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Resumen

Introduccién. Se presenta el andlisis de los problemas aritogftanteados por un grupo de estu-
diantes considerados con talento matematico arst¢éatieas de invencion de problemas y su compara-
cion con las actuaciones que presentan un grupodzstde estudiantes de un colegio publico ante las
mismas tareas. Este estudio se centro en caracteridentificar las diferencias entre las produees

de ambos grupos, con base en un esquema de acdfiféscionado en esta investigacion.

Método. La muestra esta conformada por dos grupos deiastes. El primero esta compuesto por 21
estudiantes identificados con talento matemétieb segundo esta formado por 19 estudiantes de se-
gundo curso de Educacion Secundaria de un colédilicp. Ambos grupos contestaron dos tareas de
invencion de problemas aritméticos que fueron amidmadas en este estudio. Los resultados se ana-
lizaron con base en tres categorias de analidgupas variables que estan relacionadas con lacestr

tura sintactica, semantica y matematica de los ossm

Resultados. Los problemas inventados por el grupo de estusBaibn talento en matematica
presentan mayor riqgueza que los del grupo del mledblico, ya que estan conformados por una
mayor cantidad de proposiciones, emplean diferdiges de ndmeros, requieren mas pasos y pro-
cesos de calculo distintos para ser resueltosseptan una mayor cantidad de relaciones semanticas
distintas. Ademas, los resultados muestran algatritsutos que caracterizan a los estudiantes con

talento en matematica cuando resuelven tareasseedion de problemas.

Conclusién. El instrumento de invencién de problemas y el esguianalitico empleado permitieron
describir y explorar la actuacion de un grupo dedéantes considerados con talento matematico.
Ademas, las tres categorias de analisis y la goiubé cada problema dan lugar a diez componentes
cuyos valores caracterizan la riqgueza de los pnwdmeinventados por los sujetos. Por ultimo, el
andlisis estadistico realizado refuerza las difgasnencontradas entre las producciones de ambos

grupos en estudio.

Palabras Clave: Talento matematico, invencion de problemas, riqgugzeenunciados, problemas

aritméticos, Educacion Matematica.
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The posing of arithmetic problems by mathematically
talented students

Abstract

Introduction. This paper analyzes the arithmetic problems pased group of mathematically tal-
ented students when given two problem-posing tasks$,compares these students’ responses to those
given by a standard group of public school studemthe same tasks. Our analysis focuses on charac-
terizing and identifying the differences betweea fioductions of both groups, based on an analytic

framework designed in this study.

Method. The sample is composed of two groups of studdiis.first consists of 21 students identi-

fied as mathematically talented and the secondOote&condary students in a public school. Both
groups completed two tasks of posing arithmetidlenms designed in this study. The results were
analyzed based on three categories of analysisanables related to the problems’ syntactic, seman

tic, and mathematical structure.

Results.The problems posed by the group of mathematitalgnted students are richer than those of
the group of public school students. The talentedeits’ problems are composed of a greater number
of propositions, use different types of numbergune more steps and different calculation processe
to solve, and have a higher number of differentag@ra relationships. Furthermore, the results show
some attributes that enable us to characterizeamsdtically talented students when solving problem-

posing tasks.

Conclusion. The problem-posing instrument and the analytitagdhm enabled description and ex-
ploration of the performance of a group of mathécadly talented students. Moreover, the three cate-
gories of analysis used and the solvability of epabblem produced ten components whose values
characterize the wealth of problems that the stbjwented. Finally, statistical analysis reinfesc

the differences between the productions of thediudy groups.

Keywords: Mathematical talent, problem posing, richness afeshents, arithmetic problems, Math-

ematics Education
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Introduction

This study focuses on characterizing the produstishen posing arithmetic problems
of a group of subjects identified as mathematictdlgnted, and compares these productions
to productions of a standard group of students.r€kearch problem tackled in this study thus
includes two fields of study: problem posing andheaatically talented subjects. The field
of problem posing originated in a line of reseaticht studies of problem solving (Castro,
2008), and a number of studies (Freudenthal, 1B@Ba, 1979; Polya, 1954; Brown & Wal-
ter, 1990; Ellerton, 1986; Castro, 2011; Espinda#iafez & Segovia, 2014) attest to its

richness as a research focus.

To improve problem-solving abilities, research (hgu& Silver, 1997) has tackled
several topics: studying children with mathematizdént (Krutetskii, 1976; Ellerton, 1986;
Kesan, Kaya & Guvercin, 2010), gaining a view afdgnts’ understanding of mathematical
concepts and procedures (English, 1997; Brown &t&/al 993), and studying how students

handle and structure their mathematical knowledgpdcger & Gamboa, 2008).

We find that the topic of mathematical talent isrdérest for the community of educa-
tors and researchers in Mathematics Education (Baées, 2008), as demonstrated, for ex-
ample, by the Topic Study Groups proposed at tiMHQO (TSG4) and ICME 11 (TSG6).
Similarly, Castro (2008) notes that studies of raathtical talent have centered on three main
research focuses: characterizing mathematicalttadsitablishing mechanisms to identify it,
and providing alternatives for intervention. In deg on characterization of mathematical
talent, some researchers (Krutetskii, 1976; Greetf#l; Pasarin, Feijoo, Diaz & Rodriguez,
2004; Banfield, 2005) observe and analyze the thgqhikcharacteristic of talented students,
generally through problem-solving tasks. Their agske concludes that the reasoning talented
students demonstrate is very different from thabmlinary students in terms of speed and
depth (Kesan et al., 2010).

Other studies characterize mathematical talentgusioblem-posing tasks. Krutetskii
(1976), for example, reports that mathematicallgrtged students naturally saw the problems
that arose from the information given, whereasesttgl with low mathematics ability did not,

even when the interviewer provided advice.
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Ellerton (1986) shows that the problems posed bgiesits with more ability require
greater calculation difficulty, have a larger numloé operations, involve a more complex
number system, and use mathematical language watiteg fluency than do the problems
posed by less able classmates. The study alsouttascthat there is little evidence to suggest
that the less able students planned their problermsreas the problems produced by more
able students showed greater consistency withesteof the problem, suggesting some plan-
ning. Further, it was observed that the more atidents know how to solve their own prob-

lems, while their less able classmates do not akapw where to begin.

Silver & Cai (1996) also proposed this type of téslstudents with higher and lower
mathematics ability. Their results indicate that tigh group of students (greater mathemati-
cal ability) generated not only more mathematicabfems but also more complex problems
than their classmates (low group) and that theestisd problem-solving performance corre-
lated highly with their performance in posing pmk. It was also observed that students in
the high group posed a significantly higher numislemathematical problems that involved

two or more semantic relationships than did thiesisgmates in the low group.

Finally, Kesan et al. (2010) study the effect aflgem-posing activities on the devel-
opment of mathematical abilities in 40 mathemalycilented students. The study concludes
that this type of activity is effective in improgrstudents’ problem-solving abilities, as well

as their mathematical performance, especially éor-routine tasks and open ended problems.

Despite these antecedents, few studies relate tinseopics to show the specific
characteristics that students with mathematics)talemonstrate when given problem-posing
tasks, or whether problem posing can be used a@sgaastic technique. We therefore focus
on characterizing the actions of a group of mathmaléy talented students when given semi-
structured tasks of posing arithmetic problems tanted especially for this study. We then
compare the actions of this group to those of agmf students from a public school in re-
sponse to the same task. We also wish to identdgxes of the use of problem posing as a

tool to identify mathematically talented students.

We will now present some concepts related to magiieally talented subjects, math-

ematical problem posing, and arithmetic problems.
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Mathematical talent

Some authors hold that talented students have abasdics that differentiate them
from their classmates. For example, Greenes (188Es that talented students have a higher
pace of learning, excellent memory, exceptionab&keand reasoning capabilities, and great

powers of abstraction. But who are the talentedesits?

We can distinguish five notions of talent orienteddifferent issues: achievement or
performance, the innate ability, interaction betwdiee innate ability and the environment,
and cognitive and systematic models (Villarragartmaz & Benavides, 2004). This study
aims to analyze the notion of talent oriented thi@ement or performance, since we focus

on studying the performance of mathematically taérstudents.

In studying a specific talent, mathematical talem, adopt the definition of Passow
(1993) to refer to students that have shown speafftitude in the area of mathematics. We
adopt this definition because one of the groupsehas composed of students that demon-
strate specific aptitudes in the area of mathemdiassed on selection tests. Ramirez (2012)
summarizes the findings of various researcherfiembilities that characterize such subjects’
performance in mathematics. Among them, Freimafg2Proposes abilities such as sponta-
neously questioning issues that go beyond schskstdransitioning easily between different
mathematical structures, focusing on the key pawfiteroblems, developing efficient prob-
lem-solving strategies, and producing originaluadle, and extensive ideas, among others. It

is precisely this last ability that we use to eksdlthe connection with problem posing.

Various methods are used in identifying mathemhtalant, with both qualitative and
quantitative focuses. Standardized tests are thbatiemost frequently used, even though
they run the risk of rejecting children that shoblel identified as mathematically talented
(Benavides, 2008). Due to this shortcoming, researcSpain recommends using additional
instruments to supplement those traditionally usedrder to identify a greater number of
talented students (Hernandez & Gutiérrez, 2014ineéauthors (Krutetskii, 1976; Ellerton,
1986, Kesan et al., 2010) stress the use of proptesing as a tool both to identify mathemat-
ically talented students and to understand theraaifithe mathematical abilities of mathe-
matically talented children. Studies by Getzels dackson (1962; cited in Silver, 1994) and

Balka (1974), for example, use problem-posing @@ in the process of identifying creative
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individuals, as creativity is a trait present igliy able subjects (Marugan, Carbonero, Torres
& Leobn, 2012).

Problem posing
The term “problem posing” (Kilpatrick, 1987; Brow& Walter, 1993; Silver, 1994;

English, 1997) (in spanish “invencion de problerngdanteamiento de problemas”) consists
of formulating new problems, as well as reformugtgiven situations (Silver, 1994; Silver
& Cai, 1996; English, 1997). For Silver (1994) stlprocess can be performed in three differ-
ent ways: (a) before solving a problem, when omeks@ot to solve but to formulate a prob-
lem from a situation or experience, (b) during solu of a complex problem, by reformulat-
ing it into simpler situations, and (c) after solyia problem, in seeking to modify the prob-

lem’s objective, condition, or question in ordegEnerate new problems.

Further, three ways have been identified to forteupoblems: free situations, semi-
structured situations, and structured situatioriey@ova, 1998). In free situations, students
have no restrictions in posing problems. In semiestired situations, they are asked to pose
problems based on some experience or situatiomll¥sirstructured situations require refor-

mulating given problems or changing the conditiohthe problem.

We thus consider problem-posing as a complex madtieah process in which one or
more problems are constructed from the personatpretation or meaning assigned to a spe-

cific situation or problem given beforehand.

Arithmetic problems

Since this study proposes two tasks for posingpaetic math problems, we believe it
is relevant to explain the notion of mathematicalgtem used here. We adopt the notion pro-
posed by Castro (1991), who indicates five comptmn#rat a situation should include to be
considered a mathematical problem: a propositigal (or written statement), some known
data; an intention (to mobilize one or more personsolve it), a goal (to arrive at a result)

and a process (way of acting to achieve the result)

We consider a problem as arithmetical if it is ateanatical problem that provides
quantitative information, the condition in the staent expresses quantitative relationships
between the data, and the question refers to edionlof one or several quantities or rela-
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tions between quantities (Puig & Cerdan,1988). 8e eonsider problems as arithmetical if
they use unknowns or equations, as long as solofidine problem is based on an arithmeti-
cal or predominantly arithmetical technique (Ga&cddillarroel, 2014).

In classifying arithmetic problems, Puig & Cerd&@®g&8) argue that an arithmetic
problem may be classified according to its operstarcture, as: additive with one stage, mul-
tiplicative with one stage, additive with more thame stage, multiplicative with more than
one stage, and combining various operations. Titeralso called a mixed problem, com-
bines additive and multiplicative structures, aolVieg it requires more than one relationship
between the data (Castro et al., 1997). In clasgjfthe study variables for arithmetic prob-
lems, Puig & Cerdan (1988) stress the syntacti@libes related to the order and relation-
ships of the words and symbols the statement awtalength of statement, grammatical
complexity, presentation of data, location of thuestion, etc. Castro (1995) identifies another
type of variable, termed an interrogative propositiwhich is related to the problem question
and can be made about a designation or relationShiger & Cai (2005) add a third type of
interrogative proposition, termed conditional, imiah the question establishes a condition
between the two elements, for example: If Mariakedl300 meters more than Pedro, how
many meters did Maria walk? These authors assoitietesariable with the linguistic com-
plexity of a problem.

Castro, Rico & Gil (1992) stress the statement’smarical data, which can be distin-
guished by the set and size of the numbers, irarusf superfluous data, operations needed
to obtain the result, and algorithm used in eackrampn. In discussing the latter variable,
Castro et al. (1997) classifies an arithmetic pobWwhose solution involves only addition

and multiplication as a two-process problem.

Finally, we must consider the semantic componemsfigr, 1982; cited in Puig &
Cerdan, 1988), which is classified into change, lioation, comparison, and equation for
additive problems; and multiplicative comparisoguation, isomorphism of measures, and

product of measures for problems with a multiphaastructure.

Objectives
The general study goal is to describe, analyze, dradlacterize the capability of a

group of mathematically talented students in penfog tasks of posing arithmetic word
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problems. We also seek to determine indexes ofgusinblem posing as a tool to identify

mathematically talented students.

To achieve this goal, we proposed the followingcepeobjectives: (1) to build an in-
strument to pose problems with two tasks or semesired situations for posing verbal
arithmetic problems, (2) to define an analytic noeltbased on categories and variables that
permit characterization of the productions of bgitbups of students responding to the task of
posing arithmetic problems, and (3) to identifyfeliénces between the problems posed by the

two groups based on the categories and comporarasdlysis defined.

Method

Participants

The study subjects are two groups of Spanish stadeith different characteristics.
The first, the “talent group,” is composed of 21themnatically talented students who partici-
pated in the project ESTALMAT Andalusiauring academic year 2010-2011 and who are
13-15 years old. This project seeks, for a peribtivo years, to detect and stimulate the pre-
cocious mathematical talent of a group of studemta&ndalusian schools who were chosen
through a selection te&fThe second, “standard” group was composed of ddests in the
third year of secondary education at the Nazarb&dary School, located in Salobrefia, a

province of Granada. These students were 14-1% yadr

Instrument

We developed a questionnaire composed of two tasksesponding to semi-
structured situations for posing problems (Stoyand®98). These tasks permitted the stu-
dents to put into practice elements related tontalsuch as their abilities, mathematical
knowledge, and creativity. This last ability is sadered as one of the traits defining gifted
people (Marugan, Carbonero, Torres & Ledn, 2012).

! The program ESTALMAT (Stimulation of MathematicBlent) is an initiative of the Royal Academy of-Ex
act, Physical, and Natural Sciences of Spain. htiae terms, it is a training program for mathecadly tal-
ented students. Basic information about the progray be found ahttp://www.estalmat.orgThe Andalusian
version of the program is availablehdtp://thales.cica.es/estalmat

2 http://thales.cica.es/estalmat/?2gq=node/39
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To design the instrument, we took into accounttifpe of information the problem
provided, the type of information that remained mmkn, and that the school context pre-
sented in the situation was familiar to the stusléMoses, Bjork, & Goldenberg, 1990). We
also asked the students to pose problems thatciesidered as difficult to solve, since we
were interested in their taking the activity ashalienge and making an effort to put their
knowledge, abilities, creativity, and prior expeges into practice in posing problems. This
instruction has been used effectively in other issidsuch as Ayllon (2012). The instrument
was reviewed and analyzed by experts in Mathem&itgation and then applied in a pilot

test with a small group of students. The end regsa# as follows:

Task 1 Using the information in the following figure, $® a mathematical problem
that you think is hard to solve and that requirgisag one or several of the operations of addi-
tion, subtraction, multiplication, or division tolge. If necessary, you may add more data or

information.

Figure 1. Image used in the first tAsk

Task 2 Using the information in the following figure, ® a mathematical problem
that you think is hard to solve and that requirgisg one or several of the operations of addi-
tion, subtraction, multiplication, or division tolge. If necessary, you may add more data or

information.

“A train with four passenger cars leaves a statmnMalaga at 9:00. The train has a

maximum capacity of 294 passengers.”

3 Figure obtained from
http://ntic.educacion.es/w3/eos/MaterialesEducafivem2009/problematic/menuppal.html
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Description of the categories and components ofyea

To develop the categories for analysis, we consitiéhne characteristics of this study
and reviewed the study variables for arithmetidprms proposed by Puig & Cerdan (1988),
Castro (1995), and Castro et al. (1992); and thgrdms used by Leung & Silver (1997), Sil-
ver & Cai (2005, 1996), Cazares (2000), and Ay(l#012). This review led us to define three
categories for analysis, with study variables facle explained in greater detail in Espinoza,
Lupidfiez & Segovia (2015).

In the first category, termed syntactic structuve,studied length of statement, type of
interrogative proposition, and type of numbers udexhgth of statement was analyzed ac-
cording to the number of propositions present tdmtespond to explicit expressions in the
text that assign a numerical value or quantity W@m@able, or that establish a quantitative rela-
tionship between two variables. Type of interrogatproposition is related to the problem
guestion and is classified into designative, cood#l, or relational (Silver & Cai, 2005). The
numbers can be whole or rational, the latter inrtddferent representations, expressed as

decimals or fractions.

The second category, termed mathematical strucivae,analyzed according to type
of operator structure (additive, multiplicative,xad) and number of stages or steps in each
structure to solve the problem, type of arithmefperation (addition, subtraction, multiplica-
tion, division), number of different calculationgmesses involved in solving the problem (fol-

lowing Castro et al. [1997]), and number of differeteps to solve the problem.

Finally, in the category semantic structure, weligd semantic structure of the prob-
lems (Change, Combination, Equation, and Comparispradditive problems and Isomor-
phism of measures, Comparison, and Product of mesgar multiplicative problems) and
number of different semantic relationships in ttaesnent.

The components of the three categories and thdgmnosolution permit us to charac-
terize the students’ statements and evaluate tiohiness. To study whether significant dif-
ferences exist between the productions of the tt@ed standard groups, we applied Yates’s
continuity correction of the Chi-square statistis, the data fulfill the requirement that the

expected values of at least 80% of the contingeetlg be greater than 5. We used commer-
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cial software (SPSS for Windows, version 19; SP&S IChicago, IL, USA) to perform this

analysis.

Diagram to evaluate the solution of the studentstpictions

All of the students’ productions were classifietbisolvable and unsolvable problems.
Among the latter, we found unsolvable problems witlaracteristics that were important to
analyze. We therefore classified these problensjnduishing those that were incomplete
(Puig & Cerdan, 1988) from those that showed eithanerical or conceptual mathematical
incompatibility. The incomplete solvable and unsdlle mathematics problems and those
that showed numerical mathematical incompatibiigre analyzed based on their syntactic,
semantic, and mathematical structure, explainedreab®he mathematical problems that
showed conceptual mathematical incompatibility weemalyzed only based on their syntactic
structure, as it was not possible to analyze theratwo structures. Figure 2 shows the dia-

gram used to evaluate the students’ productions.

’ | Studentsproductions | \

I_ |Mathematical/Arithmetich —|

Non mathematical |

l Unsolvable | » [ Incompletel [ Solvable
E Mathematical
o « incompatibility
‘ Analysis of:
*Syntactic structure
Analysis of |Num—eri(xal 3 . S{:mantic structure
syntactic «Mathematical structure
structure

Figure 2. Diagram to evaluate the students’ pradost

Procedure

After establishing the goals and designing therumsénts and diagram to evaluate the
students’ productions, we requested the collabmmadf the teachers of the two groups to ap-
ply the problem-posing instrument during a 20-méntitne period, separately to each group.
The instrument was applied in the same way in goblips and consisted of the interviewer-
researcher giving each student the two sheets thvtlproblem-posing tasks and telling the
students that the activity formed part of a redeqmoject at the Department of Mathematics
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Education at the University of Granada that was\shhg mathematical problem-posing pro-

cesses.

Results

In this section, we present the main results obthiinom the productions of the two
groups of students in response to the two tasksosex. We first present the general charac-
teristics of the problems posed and then explagnrésults obtained according to syntactic,

mathematical, and semantic structure of the problem

General characteristics of the problems posed

First, we found that all of the statements the etisl posed were mathematical prob-
lems and that 65% were solvable. It is interestmgnote that the students in the standard
group posed a larger number of solvable problem%jthan those in the talent group (57%).
This result is surprising, as the opposite is etgeavithout performing another, more exten-
sive study to confirm which factors influenced thesult, we can only suggest various fac-
tors: more positive attitude of the talent groupvdod mathematics, less anxiety and fear of

making a mistake, not having to solve the problémey posed, etc.

We also found that the problems that were unsoévdbe to mathematical incompati-
bility represent 22.5% of the total (18 problem2,pgbsed by the talent group and 6 by the
standard group) and the incomplete problems 12.5%pfoblems, 6 posed by the talent
group and 4 by the standard group). Together, ttvesdypes of problem represent 35% of

the mathematical problems produced by the students.

Table 1.Distribution of problems according to solvabilitpé group to which the
student belongs
Unsolvable problems

Solvable problems  Incomplete Mathematical in-
o Total
compatibility
Frequency % Frequency % Frequency %
Talent group 24 57.1 6 143 12 28.6 42
Standard group 28 73.7 4 10.5 6 15.8 38
Total 52 65.0 10 12.5 18 22,5 80
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The following is an example of a problem posed witimerical mathematical incom-
patibility, since 229 cannot be divided by/A:train with four cars leaves the Madrid train
station at 9:00, headed for Malaga. All of the selaave been sold (294), but at the last mo-
ment one of the cars, which has a capacity of Gs@agers, breaks down and has to remain
at the station. If the other cars each have theesaapacity, how many passengers can get

into each car?

An example of a problem classified as incompleteabse it did not indicate the total
number of people who remained on the train atakedtop reads as follow®n this trip, the
train is full. At the first stop, 2 couples get,afhe with one child more than the other, and a
number of people get on so that the total numbg@eople is 290. At the second stop, 10 cou-
ples get off and 15 people get on. At the last B&dpre arrival, 3 people get off and triple the
total number of children belonging to the first tamuples get on. How many people get on at

the first stop, and how many children does eaclpleo(at the 1st stop) have?

Since both groups posed unsolvable problems widrasting characteristics for anal-
ysis, we believe it beneficial to study this kindpooblem based on each of the study varia-

bles used in the research.

Analysis of syntactic structure

Length of sentenc&Ve find that the average number of propositionhéproblems is
greater in the talent group (5.27) than in the ddath group (3.44). The following table pre-
sents the characterization of the problems accgriirthis variable

Table 2.Distribution of problems by number of propositiotask, and group to
which the student belongs

. Talent group Standard group

Number of propositions ———> =50 " o6 [ T1 T2 Total %
One or two propositions 5 0 5 1119 6 2 8 21.1
Three propositions 2 1 3 71 5 5 10 26.3
Four propositions 3 2 5 11p 6 2 8 21.1
Five or six propositions 7 5 12 286 2 7 9 23.7

Seven or more propositions4 13 17 405 0 3 3 7.9
Total 21 21 42 100.019 19 38 100.0
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Table 2 shows that 69.1% of the problems posedéyalent group are composed of
five or more propositions, as opposed to 31.6%hefquestions posed by the standard group.
We also see that approximately half of the probl@msed by the standard group (47.4%)
have three or fewer propositions, whereas the tt@eup proposed 19% with this character-

istic.

On the other hand, we find that the average nurabpropositions in the unsolvable
problems (5.58) is greater than the average irstivable problems (5.04), since we observe
that the students pose a higher proportion of wasdé problems with five or more proposi-

tions (77.8%) than of solvable problems with tham@cteristic (62.5%).

The Chi-square analysis showed that the differebeéseen the two groups are sig-
nificant, as the associated p-value is 0.004, g&éngius to reject the null hypothesis. That is,

the variables Group and Number of propositionsdaendent.

Interrogative propositionMost of the interrogative propositions posed byghelents
in the talent and standard groups are designafi2el% and 60.5%, respectively). The fol-
lowing is an example of a problem with a desigraiiMerrogative proposition related to the
second taskAt 9:00 a.m., a train leaves with 50 passenger<;1a00, it returns with 70 pas-
sengers; it leaves again and returns with 30 pageen What is the total number of passen-

gers who have gotten on and off?

Types of numbers uséde observe that both groups preferred to use naturabers
in posing their problems (97.6% of the talent gramgl 97.4% of the standard group). We
also find that 43.9% of the problems posed by &étent group use rational numbers expressed
in both decimal and fraction form, whereas 18.5%thaf problems posed by the standard
group have this characteristic. Further, the tadgatp posed almost double the proportion of
problems with two or more types of numbers thanstiaedard group, 34.1% and 18.4%, re-

spectively.

Analysis of mathematical structure
We analyzed 78 problems in this category, sincegrablems with mathematical in-

compatibility are impossible to solve, even witld@idnal information.
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Type of operator structure and number of stagesolwe the problemwe find that
most of the problems posed by both groups are gédnstructure, but the talent group posed
a higher proportion (80%) than did its classmatethe standard group (55.3%). In contrast,
the standard group posed a higher proportion oblpros with multiplicative structure
(31.5%) and additive structure (13.1%) than didrtblassmates in the talent group (17.5%
and 2.5%, respectively). Further, we find that 97 &nd 94.8% of the problems posed by the
talent and standard groups, respectively, have thareone stage. The following table shows

the results obtained for this variable.

Table 3.Distribution of problems by operator structure, riugn of
stages, task, and group to which the student bslong

Operator structure and number of Talent group | Standard group

stages T1L T2 % | T1 T2 %
Mixed structure 12 20 80.p 8 13 553
Multiplicative, two or morestages 6 0 150 9 2 .28
Additive, two or more stages O 1 25 1 3 105
Multiplicative, one stage 1 0 25 1 0 26
Additive, one stage O O 00 0 1 26
Total 19 21 100.0 19 19 100.0

In this case, if we classify the values of the afale structure into additive, multiplica-
tive, and mixed, the associated p-value for thesgiare is 0.045, which also shows signifi-
cant differences between the two groups. Examithegrelation of the problem’s solvability
to this variable, we find that both groups posedranonsolvable than solvable mixed-
structure problems. This was not the case, howe¥groblems with multiplicative and addi-

tive structure, the majority of which were solvable

Type of operation and number of processes invalvesblving the problemrlhe fol-

lowing table shows classification of the problemsaading to type of operation.

Table 4.Distribution of problems by type of operation amduyp to which
student belongs

Type of operation Talent % Standard %
group group
Addition 1 2.5 3 7.9
Multiplication 2 5.0 4 10.5
Addition-Multiplication-Division 4 10.0 1 2.6
Addition-Subtraction-Multiplication 5 12.5 3 7.9
Multiplication-Division 6 15.0 7 18.4
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Addition-Multiplication 9 225 10 26.3
Addition-Subtraction-Multiplication-

Division 9 225 3 7.9
Other 4 10.0 7 18.4

Total 40 100.0 38 100.0

According to Table 4, 60% of the problems in thertagroup involved use of multi-
plication-division, addition-multiplication, and dition-subtraction-multiplication-division.
In the standard group, 55.2% of the problems requaperations of multiplication, multipli-
cation-division, and addition-multiplication. Inishcase, the p-value produced by the Chi-

square is 0.031, showing significant differencesvieen the groups.

As to number of processes (Castro et al. 1997)\wedoin solving the problem (Table
5), we find that the talent and standard groupe@®2.5% and 81.6%, respectively, of prob-
lems with two or more processes. We also see th&td of the problems produced by the
talent group have three or more different processesontrast to 21.1% of the problems for
the standard group. We should highlight that thelests in the talent and standard groups
posed similar proportions of problems with two loree processes (70% and 73.7%, respec-
tively). The p-value for the Chi-square test isl®0indicating significant differences between
the two groups. Finally, we find no differencegiwe number of processes involved in solva-

ble and unsolvable problems.

Table 5.Classification of problems by number of different
processes involved in solving, task, and grouphihvthe
student belongs

Number of different Talent group Standard group
processes T1 T2 % T1 T2 %
One process 2 1 7.5 4 3 184
Two processes 11 7 450 11 1805
Three processes 4 6 25 3 2 13.2
Four processes 2 7 225 1 2 79
Total 19 21 100.0| 19 19100.0

Number of different steps to solve the problgvie see that the average number of
steps to solve the problem is greater in the taggatip (3.95) than in the standard group
(2.92). Table 6 shows the distribution of probleansording to this variable.

Table 6.Classification of problems by number of differ-
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ent steps to solve them, task, and group to whiateat
belongs

Number of differ- Talent group Standard group

ent steps T1 T2 % | T1 T2 %

One step 1 1 50 2 1 7.9
Two steps 4 2 150 8 5 34.2
Three steps 3 2 125 4 6 263
Four steps 2 4 150 3 5 21.1
Fiveormoresteps 9 12 525 2 2 105

Total 19 21 100.019 19 100.0

According to the table, the difference in averagjes reflects the number of problems
requiring four or more steps to solve, since thentagroup proposed 67.5% problems of this
type and the standard group 31.6%. Another intexggéinding is that students in the standard
group posed a large number of problems that redj@+é steps to solve (81.6%), whereas the
talent group posed 42.5% that present this charstite Statistically, there are significant

differences between the two groups, with a p-védue¢he Chi-square test of 0.003.

In examining problem solvability, we find that theoblems posed by the talent group
required on average a higher number of steps @ sulvable problems (4.04) than to solve
unsolvable problems (3.81), whereas the standardp{g average number of steps is higher
for unsolvable (3.4) than for solvable problems/$2. Further, the standard group posed a
larger proportion of unsolvable problems with ménan four steps (50%) than of solvable
problems with this characteristic (26%).

Analysis by semantic structure

In this category, as in the previous one, we ar@\yanly 78 problems.

Semantic structure of additive problens.studying only the problems with additive
structure, we find that the talent group posed amg additive statement, a problem with a
semantic structure of change, whereas the stamplaugh produced 8 problems of this type, 4
with a semantic structure of combination, 3 of @degrand 1 of comparison. In the 59 prob-
lems with additive or mixed structure (33 posedtly talent group and 26 by the standard
group), on the other hand, both groups preferredbomation problems, followed by prob-
lems that include the semantic component of change.
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Semantic structure of multiplicative probleniBhe semantic structures most frequent-
ly used by the talent group were product of meas(iré.4%) and isomorphism of measures
(57.1%). In the case of the standard group, 91.7% e multiplicative problems show the
semantic relationship of isomorphism of measures2&%6 product of measures. The 72 mul-
tiplicative or mixed problems (39 proposed by thlent group and 33 by the standard group),
on the other hand, showed that both groups prefgrosing problems that included the se-
mantic component of isomorphism of measure, follb\wg product of measures and, in low-

er proportion, multiplicative comparison.

Semantic relationships involved in the mixed protgaVe find that 66% of the mixed
problems posed by the standard group included s®maomponents of combination-
isomorphism of measures or change-isomorphism dsores, whereas the talent group
posed only 13% problems with these characteristicthe case of the talent group, we cannot
establish a majority of specific combinations oflitige and multiplicative semantic struc-
tures in the mixed problems, but the most frequeminbinations (30%) are change-
combination-isomorphism of measures and changeraeldcomparison-isomorphism of

measures.

Number of different semantic relationshijge see that the average number of differ-
ent semantic relationships is greater in the tatgotp (2.83) than in the standard group

(1.89). The following table provides more in-deptformation on this variable.

Table 7.Classification of problems by number of differeglationships of
semantic structure, task, and group to which thelent belongs
Number of different Talent group Standard group

semantic relationships T1 T2 Total % | T1 T2 Total %

One relationship 3 1 4 100 7 3 10 26.3
Two relationships 6 4 10 250 10 12 22 57.9
Three relationships 9 8 17 425 2 4 6 15.8
Four relationships 1 6 7 175 0 O 0 0.0

Five or more relation-
ships 0 2 2 5.0 0 0 0 0.0
Total 19 21 40 100.019 19 38 100.0

Table 7 shows that the talent group posed a higtogrortion (65%) of problems with
three or more different semantic relationships thahtheir classmates in the standard group
(15.8). Further, all problems produced by the saathdyroup have three or fewer different
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semantic relationships, and a significant percentagve two or fewer (84.2%). The talent
and standard groups propose similar percentagpsobfems with two or three different se-
mantic relationships (67.5% and 73.7, respectivelyje p-value associated with the Chi-

square test is 0.00, demonstrating the significaficke differences between the two groups.

Discussion and conclusions

First, we believe that the problem-posing instrutreerd the analytic diagram used in
this research enable us to describe and exploracti@n of a group of mathematically talent-
ed students. Next, the three categories of analysd in solving each problem give rise to
ten components whose values characterize the sshokthe problems the subjects pose:
length of statement, interrogative proposition, bens used, operator structure, number of
stages, type of operation, number of processesbauof steps in solving, semantic structure,
and number of semantic relationships. Further, ovdion statistically significant differences
in the productions of the two study groups.

We conclude that the problems posed by the talemipgshow greater richness than
those posed by the standard group, since the foamecomposed of a greater number of
propositions and types of numbers, require mongsséad different calculation processes to
solve, and show a greater number of different séimaglationships. This result is similar to
that obtained by Ellerton (1986), as the problewsep by more able students require greater
calculation difficulty, have a higher number of cgtéons, and involve a more complex num-

ber system than those posed by their classmatbdesg ability.

As to the solvability of the problems, we conclutat the unsolvable problems posed
by the talent group show a greater number of prtipas, types of numbers, and different
semantic relationships than the solvable onesthautatter require a greater number of steps
to solve. We also observe that the talent grouggashigher proportion of unsolvable prob-

lems with mixed structure and presented designatieerogative propositions.

We believe this result this may be due to the that the students attempted to add
conditions to the problem to make it more difficulithout verifying whether it was solvable.
In spite of this result, we believe that it is innfamt to analyze the problems, since posing a

solvable problem is an additional part of the ca®j} involved in the activity of posing a
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difficult problem. Further, a large proportion dise problems showed numerical mathemati-
cal incompatibility, but they are statements witkeaj richness according to the study varia-
bles analyzed.

After analyzing the talent students’ productionsdzhon the analytic diagram and the
three categories of analysis defined in this staay taking into account the study conditions
and results, we conclude that a mathematicallytatestudent can be characterized as:

a) Posing a large number of unsolvable problems.

b) Including five or more propositions in the problstatement.

¢) Using natural numbers and a lower proportion abrel numbers.

d) Using two different types of numbers, whether rator rational, expressed in decimal
notation and/or as a fraction.

e) Including designative interrogative propositiongfas problem question.

f) Combining additive and multiplicative structuregmse problems of mixed structure.

g) Including semantic relationships of combination anoduct of measures.

h) Proposing three or more different semantic relstgps.

1) Posing problems that require four or more stesotee.

j) Posing problems that require two or more differeadtulation processes to solve and,

to a lesser extent, three or more processes.

Finally, we conclude that problem-posing activiteen be considered in identifying
mathematically talented students. This conclussobased on the finding that the students in
the talent group showed greater capability for pgpgiroblems with richness than their class-
mates in the standard group. Further, we perceigater difficulty in solving the problems
posed by the standard group, since, when theytreadtatement, they did not immediately
identify its solution.
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