxN:d(A) =0}, then § is an admissible ideal and
the corresponding convergence of double sequences on PN spaces coincides with its statistical
convergence on PN spaces.

(iii) Take § = §. = {A € Nx N : §*(A) = 0}, where §*(A) denotes the logarithmic
density of the set A C N x N and is defined as follows: A subset A of N x N is said to have
logarithmic density 6*(A) if

% . I v k,
§"(A) = lim 22%7

oo SmSn 2,21

where s, = ", + and s, = E;lzl % exists. One can check §;. is a non-trivial admissible ideal
in N x N and the corresponding convergence coincides with logarithmic statistical convergence
of double sequences on PN spaces.

(iv)  The uniform density of a set A C N x N is defined as follows. For integers s,¢ > 0 and
p,q > 1,1let A(s+1,s+¢;t+1,t+p) = card{(m,n) € A: s+1 <m < s+qgandt+1 <n < t+p}.
Put By, = liminf,; oo A(s + 1,5+ ¢;t +1,t +p) and B»Y = limsup, ; o, A(s + 1,58 +¢;t +
1,t+p). It can be shown that the limits u(A) = lim, 400 %, u(A) = limy, oo % exist
(see [8]). If u(A) = u(A) = u(A), then u(A) is called the uniform density of the set A.
If we take § = § = {A C Nx N : u(A) = 0}, then § is a non-trivial admissible ideal
and the corresponding convergence of double sequences coincides with the uniform statistical

convergence on PN spaces.

The fact that for each e > 0 and A € (0, 1), the set
{(1,J) ENXN:vy, _¢(e) > 14+ A} =10,

together with Definition 3.1, implies the following proposition.
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Proposition 3.3 Let (X,v,T) be a PN space. For each ¢ > 0 and A € (0,1), the following
statements are equivalent:

(1) §,dimi ;i =&

(i) {(4,7) e NXN:vg, _¢(e) <1-A} € §;

(iii) {(4,7) e NxN:u,, _¢(e) >1— A} € S(§);

(iv) $-limv,, _¢(e) = 1.

The next theorem shows that fy-limit of a double sequence in a PN space is unique provided
it exists.
Theorem 3.4 Let (X,v,T) be a PN space and let x = (z,;) be a double sequence in X. If
(xij) is f—com}ergent with respect to the probabilistic norm v, then its fu—limit s unique.
Proof Suppose that there exist £ and n in X with £ # 5, ¢ -limz;; = £ and § -limz;; = 7.
Let A > 0. Choose v € (0,1) such that

T(1—7,1—7)>1-A\ (3.1)

Let € > 0 be given. Define

Ky = {(i,j) eNxN: 1/%__5<%> <1 —’Y},
and

K, = {(i,j) ENXN:I/I”.,I<5) < 1_7}.

Since fu—lim 255 = & and ﬁ/—lim x;5 = 1, therefore by definition of a filter we have KCNKS # 0.
Let (m,n) € K¢ N KS. It follows together with (3.1) that

Ve_p(e) > T(I/zmng (%) i (%)) >TA—~,1-7)>1-A\

As X > 0 was chosen arbitrarily, it follows that v¢_, () = 1 for each € > 0. By definition of a
PN space we have £ —n =0, i.e., £ =7. Hence § -limit of (z;;) is unique. O

Theorem 3.5 Let (X,v,T) be a PN space and z = (x;5), y = (y;;) be two sequences in X.

(i) If ¢ contains all sets of the form N x {n},{n} xN for n € N, then v-limz;; = £ implies
$,-limaz;; = ¢&;

(i) If ﬁ/—lim zi; =& and § -limy;; =, then fy—lim(mij +yi;) = (E+n);

(i) If fu—lim 25 = & and o be a non-zero real number, then fu—lim azry; =of. Ifa =0,
then the result is true only if the ideal ¢ contains all sets of the form N x {n},{n} x N for
n € N;

(iv) If § -limaz;; =& and § -limy;; =, then § -lim(zy; — yi;) = (£ —n).

Proof (i) Since v-limz;; = £ so for each ¢ > 0 and A € (0,1), a positive integer m can be
found with v, _¢(e) > 1 — A for every 4,7 > m. It follows that the set A = {(i,j) € Nx N:
Vo—e(€) <1 =X} € (Nx{1,2,3,...,m —1}) U ({1,2,3,...,m — 1} x N). As the ideal §
contains all sets of the form N x {n},{n} x N for n € N, so the set on right side and hence A
belongs to §. This shows that ¢ -lim; ;.o xi; = &.
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(ii) Take € > 0 and A € (0, 1) as arbitrary. Choose v € (0, 1) with the property as in (3.1). If
we define the sets K1 = {(i,7) € NxN: v, ¢(5) < 1—v}and Ko ={(4,j) € NxN: F, _,(5) <
1 — v}, then as in Theorem 3.4, one can see by hypothesis of (ii) that K¢ N KS € S(§). We
next claim that K N K§ € {(i,j) € NXN : v, —¢)4(y,-n(€) > 1 —A}. For this let
(m,n) € K¢ N KY. Now we have, with use of (3.1),

€ €
it 1o () omn(5))

>T(1—7,1-—7)>1-A

Hence K{ N KS C {(i,j) € NXN: v, —e)i(y,-n(€) > 1= A} As K N K§ € S(§), so
{(5,7) e NXN: v(g,. —e)1(yi;—m (€) <1 = A} € §. Hence § -lim(z; +yi5) =&+ 1.

(iii) Case 1 Take o # 0. Since § -limx;; = &, so for each € > 0 and X € (0,1), the set
Ae) ={(i,7) e Nx N: vy, _¢(e) >1— A} € I(§). If (m,n) € A(e), then we have

€ €
Vawmn—af('f) = Vgmn—¢€ <|a> 2 T( Vi — £ )s 1o H - ))

> T(Vﬂamn—f('f)v 1> Vwmn—f(e) >1-A

as (m,n) € A(e). Hence A(e) C {(i,§) € NXN:vap,,—ac(€e) >1— A} and so {(4,j) € NxN:
Vazy—ac(€) > 1—=A} € 3(§). It follows that {(i,j) € NXN: vqg, —ae(€) <1—A} € § . Hence
$,-lim ox;; = af .
Case 2 If a = 0. Since for € > 0 and A € (0,1). vz, —0e(€) = vo(e) =1 > 1 — A, it follows
that v-limz;; = 0. Hence by part (i) of the theorem, § -limz;; = 0.

(iv) The proof is similar as that of (ii). O
Definition 3.6 Let (X,v,T) be a PN space. Forx € X, t > 0 and r € (0,1), the (t,r)-
neighborhood of x is defined by

B(z,rt) ={y € X :vp_y(t) > 1 —r}.

Definition 3.7 A double sequence x = (z;;) in a PN space (X,v,T) is said to be bounded if
for every r € (0,1), there exists to > 0 such that

Vg, (to) > 1 =71

fori and j.
Let ¢%2(X) denote the space of all bounded double sequences in the PN space (X,v,T).
For an admissible ideal §, if fbyz (X)) denotes the set of all §-convergent and bounded double

sequences in a PN space, then we have the following theorem.
Theorem 3.8 Let (X,v,T) be a PN space. For an admissible ideal §, fbyz (X) is a closed
linear subspace of 1%2(X).

Proof By Theorem 3.5, it is obvious that §,(X) is a subspace of £42(X). We next show

that it is closed. Since 55;2 (X)cC byz (X) always, so to prove the result it is sufficient to prove
that ¢, °(X) C ¢, °(X). Let y € §,°(X). As B(y,r,t) N §,°(X) # 0, so there is an element
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x € B(y,r,t)N ¢ °(X). Let t > 0 and € € (0,1). Choose r € (0,1) such that
Tl-r,1—r)>1—c¢ (3.2)

Since # € B(y,r,t) N §,°(X), there is a set K C N x N with K € S(§) such that for all
i,j € K,
t t
Vyimawis | 2 ) >1—7r and vy, (=) >1—7 (3.3)
J J 2 J 2
For i,j € K, we have by (3.2) and (3.3),
t t
Vy,; (t) = Vyij—mij+ai; (t) > T<I/y1‘,jmi_7‘ (5) Vi (5)) > T((]- - T)v (1 - T)) >1-e
It follows that K C {(i,j) € Nx N : v, (t) > 1 —¢}. Since K € ¥(§), by definition,
{(i,j) e Nx N:wyy, (t) >1—€} € I(§), and therefore {(i,j) e NxN:y, (1) <1—¢€} € §.
This shows that y € §,°(X) and hence ¢, *(X) C §,°(X). This completes the proof of the

theorem. O

4 f*-convergence of Double Sequences in PN Spaces

In this section we define a more generalized convergence which is closely related to §-conver-
gence. Recently Karakus et al. [20] proved that in a PN space (X,v,T), a double sequence
x = (z;5) is statistically convergent to £ if and only if there exists a subset K C N x N such
that d2(K) = 1 and v-lim; jjek, i j—oo Tij = § We use this well-known result of statistical

convergence to introduce the notion of § *_convergence in PN spaces as follows.

Definition 4.1 A double sequence x = (x;;) is said to be f:-convergent to an element £ € X
if and only if there exist a set K € S(§) such that v-lim; jyer,i,j—oo Tij = &-

Theorem 4.2 Let (X,v,T) be a PN space and x = (z;5) be a double sequence in X. If
the ideal $ contains all sets of the form H x N,N x H, where H is a finite subset of N, then
f:—lim x5 = & implies fy—lim x5 =E.

Proof Since ﬁf—limxij = ¢, s0 for e > 0 and A € (0,1), there are a set K = {(4,);4,5 =
1,2,...} € S(§) and a positive integer nq such that

Vacij—f(e) >1-A

whenever i,j > ny and (i,5) € K. Let A ={1,2,...,n1 — 1B = {(i,J) € K : vy, ¢(e)
1—A}. Then it is clear that B C (A x N)U (N x A) and therefore belongs to §. Also K € (
therefore K = N x N\ H for some H € §. Obviously, the set {(i,j) € N x N : 1, _¢(e)
1 —A} C BU H and so the theorem is proved.

O IA A

Example 4.3 Let (R,|-|) denote the space of real numbers with the usual norms. We define
T(a,b) = ab and v,(t) = where € R and ¢ > 0. Then it is easy to see that (R,|-]) is a
PN space.

_t
2|

Let N = J;2, N; be a disjoint decomposition of N such that each N; is an infinite set. Then
it is obvious that N x N = [JiZ, U=, (N; x N;) is a disjoint decomposition of N x N. If we take
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for some positive integers p and g,

§={acnxniac (v (L:JN))U((L:JN)N)}

then it is easy to see that § is an admissible ideal in N x N such that ¢ contains the sets of the
form H x N, Nx H where H is a finite subset of N. We define a sequence x = () as follows.
For (m,n) € N; x Nj, define &, =  + % where 4,5 =1,2,3.... Now v, () = ﬁ —1
as m,n — oo and therefore first part of Theorem 3.5 we have fy-lim Lo = 1.

Next we prove that = (Z,,) is not f:—convergent. Suppose it is §:—convergent se-
quence. By definition, there exists a set K = {(m,n) : m,n = 1,2,3,...} € S(§) such that
V-, ) e K, mon—oo Tmn = & Since K € J(§), therefore there is a set B € ¢ such that

K =N x N\ B. By definition of an ideal there exist positive integers p and ¢ such that
P q
Bc(Nx(UAﬂ)u((UNOxN)
i=1 j=1
It follows that the set {Npi1 X Ngi1} C K. Since {Npi1 X Ngi1} is an infinite set so K contains
L4 L a9 infinite numbers of terms. This shows that ﬁf—limm’nﬁm Tmn does not exist and

p+1 g+l
. . . . *
therefore we arrive at a contradiction. Hence, the sequence & = (&,,) is not § -convergent.

Theorem 4.4 Let (X,v,T) be a PN space and x = (z;;) be a double sequence in X. If the
ideal § satisfies the property (AP), then fy—convergence implies f:—convergence.

Proof Suppose that the ideal § satisfies the condition (AP). Let z = (z;;) be a double

sequence in X such that § -limz;; = ¢ for some { € X. Then for each € > 0 and A € (0,1) the
set {(i,j) e NxN:v,, _¢(e) <1—A} € §. For n e N, we define the set A, as follows:

1 1
A, =i l— <y () <1-— .
{(ZJ)ENXN n<V” ¢(e) n—l—l}

It is clear that {A;, As,...} is a countable family of mutually disjoint sets belonging to ¢ and
therefore by the condition (AP) there is a countable family of sets {Bi, Ba,...} € § such that
A;AB; is a finite set for each i € N and B = |J;2, B; € §. Since B € § so there is a set
K € 3(¢4), such that K = N x N\ B. Now to prove the result it is sufficient to prove that
v-lim; je ki j—oo Tij = §.

Let € > 0 be given and take A € (0,1). Choose a positive integer ¢ such that % < A . Then

we have
1 a
{(4,7) e NxN:ivy  ¢(e) <1 =X} C {(’L,j) ENXN:vy, ¢(e) <1— E} C U A (4.1)
i=1

Since A; AB; is a finite set for each i = 1,2,...,¢+ 1, therefore there exist a positive integer ng
such that {{U"} Bi}n{(i,j) e NxN:i,5 >no}} = {{UL] A:}n{(i,j) e NxN:4,5 > ng}}.
If i,j > np and (i,j) € K, then (4,5) ¢ B. This implies that (i,j) ¢ (J{_, B;, and therefore
(4,7) ¢ UL, A;. Hence for every i,j > ng, (i,j) € K, we have, by (4.1), vy, —¢(€) > 1 — A,
This completes the proof of the theorem. O
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5 f—Cauchy and f*-Cauchy Double Sequences in PN Spaces

Dems [25] defined the §-Cauchy sequence in a metric space. In this section we introduce
§-Cauchy and ¢ *_Cauchy for double sequences on PN spaces as follows.
Definition 5.1 Let (X,v,T) be a PN space. A double sequence x = (x;5) is said to be § -
Cauchy sequence if for each € > 0 and X € (0,1), there exists (m,n) € N x N such that the set
{(i,j) eENXN:vy, 5 () <1—-A}e§.
Definition 5.2 Let (X,v,T) be a PN space. A double sequence x = (z;) is said to be §, -
Cauchy if and only if there exist a set K = {(i,7)},4,7 = 1,2,3,...} € S(§) such that the
subsequence (x;, j,) is an ordinary Cauchy sequence with respect to the probabilistic norm v.
Theorem 5.3 Let (X,v,T) be a PN space. If a double sequence x = (xi;) is § -convergent,
then it is §, -Cauchy.
Proof Let x = (x;;) be § -convergent to £&. Take e > 0 and A € (0,1) to be arbitrary.
Choose v € (0,1) such that (3.1) holds. Since § -limz;; = &, it follows that for each e > 0
and A € (0,1), the set A = {(i,j) € NXN : v, _¢(e) < 1—7} € § and hence AC =
{(i,j) e NxN: vy, _¢(e) > 1 —~} is a non-empty set in I(§). Let (m,n) € A°. If we take
B =1{(i,j) e NxN:v,, . (€) <1— A}, then to prove the result it is sufficient to prove that
B is contained in A. If (k,l) € B, then we have vy, (€) < 1— A Furthermore, we have
either vy, ¢(5) <1 —7vyor vy, ¢(5) >1—7. Ifvy, ¢«(5) <1 -7, then (k1) € A. Assume
that vg,,—¢(5) > 1 — 1, then

1= A > Ve (€) 2 T(um_g (%) Vit (%)) >T(1—7,1-7)>1-\
which is not possible. Hence, B C A and therefore B € §¢. This shows that (z;;) is § -
Cauchy. a

Theorem 5.4 Let (X,v,T) be a PN space. If some subsequence of a fy—Cauchy double se-
quence © = (x;5) is §, -convergent, then the sequence x = (x;;) is §, -convergent.

Proof Take € >0 and A € (0,1) to be arbitrary. Choose v € (0, 1) such that
T(1—v1—7)>1-A. (5.1)

Since (zi;) is a ¢, -Cauchy sequence so there exists a pair (m,n) in N x N such that the set
A={(i,j) e NxN:vy o (5)>1—~} e 3(f). Suppose that (z;,,) is a subsequence of
(ij) such that § -lima;,;, = & Tt follows that the set B = {(ix,jx) € NxN:v,, - _¢(5) >
1—7} € 3(f). Let C ={(i,j) e NxN:v,, _¢(e) >1— A} We claim that ANB c C. If
(i, jr) € AN B, then we have

€ €
Vai i —Tmn (5) 1—~ and Vi 5, —€ (§> >1—7.

€ €
Vwikjk_£(€) Z T(Vwikjk_a:mn (5) » Vmn—¢ (5)) > T(l -7 1- ’y) >1- A’

it follows that (ix, ji) € C. Hence AN B C C and therefore the theorem is proved. O

Since
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Theorem 5.5 Let (X,v,T) be a PN space. If a double sequence x = (x;5) is §:—convergent,

then it is f:—Cauchy sequence.

6 Conclusion

In this paper we study ideal convergence and related notions for double sequences on PN spaces
and observe that giving particular choice to the ideal ¢, we obtain the corresponding usual and
statistical convergence. Since ideal convergence is a generalization of statistical convergence
and the latter is used to find optimal paths so the results presented in this paper can be used
as theoretical tools to study optical paths where the norm is probabilistic rather than crisp.
Furthermore, every ordinary norm induces a probabilistic norm, the results obtained here are
more general than the corresponding of normed spaces. The definitions and results presented
in this work remain valid in a more general context, that of general PN spaces in the sense of
Definition 2.5.
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