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Abstract
ln thiS ariiCie, ,.hc COnLlifiOtr ¡r i t:, CleliirrC,l ii)t {r,. ia, iUi -'-'iLlr.:il l,tlveral ( iaSseS Of

g,SerStnev PI\ SpaceS, the tel¡ili,rnshlp bel'.'ve'et-r r¡':;lrr lpLe i]l'l;c¿les atrd ry-letstnev

PN ,¡,u.*.' anrj ¿ :iL:.J;,' ci l.\] lr:ace:, oi lll..e.;i .)i]i]|.li(lr.i ''rii-il-] l ¡i9 lj. !ertrctreV PN

SP¿l(-{:15 ale iliv?n.
2000 Mattrematical Subject Classifieation: 54E7*; 4657*

Keywards: piobabiiistii- norn-rilo 5p'l'É-¡

1. lntrodueticn
Éerstne' inl,r.ocluced thc lirsl clcfinition oi a ¡rrcira!;Llis'.irr ¡lr:rm¡lcl {PN) sp'lcc i¡t a set'ies

of at'ticles [1,4]; tre !\¡¿1s lriotivalf:¡]. b1' the plroirlcirls r-rf l.¡est i1pproximatio¡l in statistics'

l,{is clefinition runs along tire satnt path followccl ítr orcteL to prolrallilize ihc notion of

metric space ancl to uttroduce Plcbabilistrc.rLlcr|ir: spaccs ibt.icfl¡" Plr4 spnccs)'

For the reacler's convenience, nc\/{ \tre recall ti-ic lnÚst fccellt ciefinition of a Probabil-

istic No¡:meci space (brieflv, a PN spi:cc) l5i. lt is also ihe deiinition aciopted in tiris

article ancl became the stanclar<l {}ne, i'lu¿l, fo ihe bc¡it ot ihe rluthors'knou'ledge' it has

bee' aclopte<l bv ali the r:esearchc'rs u,hr;, ali<:r ilretr, htrr<: in'.'estiElated the properties'

the ¡:ses or the applications of' l)N spaces. l his lreu' <leiirlitio¡r is suggested bv a lesult

([[5],'l'heorem 1l) that sheds light on the <lefirriiiorr of a "<:lassical" not:me<l space"Ihe

notation is esselntiirill' tlxecl in the classilal boolt l¡r' Strhrvr:izer and Sklar'f6l'

ln the context ot the PN spaces |eclefilli:rl in 1993, one intrtictltces in this article a

sfucly r:f the con<:epl t$ tv'-ierstnr:v PN tpr;t"r:s (rtr' ¡etrtr'rltr{rl Se'-tilrt'r PN spaces' see

i7l). 'I'his srr-rd,v, rvith ¡¡ e 10, i fUi1, +''lhas !)evrr lit'r"lr ¡ '1r¡!g¡i r;ttl

Some preliminartes

A rJistríbutir.tn Jiutt:titsrt, br:itr{l,v l d' f , is il li-tttiltioil lt'defi¡rld on the extended reals

R := [-cc, +oo] that is non,clecrc:rslrrg, !cfi-contitluoris ori ' ¿¡tt¡i srich that F(-*') = g

un.1 ¡{+.*) = 1. Ihe set of all ri.f.'s u'iil bt: cir:rtolcr-i irr" Ar '¿he sr¡bsct of lhosc d'f 's such

that F(0) = {} r,,,,ill bc ctenotecl b1,A' and bv D" thr.: snbstr" t¡f li¡t' d.f"'s in a' sttch lhat

The set a, as well as its subsets, can parlirllv irc c¡rcir:recl b,v the r-rsual pointwíse

orcler: in this orrler, q¡ is lhe niaxinrai elctucnl itr a.. The subsel D* C A* is the sr-rb-

seL of tlLe Pro!)er cl.f.'s ol A'
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Definition r.r. fB,9] A triangle function is a rriapping r fronr a* x a* i¡rro a- such
that, for aIl F, G, II, I( in L*,

(1) r(r, ¿¡) = F,

(2) r{F, G) = r{G, F),

(3) r(F, G) < {tt,1Q rvhenever F < ft, G < I(,

@) {t(F, G),l, = r(F, rlG, It)).

Typical continuous tliangle functions ale the operatiorrs r¡:¡r{l r¡,, whir:h are,
respectively, given by

4(F, G)(x) := sup r(F(s), c(r)),

and

ry.(F, G)(x) := ,inf T*(F(s), C(r))

frlr all f, G e a* ancl all r e :i [6]. Hele, 7'is a {ronr.inuous ¿-norñr ancl '/', is t}re
corresponding continuous l-conorm, i,e., both are continuor¡s binary operations on [0,
1l that are commutative, associalive, and non<lec:reasing ir-r ear:ir place; ?'lias I as iden-
tity and ?"'has 0 as iclentity. If ?'is a t-norm and 7"" is definerl on f0, ll x [{], ll via ?'*
(x, y): = 1 - T{1 - x, 1 -1), tlien T* !s a l-conorrn, spccificallv th.r t-corl{rrrn c¡f f.

Definition 1.2. A Ph.4 space is ¿1 triple (s,r,r) rvhere.s is a nonerlptv set (n,hose
elements are the points of the space), t is a function liom,l x s into A-, ¡ is a trian-
gle function, and the fbllor,vi*g conditions afe sarisfiecl {ar all p, q, r in S:

(PM1) r(p, p) = eo.

Q}l{D r(p,4) / eo if p / q

(PM3) r(p, q) = F(q,p).
(PMA) 7(p, r) > t(F(p, q), r@, r))
Definition 1,3. (introducecl by Serstnev l1l about PN spaces: it was the Íjrst defini-

tion) A PN space is a triple (v, r,, r), where r,'is a (reai or. complex) lipeirr space, u rs a

mapping from L/ into A* and r is a continuous trianglc. function ;rnd the follorving con-
ditions are satisfied for all p and 4 in V':

(N1) r'r, = ¿'o if and only ii p = 0 (0 is the null vector ir.r l,J;
(N3) vr,*a > r (;0, vr);

(S) v" e R\{0} vx e R, r,or(x) = rb (o')

Notice that condition (S) írnplies

(N2)Vp€ Vt,-,,=t,r,.
Definition 1.4. (PN spaces redetined: f5l) A pN space is a quaclruple (r./, r,, r, r*),

where /is a real linear space, r and ¡" are continuous triangle functions sr-rch that ¡ <

ro, and the rnapping v : v '.-> a'' satisfies, f.or all p and r7 in li the conclitioirs:

(N1) l¡ = ¿o il and only if, p = 0 (0 is the ¡ull yector in 14;

(N2)Vp€ Vt,-r,=t,o;
(N3) vo.n > r (uo, r;,);
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(N4) V rr € [0, 1] r,,, s r', {r.; n, r,ir-rr¡ ¡).

The funclion l is called the probabili,stic norn.If u satísfles t.l.re conc.iitios, u,eaker
than (N1),

vil = to,

then ([u, r, ru) is called a prohabílistic pseudo-Nonr¡c./ spacc (brieflv, a ppN space).
If v satisfies the conditions (N1) and (N2), then (.\,'¡,, r, ro) is saicl to be a probabilistic
seminormed space (briefly, PSN space). rf r = tt, ancl r* = r7., fbr.some contÍr1*ous /-
nortn rand its t-conorm rn, then {v,'.,, 17, r7') is clenoted b,v (r,, r', ?);ucl is callecl a
Menger PN space. A PN space is called a Serstnev spact: tf it satisfies (N1), (N3) anci
condition (S).

Definition f .5. [6] Let (iir', r, d) be a pN space. For every l" >0, the str:ong l.-neigh-
borhood No(i.) at a point p ol V Ís defined by

Ne(;.) := lq eV : ,q_p(L)' 1 - r).

The system of neighborhoocls {l/r,(i): ¡t e \,',,il, >0i <tcternrines a lfausdorfT Lc.rpologv
on 1/, called the strong topology.

Definition r.6. 16] Let (1./, v, r, t*) be a pN space. A sequence ípnl,, esf poinrs of i,,is
said to be a strong Cauchy sequence in L'if it has the propertv that giverr ¡l >tl, there
is a positive integer N such tirat

vp,-p^(L) > 1 -l whenevel m, n > N.

. A PN space (1,',r.', r, ro) is said to be strorrglv complete i1'evt'r,v sr.rong ()ar-rr:hy

sequence in Iz is strongly convergent.

Definition 1.7. [10] A subset ,4 of a pN space ( 1,,,r,, r, r',) is saic] to be D _cornpact if
every sequence of points of ,4 has a convergent subsequence thal- co¡\,crges ¿o a rnem-
ber of ,4.

The probabílistíc radius R¿ of a nonempw set A in pN space (\/,v, r, t) is cletineci by

R,lx) := Il-a^G)' x e [o' +>" l,
[], x=]c,

rvhere /-./{¿) den<¡tes the leii limit of the fr.rnction.f at the poinr ¡ anci <t,r(;r): = inf{v,,
(x): p e Aj.

Definition 1,8. [11] Definiticn 2.11 A nonempty set z{ in a pbr* space (1,,r.,, r, r*) is
said to be:

(a) certainly bounded, if R3(as) = 1 lbr sr.)r11r x¡¡ e ]{}, +,. f ;

(b) perhaps bouncled, ilone has lt;(¡) <1 fc.¡r cvery x e ]0, -- [, ancl l- .Q¡(+*,) ..- 1.

tr4oreover, the set A r.vili be said to be D ,bounded if either (a) or (b) holds, i.e., if
R¡ eD*.

Definition r.9. f 12l A subser A of a topological vector space (i:rietli,, Tv space) f is
topologically bounded, if lbr everv sequerlce $.,,1, of real numbers that.converges to 0
as n -+ * and for every sequence lprj, of elements of ,4, one h:rs ).,,¡:,, -+fi in lhe
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topologv of E. Also by Rudin [[1lt], Theorern i.iiü1,./r is ropologically boun<1ecl il, and
only i{ for every neighborhood l} of 0, r¡¡e have A c tt,t for all sufficiernl\¡ rargc l.

From the point of vierv of topological vector spaces, lirt most interesting IrN spaces
are those that are not Serstner, (or 1-serstnev) spaces.]n these cases \/ector aclclition is
still continuous (provided the triangle lunctic¡n is cieterminecl bv a contl¡uoirs /-nor¡n),
while scalar multiplicatiotr, in general, is not contin¡.ious r,r,ith respect ro tne strorlg
topologv [14].

we recall from [15]: for 0 < b < +,o,lct M¡, be the set o{ m-trarrsforrri-s consisting of
all continuous and stlictlv increasing f¡-rnctions fiom i0, ój onto l{}, l-,1. N,{ore gener-
all¡ let r[ be the set of non-decreasi.g left-contir.ruous fur.rctio¡rs rp: [0, +*l [0, +*],
with E (0) = O, g (+".) = *x ?rd E6) >0 fbr ¿ >0. Then ¡, c ,Q c.rrrce ¡z is exte.ded
to [0, +*] by m(x) = .¡o, fo¡ all ¡ > l¡. Note that a f¡:nction ,b e ñts biiective ii and
only if, E € M*" . Sonretimes, the probabilistic nr,¡rms p ancl r,' of trvo gíven l)l.l spaces
satisfy r"' = vE for some g e fu[,.-.. not necessarily ]rijective. Lct f be the (u'ique)
qnasi-inverse of p ivhich is left-continuous. Recall fiom f i6l, p. 491 that ¿ is delinecl

UV ó(O)=0, ri(+oo)=a6p and $e)=supqu:ó(u) <r) fbr all 0 < I <,i*,. lrfbltows
that ó(d(r))<¡ and ,b6@)<y forallrtrncly.

Definition I.f 0. A quadruple {Lt,r', r, ro) is saicl to satisfi, the rp-S¡:r.stnev colrlitio¡i if
¡\ /-:'/¿rri\ \ ,(@ - SJurp(x) = ,n (d (, F,) ) {or $,e|r' tt,, \', tor ('\j,,r'\.x ;{l ¿¡11 ,l ; il{)j.

A PN space (V,v, r, r*) which satisfies lhe rp-Serstnev c¡rndition is r:allerl a rt-Éerslnev
PN space.

'Example 1.r. If rp(x) - rrl" filr a fixecl positi'e real nr:mber í¿, the concltrion (o-s)
takes the form

¡ X, /-\-(o-JJu¡p(fJ=''o(li¡/ iorevcn.p¿ l,li)l il.c|r.r.() ¿ri<1 )- :,ltt;.

PN spaces satisf,ving the condition (¡r-S) are calleri a,Ser.stney pN spil{res. f:or r.y = I
one has a Serstnev (or l-Ser:stner,) pN space.

Definiüon 1.11. Let (y, ll . Il) be a *ormecl space ancl let G be a <i.f. of a" clifTerenr
from c6 and e*-; define r, : I/ -+ A- by u,7 = ¡.,, ¿¡¿

/t\vr(t):=c( * | qptu, t > 0),
\ft p|"/

where a > 0.'l'hen the p;-rir'(l',r.,) ruill t¡e cailed the o..-sinr¡rle sFace generate<l b.v {},, ll
. ll) and G.

The o-sirnple space generated bv (l,l ll ll) and C, is, as inrmeciiatell, checliecl, a pSN
space; it will be denoted by {\t,ll . lJ, C;; r¡).

A PSN space (I,',v) is saicl to be equilaLeral if there is cl.f , Fe A-, diff'er.ent from rs and
from e.,, such that, lbr ei,ery ys x $, t;,, -- F. In Definition 1.1i, if a ., 0 ancl r? = i, one
obtains the equilateral and sirnple space, respectiirei,v.

Definition 1.f2. f16] The PN space (i,',,,, ¡, ¡,') is saicl ro sarisfv thr.. cloul¡It.. intinity-
condition (brief.y, Dl-conditíon) rf the proi;abilístic ¡rornr l is such that, lor ali ,L e rr,

\{0}, xe lR and pe l|

v¡r{x) = vr(9{x, x)),
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(a) ,4 ¿s D -bounded.

(b) A is bounded, númely,Jbr everlj tl
that vo*(Ll?) >1 - lln.
(c) á ls topologícally boLtnclect..

s¡:aces ancl characterize thent.
PN spaces and ¡r,Serstnev pN

e N and for eveül lj e A, tl¡ere ¡¡ i e N sr,¿cl¡

tke .Íirst plar:e x,íth
then it is utíth ll,'¿.
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where ry' : .lt x [0, +- [*+ [0, +"* fsatisfies

.lim tpQ,, f) = *oo and lim rp()., x) = r_:¡_.Í+-m ' _0, \ ' -¡

Definition 1.13. t,et (.t, s:) be a par:tiail.v orciered set ancr iet.l'an¿ g be co.rmi-itative
and associati\¡e binarv opei:ations on s ivith cemmcln iclentit,v tt. 

.l'hen, 
_1. ¿ornínate"s g,

and one rvritesrf >> g, it, for all .rr1, .r2, !t, y.: ín S,

f k@',Tt),s(n,yz)) > cT@t,xz),f (yt,yz)).

It is easily shor"u'n that the domin¿rnce reiation is reflexive and antisymnetric. Ilolv-
ever, although not, in ge'erai, transítive, as exanrples due to sher*,ooci l17l ¿rnd sar-
koci [18] show.

2' Main results {u-s-simpre pN space and some (rasses of c-Serstnev pN
spaces

In this section, we give several classes of a_Serstnev i)N
Also, r,r's investigate the relationship belrveen rx_simple
sPaces.

Theorem 2,1' {l[16]' Theorem 2Jb Let (.V,r;, r, r'o] á¿: a PN s¡snce w!.ticl,t sat:is-fies tlte
DI-condítío,. The, for a subset A g v, tlrc followittg strtenrents nt' eqLt¡vúle,Í:

Example 2,1. l.*t (\r¡', t r,') be an a-serstnev llN space. lt is e;rsy t'see that (i,,,¡,, ¡,
l) satisfies the D/-condition, uüere

cp(^., x) = 
*

' l^ld

Theorem 2.2. Let (\t,r, r, ru) be an ü-Serstnev pN space. Then,-fbr a s¿¿t¡set A q V,
the same staterneilts as in '['heorem 2.J are equ,ívnlent.

Definition 2.1. The PN space (V,v, r, r") is calleci strict r.vhenever v(V) cp..
Corollary 2.!. Let I\ = (V,v, r, rr) antl Wz = (1,,,+,,, r', (¡,,),) he two pN s¡tuces witlt

the same base ver:tor space ancl suppos(. that v' - vrp.for.srnnt: ó eñ.Then tlte follotu-
ing statenent hokls:

- If the scalar multi¡:tlit.r1¡i.e¡ rl:li x l,-> \/ is cantirzuot¿s rst
respect to t,,, Í:hsn it is with respect to v,. Il'\lr1 i,s rt T\,, pN s¡sat:e

It was proved in [[1a], Tl¡eorem 4.l that, if the triangle lunction r,' is Archimeclean, i.
e.,if f admits no ldempotents other than e¡ ancl s... fó1, ancl r;, * ¿.". for all ys e ri, Lhen
forevery pe V the map from.;n, intoVclefinedbl¡ia l"7ris continucrus ancl, as a cor.r_
sequence of [14] the pN space ([r,, r, r.*) is a TV space.

Theorem 2.3. [7]Let: Q e Ñtlsuch that !iry,_* ó(r) = o". A tr-Serstney pN ,space is a
W space if, and only if, it is strict.
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Corollary 2.2. An ct-Serstnev PN space (V,t', r, r") is a TV spútce ít', and ortlv if, it is

strict.

Corollary 2.3. Let (V,t', r,-r") be ctn u-Serstnev PN sy;ace and r" be Archiruedean and

vo * t:*for all p e V. Then lhe pn>babilistic rtot'trt v is sttict.

Theorem 2.4. Every equilaterr¿l PN space (ta F, n,¡) u'ith F -- i*:¡ and {} e ';0, Lisatis'

f.es the following staternents:

(l It k an s.-Serstnev PN s¡sace.

(it 1¿ ls an a-sirnple Pn* space,

Iheorem 2,5.Everya-simple.spacesntisJiesthe (u"-.5)candí.tion.fisr ae i0, 1[u]1, r-',1.

Proo.f.L,et {14 ll ll, G: a) be an a-simple [)N space r.r''ith ¿v € ]0, lluj¡, ¡..'1. Frorn

ur(t)=G(*) fo' ever'\' r € 10, -1, .rre has r;p(r) ="(,1,,") = 
"(r,"i¡r) 

ana

/r\,r(*) ="( ffi ) ="("-r) rn"n v^p(t) ="r(#) a'cl lre'ct' ir, il' li' c; a)
\/

is an a- Serstnev PN space.

An a-simple space r,vith a * | dr:es not satisfy the condition (S) ,rs seen in the fol-

lowing theorem.

Theorem 2.6. Let (11 Il ll) be a nornrctd s¡tace, (i n d. f. rt$fe'rcnt frrtrn t(\ flnd €,,.,

and let a be a posítive real nutnber dí,fferent from l.'I'hen the u-sintTtlr: .space {.V, ll '

f f, G; a) satis,fies the conclitíon ('S) r¡nly when Cl = t:ortstsrÍ l¡r (0, +..).

. Proof. It is irnmediately checl<ed that the a-simple space (l', ll jl, $; rx) satisf.ies

(N1) and (N2). Hence, it is a PSN space, lt is well knon'n that the r:onclitit,n (S) holds

if, and onlv if, fbr er.'ery p e v and /i e f0, 11, one has

vp = tp(v¡1p, v$-rJ)p).

To see G has to be constarlt: fbr eyeryp * 0 trnd r e 10, +-[, one has

G f --i-) = suD min Ic I -=l--) , 
" 

l,-,- -'-. ) I-\ltp il"/ ;;I ^'^'^'t* \É'Ip|'l'- \(r p). tlpt" tJ

Since G is n<¡n-decreasing, tl're lorver ltpper bonnd is reached ¡,i'hen

J¿

nwt = *if l.tr
equivalent ta s = o;ft¡y¡. Hence the k¡wer upper: boi,rnci is

-l x \G\1B;;1r-p¡¡ ¡o¡"/
Finally, since the fr"rnction of p given b,v É"+ii- p)", beine cnntiuuous in the cotnpact

set [0, l], takes all values belrveen I ancl 21 ", and pj¡ tol."* any vaiue ir.r ({), -), one

concltrdes that G{x) = G{Lx} ftrr: every ), r: 11, }'r 
1l (il ¡¡ >l) or lirr ever¡, ¡ "1 '|2"-t,71i

(if c <1). Then G = constant in (0, +*) and the proof is conclnded.

Notice that if G = constant in (0, 1o), then (11 ll ll, G; rt) is a PN space <.'i serstnev

under any triangle function r.
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Among all a-sirnple spaces (1,', ll ll, C; a) one has the a-sirnple I'Ni spaces c¡t¡rsicl-

ered in Thecrrern ll.2 in [19], i.e., the.N.'tenger PN spat:e given by (V, v, r'¡,.,, t¡',.-),

and in T'heorem 3.1 in ll9], i.e,, the Mengel PN space given b,v (V, v, t'¡r.,, t'¡-,.).

From Theorerns 3.1 and 3.2 in [19] the follora,ing lesult ]rolcis:

Corollary 2.4. Every a"-simple PN spaces of the t1,¡te ct¡nsídered í,n T'h¿:orems 3.] and

3.2 in [I9]are (a-S) PN spaces qf'NIenger.

Next, we give an example of an ¿r-Éerstnev P\l space which is also an a-sirnple PN

sPace.

Example 2,2. Let (,:i.,u, r, r") be an (¡-S<'rstnev PN spacr:. l...et r,1 = Ci \¡vith {-i e ¡\* clif-

ferent from ¿;o and ¿.'.-. Since (ii.,u, r, r*) is an ü Serstner, P\ space, fi'r p1'"t-t ]1 c t?: ,

one has

ve@) = up r(x) = ,, (:-) = 
" IJ-)\lpl"/ \lpl*/

'Ihe preceding example suggests the fbllon'ing tlreorem.

Theorenr 2.7.I,et (1,, ll . ll) he a normecl sTtttt:e ancl dim i,'= 1.'!'lten et,ttt'1,- tt-,it'rst-
nev PN space k an a--simple PN space.

Proof.Let;re Vand llrll = l'l'hen 1/ = {Lx : L* ]i:iJ" Norv ií p e l",there is a2 e

lli such that p = 2r. Therefore, one has

ur(r) = u¡"(r) =,. f+) = 
" fr+)\l^1"/ \llpll./

and {V,u, z, r*) is an a-simple PN space.

The converse of Theolern 2.5 fails as is shou'¡r in the ibiloi.ving exatnpics.

Example 2.3.LetÉe 10, il. liit'r yt = \pt,pzl e i2, one defines the probabilistic norm

v by vs = ¡jo and

t^(r\=f o-(*), Pt/0,'P\'"' 
IÉer(*) otherwise

We show that (:.2,,, Il.\r, ll,,r) is an a Sctttttct PN spacr'. bLrt it is ttol .tn rr-simplc

PN space. It is easily ascertained that (N1) and (N2) hoid. Norv asslrmr that p - (pr,

p2) and q = tqt,q2) belong to l*,?, heuce p + q = (pt - qt, pt + Qz). If ¡t1 .+ qy = 0, then

vo*o = $co. So l1,yr $,r, vr) É v¡.,n. [,et pt + Qr,. 0. 'l'hen, ¡t1 z A or r¡1 * A. Without loss

of generality, suppose that p1 ;. 0. 'l.'hen ll¡a (t'r, v,,) = r¡,*c¡ = ¿.,,. As a cotlseqllence

(N3) holds. Similarly, (N4) hr¡lds. I.et p = (pt, F.) and¿ e :1.\{0}. lfpr * 0, then

u¡p(x) = e- and ,, l*) =.- l+)'\lll'/ \t"1"/

In the other direction, lf ¡tt = 6, and p.2 * 0, then

v¡p(x) = Bes(x) and 
',, 

(,*) =,t.. f *)\l 
^1" 

/ \l L'' /

Therefore, (ri?,r,, 11,y, 11,11) is an c-Éetstnt'r PN spacc.

Now r,r,e shor¡' lhal it is not an a-simple PN space. Assume, if ¡rostible, ¡,1,2¡', f1 -,
fl¿r) is an n-simple PN space. llence, there is f' e A' \'lae, r-.l such that
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e-(r) = u¡r,o;(x) = G(x), for everyTr e ,i2. S<r

e*(r) = u¡r,o;(x) = G(x),

and

p€o(x) = u¡o,r¡ (x) = c(r),

which is a contradiction.

Example 2.4. Let0 < G < 1. I:tx p - (pt, pz)e,r:2, clefine 1, by v,¡= rb and

[ .-(*), Pz / o,
vp(x) := | _lorl

le r , otherwise.

It is not clifficult to show that (ii2,r', fln, fi,rr) is an a-ser.stne." PN space, but it is ¡qt
an a-simple IIN space.

Let l'be a n.rmed space rvitir dim r,'>.1 (rinite or infinite dirne*sir:nal) a'ci {e;};__¡ be
a basis fbr ],, where llerll = r. we can construct some exarnpres r:n rn,, simirar to
Exanrples 2.3 and 2.4, t.tt a-Serstnev pN spaces rvhich are not r:-si'rple pN spaces.

Example 2.5. (a) L.et B e ]0, ll and i.l e l. fror p,:, V, u,e cleline the pr:obabilistic
norm ),by r,, = eo and

unl¡) := | Feo6.)' p = )'e¡^()'e R\{0}),
Ie*(x), orher-wise.

u, fiú is an fi-serstnev l)rr* space, but it is not an ü-sirnple pN space.

= l. lror p € V, clefine l by r', = r-o ancl

up(x) :=
-lll"

e x p=)"e¡o()"e R\{0}),
e-(x) otherwise

Then (1¡, r', Il¡, II.,n¡) is an r:-serstnev IIN space. bi-rt it is not ¿¡¡r o-sjrnpie pN space.

Proposition 2,7. Let {v,t', r, r'') be an tx-.ier,sfnev pN.s¡trsce.'l'lteu, it.s r:onrysktti¿n

(t, v, r, t*)is also an ct-Serstncv PN space.

Proof, By [[20], 'I'heorem 31, the completion of a pN space is a pN space.
Then we only have to check that the s-Serstnev condition holrls fbr y. l¡cleecl if ¡r =

lim,,-* p,,, where p,! € V, ancl ?" >0, then fbr all .r e .r. ,

urp(x) = nt!1r^r,,(r) =,t!1,', (,+ ) =, (+)
T'he following resnlt concerns finile pr.ocluct;s of"pN spac:es [21;. In il giyen I]N space

(V,v, r, r*) the value of the probabilistic norm <>{ yt e. V at the pr.rint:r will be cl*n6ted
by v{p)(x) or by v,,(x).

Then, (1,',u, fl
(b)Let0<rr
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Proposiüon 2,2. Let {v¡, v¡, r, r*) be u-serstnev pN spa.ces.!ot i ,. r,2, atrd ltt 11.be a
trianglefunction.. Stlppose lhat r" >) rt anti T7.)7 ¡. Let t;: \,,t x \i2 --) L, be ttefin.etlfor
all p = {pr p) e V1 x V2 t,ia

v(p1,p2) := rr.(ur (pr), vz(pz)).

Then the 17 -Ttroduct (vl x v2, v, t, r") ís an a-,gerstnev llN spact ttnder r antl rr.
Proof. For every 2" e Ii\{O} and for every lefi-co*tinuous t-,}o*n 7, r:ne has

vxp = rt(vtQ,p1), v2(),p2))(x)

= sup{T(u1 (Lp)(u), v2(),p2)(x * u))\
I / ,l u \ txf \\l- 

'up 1t 
(\,'(o') ( 

"_ 
/ , v2(p)) \i^, I I I

= 'r(ul (pr),v/p¿))f,,+-) =,,1-i)''-"\l)1"/ '\^'",
for everv a e 10, lful 1, 1o' f. lt is easy to chcck the axiogis (Ni) ancl (N2) holcl.
(N3) Let p = {ttt, ¡t) and, r! = lrlr,42) be points in },'1 x 1,,2. fhcn since 17->> r, one

has

vp+q = r't(vl(h * qt), rz{p, * qz))

> 4 (r (v 1 (p ), v 1 (q t)), r (v2(p2), v 2(q 2)))
> r(t1'(v1(pt), vz(pz)),-rt(vr(qr), h(q2))) = .r(vr, v).

(N4) Next, for an1' IJ e [0, 1], ',ve have

. vl (pr) . r*(ur (flpt),rtff - p)pr))

and

v2(p2) s r* (v2(13p2), rz((1 - ll)pz))

V4rence since r* ) rr; rve have

vp = rt.(vt(pt), rz(pt))
< z1(r*(u1(fJpr),rr((t - H)pr)),t.lt2(ppr\, u2((1 * f)pt)))
< r*(v¡1r, r(r_p)p),

which concludes the prod.
Example 2,6. Assume lhat in Prr:position ?.2 choose l1t = \,t o. 1,.? and rz.= fi.,,r. Let

0 < a < 1. For p = (pr pz)e liz, deline r,1 ancl r,7 b,v r,,(#) - ¡,:{üi = íro alrcl

ur(p)(x) : u2(p)(x) = I'*f.{)' Pt r o'
'i '- I ¿- lH-, otherwise.

Then (R2 x .ll2,u, ll¡¡, Il,yr),'ovith

v(p, q) = 'r7(v1(p), v2(q))

is the 1I,11 -product and it is an a,icrstno, Plrl s¡race r,rrrc{cr'll1¡ and 11.1,1.

Proof. The conclusion follorvs fi'om Le¡nrna 2,I in l'2'I1.
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3. Main results tll)-PN spaces of linear operators whiclr are s-serstnev pN
spaces

Let (V1, v,t1,tf) and (V2, v','c2,rj) be trvo pN spaces and let L = Lt,\,t, i.,r) be the
vector space of linear operators 7 1 l/, -+ V2.

As was shown in [14], PN spaces are not nccessaríly topological línear spaces.
\¡v'e recall that for a given linear rnap 'l'' e 1,, the nrap v,A : L --> l)r is de{ineci via

vA(T) := R'.r .

we recall alsr: 123,241 that a subset H ol a space l.i is said to be a Han¡el ba,sis (or
algebraic basis) if every \¡ector ¡ of V can be representecl in a i-rnique rvay as a finite
sum

X = dlut * d.2U2 * ... + Ctnun,

whele d1, uz, ..., cxn are scalars and u1, ü.2, ..., un belong to H; a subset ll of V is a

Harnel basis if, and only if" it is a maximal linear indel>ende¡rt set i25].'l'his condition
ensures that (1.(12t, v), ri, r, r) is a PN space as we can see in [26],'Iheor:ern 3.2]"

Theorem 3,r. Let A be a subset of a PN space (v¡,v,11,t{)tha.t tor¡tains a }.{amel

basísfor V1. Let (Vz,v','r2,t|)lte an s-Serstnev pN sytace. Then (L(V1,V2),v^,12,r*)
is an A-Serstnev PN spate u,ho5e topologjt is stt.ottge|. tlutn th1t o.f sintple: (:otnlergence

for operators, i.e.,

,^(7, - T) -+ ep + yp € Vt v!,.,,r_r.o ,-> eo.

Proof. By [[26], T'heorern 3.2), it suffices to check that it is an &-gerstrlev space. Let Z
>0 and r e :lt*. 'I'hen

,1.,Q) = R,,,,r¡(x) =1 
;¡f 

,,'r,o(*)

= t- in{t,'L,pl *+) = n ,o (-+-)
peA \t^¡-,/ \ll ^lla,/

=,f f=i )' \ll r, l"/
Corolfary 3,1. Let A be a.n a.bsarhítg subset rtt''a llN ,spr,.t:e (V:,t.,,t¡,ri). I.f

(Vz,r',r2,rj) is nn c;.-S*.srncv P,\i s¡tntc. th,'tt (L(V1,V,),rn,r2,rj) is arr r/.St,tstnev

PN space; convergetlce in the ¡trohalsilistit nrtrm vA Ls equivalett! to u.trilbrrn {.onversertce
of operators on A.

Proaf. See Theorem 3.1 and [[26], Corollar.v 3.i1.

Corollary 3.2. trf V2 is a cornplet:e a-Sersútet pN space, thert (L(V1,Vr), r,^,12, t|) is

also a complete a-Serstnev PN s¡tace.

Proof. See Theoren 3,1 and [[26], Theorern 4.1i.

In the remainder of this section, we studlr sorne classes of cJ-Serstnev PN spaces of
linear operators. \X/e inves[igate the relationship betn,een (L(Vt,V2),v,A,12,ti), and,

(V1,v,t1,ti) or (V2,r','c2,ri) anci n¡e set sorne cr¡nditions such that
(L(V, V2), vA, 12, r)) becomes a'IV space.
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T'heorem 3.2. Ler: A be a subset ot''a pN s¡tace (v1,t',t1,ti)thut contains r¡ Hr¡mel
basisfor V1 and (Vr,r',12,t]) be. an a-scrstnev pN s¡tace. lf (L(Vt,Vr),r,o,t2,r|)is a
W space, then (V2, v' , 12, t|) is a TV space.

Proof Assume, if possible, (Vz,r',12,r|) ís not a'l,V space. Hence, b), Corollary 2.2,

there is a q e V2 such that v'n e A*\D' Let ?ts * 0 and p1¡e A. Nor.v, r¡,e define I: irr
-+ V2by

rrn) .= [¡q,p = ).p6(). e R),
- \r' ' 

| 0, otherwise.

'fhen, uA(T) = lim,*-inf{u{r(r) | p e A} < lim**_uin(r) . 1. So yA(T) € A*\D*
and (t(V1, Vr),r^,12,ti) ís 

'or a TV space, rvhich is a co'tr¿rciiction.
The follou'ing theoren'r short's that the converse of the prececlins thtlorem clc¡es not

hold.

Theorem 3,3. Let A be a subset of a pN s¡tat:e (v1,tt,t1,ti)rhat co¡tctius 6. Irnmel
basís.for V, and (Vz,v',t2,$)bt: an e-Serstnev pN s tr.tt.,t:.'l'hcn thc"/itllrtwírtg state:-
ments holcl:

(i) 1f sup{ll"l : 2t e il.:, )"p e A)¡ =,,. .for stsme ¡t e A anrl p + H, then
(L(V,V2), v^ , 12, fi)is not n 'l'V space .

(1i) If (L(V1,Vr),r^,r2,$)is a TV space, tken supr,lLl : L e :i., ).p e Aj q*,fbr
everype Aanclp*0.

Proof' Since statement (ii) is the contrapositive of statement (i), it si"rfgces to prove
(i)' By corollary 2'2, it is enough to shorv that (L(v1 ,vr),ro,12, ri) is nor srfict. Let p
*0and sup{1,11 :ie lR, ),pe Al - c.,.\\/gclefine 7-e I.(Vt, !,:} such tharT(p) *t).
Letl),,|, e illl :zle '-i, ).¡ta A\¡ ancl l,t,,l -+mas n-->€,. Si*ce'i (¡) /ro,.nehas

jl$,i,,,1p;(") = JlT,;,r, (#) = F . 1

forevery.rce i:-.:. l-lence inf{r,i.,r,(r):peA} 
=p = l ltrrevcrvre ri,i,so

"li1 
i"f{',;.,r,,x) : p eA} = 1.

Then uA(T) e a'\D,.
Corollary 3.3. Let (V1,v,t1,{)lte a PN sysgce. artd (V2,v,,t2,r})be a¡ u,serst¡ev

PN space.'fhen (L(V1, V2), vv', 12, r;) ís nctt a'l'V spat:e.

Example 3.1. sr"rppose that,4 is a sr¡bset of a pN space (v1 , t.,,11,ri) rhat contains a

Hamel basis for V1. Let r/ e ]0, 1l and l2 be a norrnecl space. If r,r,e dellne r, : 1,2 _+ A
* by u, = r;o and vp(x):= nllt- !\>r p * 0 and,;r >0, then (1,{,,r., fll¡, II.,,1} is a l,\, space.

lf sup{l,lil ;/"e .¡'., ),7:e A} = *fbrsomepe ,4 ar-rcl ¡t *0,then (L(V.,V)),vA,t2,ti)
is not a'f'V space.
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Lemma 3.1. tl27l, p. 1051

(a) If V ís afinite-dírnensí()nal PN spacc ancl T1 , T2art: t.tutt Lopologi+:s on V tl't¿lt

make it into a 'f'V s¡ta.ce, thefl 11 = T
(b) If V is a TV PN space ar¡d AI is a,líníte-dirr¡ensional linectr rnanífold in V, thert

M is close¿|.

If (X, ll . ll) is a normed space, 1\re sa,v that,4 C X is classicaily bounded if, and only

il there is an ,&f e F- such that fbr each a e ¿, lloli :í &1. Now, rl'e state the follorving

theorem that we will use it frequentlv irr the rest of this serjtion.

Theorem 3.4. tl'dim V -- vt <w and (V, v, r. r*) is rt PN s¡sar:t: thal is also a 'l'V space

and A is a. subspnce rsf V, tltttt:

(a) 7ls nc¡rmable.

(b) Y ts complete.

(c) A is p -com¡tact lJ, and only if, it is carnpact.

Ako if (V,v,11,ri) ís an o-St:rsf¡¡r'v PN s¡ntt', t'hett:

(d) A is D -bounded i.f, antl only if', it i,s topologicr¡Lb' Ls*tmdc.cl tl', nnd on!| i.f, ít is

classically bounded.

(e) A ís p -contpact if, and only tf, it is cow¡;at:t íf, and ortlv if, it is clttsed und

D -bounded.

Proof. (a) l.et {er, ez, ..., e,l be a l{amel basis tbr l'. T}re¡, for ever,v P ír\ y', lhere are

d1, d2, ..., (x,r in l such that p = ü1e7+(x-1'2+" r(ttf,.lf ll p h,= r[4 r "¡ 
* -n'

then ll . ll defines a norrt on I,'. lt is eas,v lo checl< lhat (1", ll ll) it a'l'V spar:e. By

Lemma 3.1, it T1 is the strong topology 'ancl f, is the nt¡rm topology on l'l rvhich is

defined as above, then fi = Tz.So 1" is normable

Before proving tl.re other parts, \^,'e notice thc follou'ing fact:

(i) A sequence lp,L, is a strong Cauchv sequcnce if, and oniy if, it is Cauchy

sequence i¡r the norrn toPologY.

(ii) A seqr"rence lpnl, is a str:t;ngly con\¡er€lent ttt ¡t e \,' if, and onl-v if, it is con-

vergent to ¡r in the nornr topology.

(b) l,et Ip,,|,be a strong Cauchy sequence.'l'hent¡p,,j,, is a Citriich,v serquence itl the

norm topolog,v. Since (V,Tr) is cornplete, there is p €. \" sr-ich that 7t,,'-> p in
(V,Tr) as n -+ *.So P,, ...., p ín (V,71) as n -) "'. i-iencer, lire resuit follows'

(c) Since T =fr, the identitv rnap I: g,f;) -', (V,T;) is a hotneomorphism.

Hence, [[28], Theorer¡t 28.21 ar-rd the arglrments befbre part (b) give the desired

conclusion.

(d) By the fact that Tí = Tz ¿rnd Theoren 2.2, the ¡estilts follc¡i'v.

(e) Let (lt', ll'll) be Euclidean space and {e1, €'2, ..., cu\¡ be a }lamel"basis for' 1"' \ú'e

definef :(V,72)-*(R', ll ll) bylale1+d2e2+ "tü-,,t,,)-{61,t12,..,a,,)'Ilis
clear that-/is a ir¿megmorphisrn. Since a subset in ri." is (rolrtp¿lttl ii anci onl,v if; it
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is close<l and bounded, A is compact in thc slrons topologv if, and onl)' il it is

closed ancl 2 -bounded.

Theorem 3.5. Let A be a subset af a PN spTce (V¡,v,r1,ti)tltr.tt contaius a f{smel

basis for V| and (V2, tt',t2,$)be. an {x-Ser.strrc1t l}N s};tnct:"1'hett ane has:

(a) (L(V1, Vr),r,o ,'r2, ti) is a T\" sprtce if, artd anlv i;t'' TA is D -ltounded Jot every T

e L(V1, 1''2).

(b) Let \\ = Vz = V. If (L(v,V), vA, t2, $)ís a Tl" s¡suce' thctn A is D 'lsowded'

Moreover, ,f (Vt,r,'c1,ri)ancl (Vz,r',12,rl)arc (v--'ierstrrcv Pi\t sprtces th&t nre 'I'V

spaces, then the,following staternents hoLd':

(c)lerdim'lr4.x, ff AisD-bounded,then(L(V¡,Vr),r'^,t2,$)isn'{'Vspa.ce.

(d) Let dim Vr <n antl tlim l'1 s dim 11. Then (I-(V1,V2),v^,r2,fj) is tt TV space

íf, and only if, A is D -bourtded.

Proof. Parts (a) and (b) infer immedialell- lr'om Cortlllarl' 2.2. \Xie jrlst prove parts (c)

and (d).

(c) It is enough to shorv that 14 is D -bounded {or t'r'ery T' e l-(\tt, !'2) Since dirn

Vr <-, Theorern 3.4 and LIZZI,p.70] irnpiy that I': V1 + Rar.rg7is continuous for

e\¡ery ?- e L(V1, V!). Also b,v llttl, Theolem 2.'2)' Á is 2 -bouncled, Ilence, Theo-

rem 3.4 concludes that I is compact. 'I'hen, fl is corrpacl. lnvol<ing -l'heorem

3.4, it fbllows that /"4 is D -l:ounded.

(d) Let (L(V,V2),vA,r2,t)) be a TV space. Sitrce dirn í1 4 '" 3¡d dirrr L'i < diur

V2, we can define a one-to-one linear opet'ator T: l'1 --¡ Yr. Then, b,v Theoren-r 3.4

and [[27], p.7A], T : Vy --r Rangl is a hotrre,¡rnolphisrn. Since ?7 is 2 -bou¡rcled,

14 is compact. So, T-1(TA) it cotnpact and therefore A is D -bour.rded.

Converselv, it follou's from part (c).

Theorem 3.6. Let (V1,v,^r¡,t{) and (Vr,r',12,r!) be u'Serstilct'PN spnces und A

be a sttbset of V1 that r:onta.ins a Harnel basis.far i/,. f dim i"t <c':, (Vl , r', 11, ri)is a

TV space and A is D -bourtde:rl, tlten (V2,tl,12,'tl')ís n T\" spar:e i;t', and only if'

(L(V,V2),vA,t¡,t|) is a 7''V sPace'

Proof. By -I'heorerns 
l:1.1 and 3.5(c), the proof.is obvir:us.

Example 3,2. L,et a e 10, 1J and rc > nt. V'e clefine r' 
" '::n -> A* by r'¡,' = ¿'o and

vp(x):= uf,# fu' p e i?:" an<l r >0' Also rve deiirre r": ii"' -> ¿\* bv ui = €e arld

vp(x) := e)# fo, p e !'* and ¡ >0' l{ence (!"', r', ll¡, ll'11) and (-*'"" r" I1¡' ll'v¡) are

A,Serstnev PN spaces; ftlrthermore, they are T\r spaces. 'Ihen A is claSsically bounded

in I"." il and only il (¿(is].", E-o'), y'\ , [l¡¡, IIu) is a TV space.

The following exarnple shorvs that the converse of Theorem 3.3 is not trtte.
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Example 3,3. Let a e 10, 1] ancl ir > m.-\X/e deiine (,i'r ",r', llrr, n^1) ancl (rii"', r', Il¡¡,

II¡a) in a similar way to tire earlier example. lt A = ilk, k2, tt, . ,0r: k e Nlu{(l, 0, 0, ...,

0), (0, 1,0, ...,0), ..., (0,0, ...,0, i)i, lhen ¡{ ís a subseL ol'r" lhat cc¡rrlairrs a }{amel

basis for fi". Although sup{ln! :,L e i, iy; e A!.:'o fi)r evcrrv p e ¡1 ¿rrtcl p " 0, (L(":,",

R"'), y', II¡, fl,v) is not a 'IV space, because ,4 is not Z) -l:orindecl.
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