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Abstract

In tl¿is ptry)€:r- 1.u€ int,ro¡h¿ce t,he ctnt,ceqtt t'>.f ctcu-etiue ope.rntor írt lin,-

ettr ?-¡tonned spart':s. irictttin,gl on, the- relat.ionsltips a¡zd tl¿e, uat"i'otts ct's'

pects ,tJ ttr:cre:ti'ue. n¿-occretiut: a¡'¿d ntc¿rirta,l o,ccret'írte operat,ors. We

proue the t*¿ttLoqous of Banat:h-Alaoglu th,eot'e:n'¿ ir¿ lir¿e,ar 2- ¡zormed

s'peces. obtoittung u.'rt r:tlttit.¡o,le'ttt tle.firtit,|Ltn fo'r'ttccretiue tty¡terttt,ttrs itL

Iirrcut' t-ttot ttr(tl .\tur:t.r.

Matlrerrratics Subject Classiffcation r 11465, 41415.

Keywords : Lin,er¡,r !-n,orm,ed, s[)a,ces, seqrt,entially r:losed,, a,ccre.tt,t:e

oper"ators. u¡eak+ cot¡tpact,l'tonteon-rorlthi.snt . Banach ALaoglu theore.nt.
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1. Introduction

Tlrp r-nrrr'ent ¡rf ')- nrpl lie iraaaoc line¡r ?- nornrorl qnrr.p( nr¡rl ')-ir¡r¡or rrln,-]-"1".' '
uct spa(lcs" iutrodriccd l-ry S. Gahlcr in 1963, pavecl thc-- u'ay for a numbcl
of ¿rrithors lilie. A. Whiie, Y. J. Cho, R,. Freese, C. R. Diminnie. for \\rork-
ittg ort lrossible a¡-i¡rlications of \4etric geonretlv. FLnrcti'ru¿rl Arralysi5 ¿¡¡1
Ttlpologr',rs rr rre\\ to,rl. .{ s\'stenialic tr)r'eselllalion (rl llle lecerit resulrs
rclatecl to thc Gt:oiltc:trv of Linear 2-norrlecl spaccs as u,ell ¿rs an cxtcrisil'¡,:
list of thc rclatt-'cl rcfcr{:nt-es Lran }re found in tl-re boolt f1]. In ia] S. Cla}ilcr
itrtroduced the Iirllorl'irig rleiirrit it-in t-,f lirrear ?-nt¡rrnecl str)¿lces.

2. Preliminaries

Defirribion 2.1 (3). Ic,r -\ be ¿ r'cal ljlc¿¿r spat'c of (ljlrcrlsj(rr1 gl,r¿1rr.r'

th¿nt T rerrcl jl.,.ll be a lea.l r¿liled func:tion on XxX satisfi/jrg tlte pr;¡tet'tie>.
41; l]:r:.:¿i ]] -- tl i#'-x elrl l. ¿ue ljr.rear'|y depettdertt
A2: lle;, 'rll: ly,t:
A3; llcrr,, vll : l*lllg',"11
.{J: l r - r.:ii < ll r:, ll - lly, ,11

i;r erer'l' :t;,,.11 ,-. € -Y ¿rlt? cr € .R

rlre¡r tle fir¡r,':tiur ll , ll j" tallecl a 2-nr-¡t'nL o¡r X. T:Lrc ¡.tait'1-t.11... l) is

r:alled a -ljlear 2- lo¡'nierJ ,5p¿ce.

Solne of the b¿rsic llr'operties of 2-nornrs. t1re1'Ale non-neg;Ltir'e arrd

ll",y+oerjl : llr,yll for all r ancl y in,{ üncl for t-volv ir in.R,
Tlre rrrost sl alr.l¿rrtl exanrple fur a iinear l-norrned spac'e i:. -Y - l?:

eqtri|1rerI ri'i rlr rlrt: fi,rllou'irg 2-]r()r'rrr.

( "'r, .{r1r \
jl:r:1.:r2l] :,2ósdet | ,r,lr rr't: I rvhere q,: (;t:¡,1,;r¿t) f(rl l:1,2

\/
Everv line¿ir 2-nornred space is a locar,lly convex TVS. In fa<:t, for ¡r

fixecl b € Y. P¿,(:r:) - ll.', óll is a senri norrn, nhele r € r anc1 the fauilr'
{P¡r;b e X} of sen}i nor'ms generates a loca}ly convex topoiogv on Ji.

Definition 2.2 (3). Let (X,]].,.11) b" a linear 2-wsrnrctl.sIJa(e. tlteu a

uta¡t'L' : -Y x -\ - .R is called a 2- litrcal ftt¡tctional ¿¡¡¡ '\ ¡.r4re¡rct'et f'r¡t

€v€|'Y J:1,:r,Z.lJl,?JZ e X Alld ft, 13 e R
(i) T(q * .,¿2,'!Jt * 'uz) : T(*t ,yr) * T(r1,'uz) * T(rz,yt) * 7-\rz, u';)
(ii) T(a:r:7, i|y¡ : *ilT(t1,y7)
hr¡kl.
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A 2-lincar iirnr-ticin¿l T : X x X --- -R is saicl to be l,-iounclcci if thcrc t:xist.
¿i re¡.LI nunlber lI .> tl si.u:ir that lT(:r:,U)l 5 ,'lf¡¡r,,yll for ali:;,y in I.
Ttre rlrrrrrr of the 2-lirrear fllnctiortai T : ,{ x X -- R is clefirteti f.tr :il1 :tr, g

in Y lry
llTll : inf{,4,1 > 0; l7(2,'sl)l <.1.{llx,,yll}.

It can bc sr:cn tirat
llTll : -*r4r {17(:r,'y)l ; llr, .yll S 1}

- snp {17(rr, y)l ; llr, yll : 1}
('lt¡.u¡ ,, ,., .l

:,;trp t'lh-f tll.(1llt +v¡

Defirrition 2.3 (2). tc.t (X, ll.,.ll) lr* a lineat' 2- nonnerl space. .Er ire

a srrlrset of -\ tjren úJre sequerit iallv cl.osttt'c of E is E : {r: € '\ : "rr, C
Ef :t,,,'* r). Wc say. E i-s secJuontiaJly ck'secl if E:E'

Definition 2.4 (3). Lct.Yl bc úhe set of all bounclcd Jjnear' 2- fuuc-

tir,tttal on .Y x V(r) tfien tlte dualitv ilap is defrnecl by I(r,;) : {.ll e
-Yj;f'(r:,;) : ll:r,:ll? and ll¡-ll : ll:r;,;ll)

3. Main Results

Let (Jf, ll , ll; ¡" a linc.'ar 2- normcci spacc ancl A : D(A) ': -{ - lí bc

zrrr t.r¡rerator with clorna,itr D(A): {r: e -\;At l0} rrncl range Il(;{) :
U{Ae,::¿r € D(A)}. V\¡" ruay iclelitif'y A u'it}r its gla¡rir arrcl the clt,,snre of A
with the r-:losLtte of its gra¡rh,

Definition 3.1. : An t:perat,nr A
Irt'r'.tr.fit'¿t if. fi,r cr.'cl'r -t € D(--l)

D(¿) C X --+ X js sajrl io lte

llr -:,r,;ll f ll(i' - y) +.\(Ar - As),:ll for all:r,y € D(A) antl '\ > (.).

Throughout this alticie [e:,y] € A meaus 'x,1A € X sucir that y : Ar.

Definition 3,2, : An aperatot" A : D(A) C X '-+ X is s¿icl to be nr-

a.ccretil,e if R(I + AA) : X for'^ > 0.

ArL o¡teta,trn'A', D(A) c X --+ J and B : DIB) C X ---+ X be tu'c¡

oper'¿¿f;or,s then B js sajd to be an exten.sion of A if DIA) C D(R) anrl

Ar : Br fol cvcry r € D(A), clenote it by A c B.

Definition 3.3. ; An operator A : D(A) c X --* X js sajc/ to be a
¡llaxjnral a,ccretit,e opetator in X if A js an accretive operzttot' in X and for
eve.rv accretive or.¡eratt¡r B oÍ X with Ac B tIrcn A: B.
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Theorem 3,4. If A is ¿¡r nr-¿cc¡ctir,e onerator il X then A i.s a rrtaxi¡l¿rj
a,c<;¡'eijre operatlr,

Pro,lf: Let B be arr ac:c'r'etive {)per'¿tol with '4 C B, Let A > 0 ¿nd

á,1q) e B.
Srnce A is ni- ac,:retive we have rr *.\g e R(I + AA) irnplies there exists

i"rr,g,] €,4 sucl-r that r: I \y: z1 i- Ay1

Since B is acr:retive ancl lr1,gr] e B we have fbr every; € X,
lle; - rr1.:ll f ll(:r - 11) +,\(Be: - Bl:1), zll

: ll(r, _ r',) * 
^fu 

_ yr), ¡]l
: llir,r Ay) - (rr + tryr), ¿ll : ll0,;ll for every; € X
-(l

irrplies r' - "r1 : il altd 1: : :¿1

Tirerefbre '!,t :'!Jr implies [],y] e A. So A : B.

Hcnce A is a ruaximal accretivc opelator.

Lernrrra 3.5. Let A be alI a,cct'etive opetator jn X ¿rnd let (u,'rr) e I xX
tIrcn A is nt¿t-xintal a,r:c:'eti.r'e in ,Y itf for every l:r,'gl e A anrl : € X a-rtd

.\ > 0 o¡re Jras llr -'u.;ll < ll(," -'u) * A(g - u),:ll in;rJies it¿, trl € A.

Prt.¡of:

Lct A brr a urariural accretive operator in X. Put T : A U [r.r,,'r,1

Suppc.,se ]1" - u. tll < ll(:r - u) + f(y - tt)..zll fcrr every i.,:.1lt, eA. ; € {
aud ,\ > LJ

tlren T is accretive in X ancl A c T implies i-tt,,u) € A
('t;rrvi:rselyl lillpp()se that if A is ar:cretive ttpelatr-lr irl X Lrri,l

lr u.:] .: il(:r ri)-+-,\(;ry-'¿'),rll ftrl cvcry it:,yl e A,: € I and,\ :' 0

I].npl]L:S i/., l) t -¿i

Lrrt B bc accrctivc in X rvith A C B anil [r1,y1l e B
Since B is accrretive in X. foI' everv [r, U] € A,z € X ancl .\ > 0 one iras

lle; - 11, :ll < ll(:r - e;1) +,\(Bz: - Brt),tll : ll(ar - :r1) +,\('y - yr), ;ll
which

inrplies lr;1"'q1l € A, Therelbre B C A' So A: B.
Hence A is maxitu¿ll accretive irl X.

Tlreorern 3.6. If A is an accreújve oyteratot jr X tJteri t}iele e-x.tst.s a

n axi n t al a,cclet jr, e ct ¡t er at ctt' r -:tx tt aini n g A.
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' Prtrof:
Let B : {B; B is accretive irr X and ,4 c B} t}ren (8, C) is a ¡rartially

orclelecl set.

Let T J-.¡e a tot¡rily ortleretl set rvith T C B then l:-v Zotn's leuurr¿r there
exists ¿r nr¡i-ririr¿1l elerIlent iil B. is a ilrarirnal ac:cretive LllleliitL)r corrtainirrg
A.

Tlre¿rr'*r¡r 3.7. le¡ A i,¡t'an act:rttive r4teratrlr' in -{ ther flie r.'lusrueJ
ol A is ¿trclefiie.

Proof:
Lr:T rr.yl-"h.:. 1t.:',eÁthcntitcrtrc-xi¡tssc(luolrccs {lt'n,!1 ,, }.{lr',,,,y,,,]}

il'r A such tita,t ;rt,,. --- .t\iUt¡. + ,u1;:Ln1 -+ iL;2,!nt --+ 92 allcl ,\ > 0 .

Sirrce A i,s ¿r.ccretirre in Jf one has
.t:., -.1',rrL. "il i l(1,, - r1,,.,) -t,\(A;:r, - At:',i),:llfor ever¡.,' ¡: € rY

: ]](.r:,,, - r,n,) - A(y" -]Jnr),:ll for everv ; e X
¿'rs ?¿ *-+ ¡:-,. lJ;r1 - .r:2,:ll S ll(rr - r;2) * A(yr - y2),.:llfor er.erv :: € J-;
trrr1.rlies ,4 is ar'cl*t i',e ilr X.

Theorern 3"8. ler A be a ¡riaxirrra-l ¿.crtef,i'p (lr)er'.4.1,1.)] i¡ X fhen A is
; ttt-t t t ¡n f i :t I I v rl n< r,':l

Proi.,f: For ali .r:r..'!.rr € D(A). Let {lrr:,'., g"] } il A suc}i tltat :r.n + 'ti,'!Jn +
u arld ,\ > l)

Since A is ¿lccretive in X and lr,yl e A implies llr'- r,,,¡ll f ll(" -
t:rr) -r,\(y - y,,),:llfirr every ¿ € *Y

as ?¿ - {rc wr- havc llr - tt, zll < ll(¿, - ¿¿) + }(y _. t),;jl for t-'r,cry ; € I
Tirerefbre, Lry Lernrua 3,b ltt,'ui e A. Hertce A is secluerrtiallv ciosecl.

Ccrrollary 13.9, lf'A js ¿rrr ¡l-llarj.nlala.r:cretive operatr-tr il ,{ úlle¡l A j.¡

.req tieltirrJJ,l',,Joseri.

Proof: We ]r¿rve ¿ln r'ri-¿rc(iretive operator A in X is a nt¿lxitnril ac(-:relil¡e
(.)peratr)r irr X, Herrce 1rr,'Tireoreut 3.8, A is sec¡:entially closed.

Ncxt rl,'c prover rr.rr.ir1,rgr;rls trf Banarrh Alaoglu thcorem in lincar 2- noulecl
sp¡1ces.

Theorem S.lü. -Let X bc a linear 2- nornecl space then úJre ciosed ur:it
ball of Xj j" i,r'ealr* cctnpa,t:t, i.e. B: {/ e XJ;ll/ll < 1} is c<tnt¡ta,ct fot
rlle r.r'r,aÁ' 

* 
f r.4.rr-llog"r:
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Proof:
If .f e B thcn l"f(",r)lS ll/llllr,;ll for.,very ?,,s € X
Lt-'t D-,.,. : {.\ € R; ll I llr,:]l} l-,c a ciosed iltcrval t}icn it is ct.rnrpact.

\4'rr have f (r,,-i € Dr. for evely r:,.: € J. Takc D : IIr¿_sD..," for
e\¡ery ¡ € X. Ecluip pl'oduct topology or.L D therr. by Tycrhrroff's theorem D
is cornpac't,

Clorrsider the canonicral projection IIr,, : D * Dr.,,,

EclLrip B rvith the relative topcrlog.,' irt,.htcerl l,\, ,""'.U* to¡rulog-v. Sti it is
*n,,rrgh 1() pl o\/e tliat B is homec.rrnorphic n'ith a r:lusecl sull-cet C of D.

l)efine T: R -- D ¿s f,lllows:
If .f e Btherr./(r.:) €D*.",far evervr.;€I
Sr:i. r,lefine 7-,f : (.f I.t.:))..-6_.¡of D has the irt,r¡reltl' that (r:,:)r/t t-,¡,¡¡.,1-

,linale is:r l-lirreat fttnt'liorrai t-iI irrcler (.rr.;).

Constrlrct the set C of Lr1l (4",.)..,"e .t € in D such tirat
)(¡r+.":,.:r+;2) : 121,,:1 * Á"t,=: f ,\"r,.t * .l":,"2
A....r.-j", : rr,lA.¡.r.,.., fol every rrrÍ,2,21,22 € X ancl ard in,R,

\\¡e har.e T\B) c C
If A,.., € f-' for "r,.: € f
Define.f : X r ]i -* 1l by /(:2,:) :4.,. is a Z-iinear fiurctional on X.
Aisu l.f(:r,.t)l :1A,,,*l S llr,.rll implies ll./ll f 1. Therefole.f e E.
Arrd I./ - .f(:r, ;)¡,,=e-r : (A",")r,..ex. So (: C T(B). Therefore TtB) :

C.
Next u,,: h¿rve: to prove that,
(i) T is one-to-onc
(ii) Cl is a closecl subset of D
(iii) T is bicorrrinuous (ic: horr.rr',-rnrolphiisrn) fioui B (lirto 'r( B): ('
For.
(i) Let .f ,g € B with T.f :Tf¡ then /(e:, z'): q(r,:) for evcl-.'/:r?; € -Y

irrrplie-s f : g. So T is one-to-one.
(ii) Ft-trJr1);?r2);1 ,tr2 € Jf, Define $: D - Rbyqi(,\,r,") : A1,..1-,..s.;1-;2)-

\ _\ _\ _\,.J.1,:_L ,'J I.:.) '.J'2,:l /\J3!:!

Take ¿¿ :4.., therr r¡-e have ó(rr) : 7T',r.,-r:.:.+:.j/(ir) - rr..:.{ri) -
lir,,rr('u) - ir.r,:,.:r (rr,) - n'rr,.,(il)

Sirrce n is ccirrtirmous we harre ó is ci-.rutiunr,ltts.

Dc+firreó-tl0] : {4.,,.. e D: }(rr+r,:,*r+"r) : Arr,", *A*,1,.r,: *1r,2..., *
A"r,.,..,t. Then d; litll is closeil in D. Denote this closecl set by C(.,.,...r..,..r).

Sirnilarlr', for fi-xecl rr1,'ir2 € -f and a, d € Á the set {(},r,.,)r,"e .riA*rr,.J¡r :
a/9A*,."' ) is ciosed ln D. Denote it by C¡,q,,u2,o,8).
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Tlrerefore, C : ()C¡,,r,,,r,rr,,r;)ñ((\C¡",1,u2,a,¡31) where r).,'x2, or) 227'Lt71Lt2

varies over X ancl c!:, ¡,J varies over R. Hence C is closed in D.
(iii) In the vierv of (i) T rnaps bijectively onto T(B) : C
Consider a sub basir: neighbourhoocl of ./6 for the relative weak* topol-

clgy or B of thc forr:
Ler r,: € -Y rhen \¡ : {f e B; ll/(r;¡,yo) - "fo(¿o,y¡),r'll < e}
Tlrelc,firre. T(l') : ii.f (r,,1l)1,,,, e X;./ e 1,']

:{l.f (,r, 9)],,",.e _vi .f e A r,vith ll"/(e;¡ ,'!t0) - "fo(,ro,.yo), ell < s}
:{!.f (;z, U)],,,e _¡*i f e B with lln.i,o,vr;(T.f )-n(,,o,uo) (Tfr,),"11 < e }

is a sub basic ncighbourhood of T fo fol tire lel¿ttivc' to¡rologv illcluccci on
T(B): C by the plorluct topology on D. So,T is ]:ricotrtinuous from B oirto
f'r D\ /l
L \U I 

- 
lJ

Theorern 3.11. Iet X be a ljneal'2-nonned space and rr,y € Jf tiren
Ji,.¡r'eve¡'1r: É -T, lir,..ll < lle:-rcriy, :ll fr.tr er?.rt'(! > 0 iff t,ltere is F e IQ',2)
srrr:lr tlr¿t B"((V,;),F) > 0 f "Re" meal.s "realTsart of'l

Ploo{;
If x : 0 then the result holds true.
Assurnc thirt.l'+ l). Suppc,sc R,'((.,/,;),F) > 0 fol som,r F c li"i.:l

thcn

ll.r.;ll2: F(2,¿) :1?c(F(r;,;)) { /?e(F(r:-r-c-ry)) S llFlll]r:-1-r.tr;,:]] foL

¿.r ,-- LJ

Since, IIF I : llr,:ll rve have llz, "il 
< ll.t + ag.;ll ftrr a ;" t)

C)onvcrscl¡,. sr-rpposc that l]2,;il _ llxl -r irg,:ll for a > 0
For e¿rch ¿r, ) 0lt-.t -f, e 1(.r:* tuy,:) aird g.,,: ffi then ]]9,-ll :1'f 

heIr.

]].r;, :ll < ll.t + ,nU. ;ll : 9o(;z + a'!J, z) : R.elgo(", ,)] + aR.elg"\tS, t)] I
llr,-, ;ll -i- afici9*(;y, ;)l

irrrplies Lint{itt,f k,¡11&e,l(:r,, t), g,,l} > llr, ;ll ancl Re[(y, z), g,,l ] 0

By tlie above theoletn, the ciosed rurit t¡a1l of Xj is lveakx corrrpalrt therr
the rret {9.,} has a cluster point g wit}r llgl] :1.

-Rc (.r'.:).9,. > llr'.; ancl Rel(y,:),9n] ) 0 inrplics n. 'j,::1,9,, > 1

iniplies llgll : I ancl 9(r;, ;) : ll:r, zll
'I'ahe .F : lll:,:ll.g then F(:"r, z) : ll:r, zllg(:t:,:) : ll:r, cl]2. Theref'ole.

F e f(.i:,2) ancl Rr.i(A,:),f'] > {)

Renrark 3.L2, Frt-¡tu tlte above theorern we get "A is an at-:cretive o¡t-
elator in a, linear 2-nonned.space X ifl ft¡r every 'u)u € D(A) úle¿'r-'l exjsús

,f e I\t" -'u.z) such that Relf (Au, - Arr,o)] ) 0".
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