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Abstract 
In order to evaluate the site effects on seismic ground motion and establish 

preventive measures to mitigate these effects, the dynamic characterization of sites is 

mandatory. Among the various geophysical tools aimed to this end, the horizontal to 

vertical spectral ratio (H/V) is a simple way to assess the dominant frequency of a site 

from seismic ambient noise. The aim of this communication is contributing to enhance 

the potential of this measurement with a novel method that allows extracting from the 

H/V the elastic properties of the subsoil, assumed here as a multilayer medium. For that 

purpose, we adopt the Diffuse Field Assumption from both the experimental and the 

modeling perspectives. At the experimental end, the idea is to define general criteria 

that make the data processing closely supported by theory. On the modeling front, the 

challenge is to compute efficiently the imaginary part of Green’s function. The 

Cauchy’s residue theory in the horizontal wavenumber complex plane is the selected 

approach. This method allows both identifying the contributions of body and surface 

waves and computing them separately. This permits exploring the theoretical properties 

of the H/V under different compositions of the seismic ambient noise. This answers 

some questions that historically aroused and gives new insights into the H/V method. 

The efficient forward calculation is the prime ingredient of an inversion scheme based 

on both gradient and heuristic searches. The availability of efficient forward calculation 

of H/V allows exploring some relevant relationships between the H/V curves and the 

parameters. This allows generating useful criteria to speed up inversion. As in many 

inverse problems, the non-uniqueness issues also emerge here. A joint inversion method 

that considers also the dispersion curves of surface waves extracted from seismic 

ambient noise is presented and applied to experimental data. This joint scheme mitigates 

effectively the non-uniqueness.  

1. Introduction 
The effects of surface geology can generate large ground motion amplification 

during earthquakes. The increase of amplitude and duration of seismic shaking can 

produce loss of lives and severe damage to infrastructure. The adequate assessment of 

local site effects is mandatory to establish preventive measures. In many cases, the 

amplification can be estimated using methods that simulate wave propagation in layered 

media, considering one-dimensional (1-D) variation of their properties (e.g. Thompson-

Haskell). However, these methods require the mechanical properties of the stratigraphy 

as input, and this information can be costly.  

Geophysical methods can provide an economic alternative to estimate dynamic site 

characteristics. Within these procedures, the horizontal to vertical spectral ratio (called 

HVSR or H/V) is quite popular, because it is a simple way to estimate the dominant 

frequency induced by local stratigraphy from both microtremor (ambient noise) or 

earthquake measurements (see Nakamura 1989; Bard 1999). However, this method has 

been controversial due to the absence of sound theoretical basis. In fact, many studies 

attempted to establish its strengths and limitations (Lermo & Chávez-García 1993; 

Lachet & Bard 1994; Mucciarelli 1998; Arai & Tokimatsu 2004; Guéguen et al. 2007; 

Cara et al. 2010). For example, it is not evident which waves compose the noise field at 

the H/V peak frequencies (Nakamura 2000; Malischewsky & Scherbaum 2004; 

Bonnefoy-Claudet et al. 2008). 

Three main physical interpretations of the H/V spectral ratio have, so far been 
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proposed. They emerged from different points of view. In the first one, the predominant 

peak is related to the ellipticity of Rayleigh waves around the fundamental frequency of 

the site (Nogoshi & Igarashi 1971; Field & Jacob 1995; Horike 1996; Konno & 

Ohmachi 1998; Lachet & Bard 1994; Tokimatsu 1995) when there is a significant 

impedance contrast between the soil and the bedrock (Bard 1999). The second 

interpretation is due to Nakamura (1989; 2000), who suggests that the ratio H/V is 

related to the transfer function for vertical incidence of SH waves; the success of the 

H/V measurements was spectacular but it came along with controversy about the 

interpretation of the resulting spectral ratios. On the other hand, Sánchez-Sesma et al. 

(2010; 2011a) have proposed recently that microtremors form a Diffuse Field containing 

all types of body (P and S) and surface waves (Love and Rayleigh). 

In a recent review, Lunedei and Malischewsky (2015) made a detailed description of 

the various theoretical models for the H/V spectral ratio developed in the last three 

decades. They identify two main research lines: ones attempt to describe the H/V curve 

by taking into account the complete seismic ambient-vibration wave field. The other 

line just studies the Rayleigh wave ellipticity. Regarding the first research line, there are 

two models of the ambient seismic wave field: the Distributed Surface Sources (DSS) 

model (Albarello & Lunedei 2011; Lunedei & Albarello 2015) and the Diffuse Field 

Assumption (DFA) (Sánchez-Sesma et al. 2011a). These models were compared 

recently (García-Jerez et al. 2011; 2012) and it was found that they provide similar 

results; particularly regarding the surface-wave behavior. The DSS is dependent on the 

source distribution. On the other hand, the DFA relies on a Diffuse Field illumination 

enhanced by multiple scattering. The DFA has strong theoretical links with 

deterministic problems (Sánchez-Sesma et al. 2011b). Lunedei and Malischewsky 

(2015) suggest that further investigations are required to clarify the differences between 

DFA and DSS. 

Within the DFA it is assumed that the relative power of each seismic state that 

composes the illumination emerges from the Principle of Equipartition of Energy. 

Theory asserts that within a diffuse elastic wavefield the autocorrelation in frequency 

domain, at any point of the medium, is proportional to the imaginary part of the Green’s 

function for coinciding source and receiver (Sánchez-Sesma et al. 2011a). 

In this research we explore the properties of the H/V from a modeling perspective. 

Therefore, a fast numerical method to obtain the H/V for a horizontally layered medium 

is described. The keys of their efficiency are detailed. The method allows identifying the 

different parts of the elastic wave fields (body and/or surface waves) that contribute to 

the H/V. It is particularly useful to explore some properties of the H/V for several 

geological settings and different ambient noise compositions. In this context, to assess 

the soil elastic parameters from surface measurements, an inverse problem emerges. 

Several methods (of gradient and heuristic types) are useful for this purpose, and they 

all have advantages and limitations. Here we used both types depending upon the 

preliminary information that might be available. The non-uniqueness issues, inherent in 

any inversion process, can be mitigated performing joint inversion of H/V and 

dispersion curves.  

The focus of this communication is the inverse problem, trying to give perspective 

for practical applications. We applied this approach to interpret data gathered in Almería 

(Spain) including joint inversion. A computer code, based on this formulation is 

described elsewhere (García-Jerez et al. 2016). 
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2. Theoretical H/V 
It has been established that if the H/V is defined as the square root of the ratio 

between the horizontal and the vertical energies of a Diffuse Field, it is then possible to 

express this ratio in terms of the imaginary components of the Green function (Sánchez-

Sesma et al. 2011a). In what follows, we summarize the arguments. 

The Green’s function can be retrieved from the average cross correlations of the 

displacements within the diffuse field because they are proportional: 

 

〈𝑢𝑖(𝒙𝑨, 𝜔)𝑢𝑗
∗(𝒙𝑩, 𝜔)〉 ∝ Im[𝐺𝑖𝑗(𝒙𝑩, 𝒙𝑨; 𝜔)], (1) 

where 𝜔 = 2𝜋𝑓 is the angular frequency, 𝑢𝑖(𝒙𝑨, 𝜔) is the displacement field component 

in 𝑖 direction at point 𝒙𝑨, 𝐺𝑖𝑗(𝒙𝑩, 𝒙𝑨; 𝜔) is the Green’s function defined as the 

displacement in direction 𝑖 at point 𝒙𝑩 due to the application of a unit harmonic point 

force in direction 𝑗 applied at point 𝒙𝑨. The asterisk (∗) means complex conjugation and 

the product in frequency domain (of one quantity and a complex conjugate) corresponds 

to the correlation operation in time domain. 

If both source and receiver coincide, and the components are the same, the 

autocorrelation average corresponds to the directional energy density 𝐸𝑖(𝒙, 𝜔) at point 𝒙 

(Sánchez-Sesma et al. 2008; Perton et al. 2009): 

 

𝐸𝑖(𝒙, 𝜔) = 𝜌𝜔
2〈‖𝑢𝑖(𝒙,𝜔)‖

2〉 ∝ Im[𝐺𝑖𝑖(𝒙, 𝒙;𝜔)], (2) 

where ρ is the mass density. On the other hand, following Arai & Tokimatsu (2004) we 

have: 

 

𝐻/𝑉(𝒙,𝜔) = √
〈‖𝑢1(𝒙,𝜔)‖

2〉 + 〈‖𝑢2(𝒙,𝜔)‖
2〉

〈‖𝑢3(𝒙,𝜔)‖
2〉

 
(3) 

where the subscripts 1 and 2 represent the horizontal directions while the subscript 3 

corresponds to the vertical one. The ratio H/V can be experimentally computed in 

frequency domain in terms of the auto-correlations of the displacement signals from Eq. 

(3). For a diffuse wavefield, this equation can be expressed in term of the imaginary part 

of the Green’s function components: 

 

H/V(𝒙,𝜔) = √
Im[𝐺11(𝒙, 𝒙; 𝜔)] + Im[𝐺22(𝒙, 𝒙;𝜔)]

Im[𝐺33(𝒙, 𝒙;𝜔)]
. 

(4) 

Eq. (4) gives the way to compute theoretically the H/V spectral ratio. In this 

expression, the Green’s function components are associated to a specific geometry and 

to certain material properties. In this work, a layered halfspace with horizontal, 

unbounded interfaces is considered. The top surface is a free surface. The media are 

assumed homogeneous, isotropic and elastic with P and S waves velocities α and β, 

mass densities ρ and thickness h). 

Our implementation of the Green’s function retrieval neglects damping. It is known 
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that material properties can be strongly modified by viscosity. However, numerical 

experiments for Green’s function retrieval show that for small damping its influence is 

moderate (Perez-Ruiz et al, 2008). In fact, the average cross-correlations do not match 

exactly the tensor Green’s function, but the level of misfits is very low. This is in 

agreement with the results by Snieder et al. (2007) that the Green function can be 

retrieved from the response to random forcing for a variety of conditions, including the 

extreme case of the diffusion equation. Other experiments based on simple models with 

high impedance contrasts (e.g. Sánchez-Sesma et al., 2011a; Salinas et al., 2014; 

Sánchez-Sesma, 2016) allow to say that the main effect of anelastic attenuation is the 

decreasing of the main peak amplitude as the quality factor decreases, whereas the 

effects are almost negligible at higher frequencies, at which the Green's functions are 

dominated by surface waves. 

The imaginary parts of the Green function, for a given frequency, can be expressed 

as integrals in the horizontal (radial) wavenumber domain and can be evaluated 

numerically (see Sánchez-Sesma et al. 2011a). One possible approach is to apply 

Bouchon’s (2007) Discrete Wavenumber Method, instead the focus of this research is to 

isolate the contributions of the various waves. To this end, the expressions obtained by 

García-Jerez et al. (2013; 2016) are used. The kernels in the (𝑘, 𝜔) domain, where 𝑘 = 

horizontal (radial) component of the wave vector, are extended to the complex 𝑘-plane. 

Since surface waves correspond to simple poles along the real-𝑘 axis, their contributions 

to the integrals are computed using the Cauchy’s residue theorem. Branch cuts are 

introduced to establish appropriate integration contours (Tamura 1996). Moreover, body 

wave contributions are obtained by numerical integration along 𝑘 in the finite interval 

[0, +
𝜔

𝛽𝑁
 ], where 𝛽𝑁 is the shear velocity of the half-space. As shown in García-Jerez et 

al. (2013; 2016) the expressions of the imaginary part of the Green’s function, for the 

special case when source and receiver coincide at the top of the layered media, can be 

written in a very compact form. It is clear that the contributions from surface and body 

waves can be isolated:  

 

Im[𝐺11(0,0;𝜔)] = Im[𝐺22(0,0;𝜔)]

= −
1

4
(∑𝜒𝑚

2 𝐴𝑅𝑚
𝑚

⏞      
𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ

+∑𝐴𝐿𝑚
𝑚

⏞    
𝐿𝑜𝑣𝑒

)

⏟                  
𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑤𝑎𝑣𝑒𝑠

+
1

4𝜋
∫ 𝑅𝑒[𝑓𝑃𝑆𝑉

𝐻 (𝑘) + 𝑓𝑆𝐻(𝑘)]4𝑡ℎ

𝜔
𝛽𝑁
⁄

0⏟                    
𝐵𝑜𝑑𝑦 𝑤𝑎𝑣𝑒𝑠

d𝑘, 

Im[𝐺33(0,0;𝜔)] = −
1

2
(∑𝐴𝑅𝑚
𝑚

⏞    
𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ

)

⏟          
𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑤𝑎𝑣𝑒𝑠

+
1

2𝜋
∫ 𝑅𝑒[𝑓𝑃𝑆𝑉

𝑉 (𝑘)]4𝑡ℎ

𝜔
𝛽𝑁
⁄

0⏟              
𝐵𝑜𝑑𝑦 𝑤𝑎𝑣𝑒𝑠

d𝑘, 

(5) 

where 𝑓𝑃𝑆𝑉
𝐻 (𝑘), 𝑓𝑃𝑆𝑉

𝑉 (𝑘), 𝑓𝑆𝐻(𝑘) are the kernels associated to the body waves in 3-D; 𝜒𝑚  

is the ellipticity of the collimated mth Rayleigh mode, and 𝐴𝑅𝑚 and 𝐴𝐿𝑚 correspond to 
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the medium responses for the mth Rayleigh and Love modes, respectively (Harkrider 

1964). The analytical computation of 𝜒𝑚 , 𝐴𝑅𝑚 and 𝐴𝐿𝑚 requires the precise location of 

the poles along the real k-axis. These positions are evaluated rapidly as they correspond 

to points of the dispersion curves at a given frequency (see e.g. García-Jerez et al. 

2016). Even for a fine discretization the poles are likely to be lost and the computed 

integrals be wrong. To visualize the situation, a very small imaginary constant is added 

to frequency and this shifts the poles away from the real k-axis, just enough to plot the 

integrands. Figure 1 depicts the integrand of ImG33 at a complex frequency 𝑓 = (10 −
𝑖0.1) Hz for the stratigraphy given in Model 1 (Table 1). 

 

 

 
Figure 1: Top: integrand of the imaginary part of the Green’s function component 𝑮𝟑𝟑 at 𝒇𝒎𝒂𝒙 =

(𝟏𝟎 −  𝒊𝟎. 𝟏) Hz. Bottom: Rayleigh dispersion curves in plane (𝒌,𝝎), and limit 𝝎 = 𝒌𝜷𝑯𝑺. Only 

Rayleigh waves appear in 𝑮𝟑𝟑. The limit corresponds to the separation between the parts containing either 

body or surface waves in the integrand. Here, we considered the model 1 (see Table 1). The positions of 

the poles in the integrand of the Green’s function are given by the dispersion curves. The amplitude is 

compressed using the formula indicated in the legend.  

 
Table 1. Example models used in this work. 

h (m) α(m/s) β(m/s) ρ(kg/m3) 

Model 1 

120 1000 500 1000 

∞ 2000 1000 3000 

Model 2 

20 2100 500 1500 

900 2138 1000 2000 

∞ 4330 2000 2500 

Model 3 

20 1658 500 1200 

100 2081 1000 1400 

500 3970 2000 1500 

1700 6062 3500 1700 

∞ 10950 6000 2800 



7 

 

3. Experimental H/V 
The Diffuse Field Assumption (DFA) from the experimental perspective requires 

adopting general criteria that make the results of data treatment closely related to theory. 

We notice that the original H/V spectral ratio computations emerged from ideas close to 

transfer and receiver functions. It was then natural to see H/V as the average of 

individual ratios for a set of time windows. This was theoretically appealing because the 

spectral ratio “removes the source” in each time window and preserves the relative 

interactions of waves. While for receiver functions, this is advantageous for de-

convolving the phases and find the structure, the large variability of H/V among the 

windows reveals also great variability of the sources and averaging is required.  

In this work, we explore the DFA and the resulting average energy densities. The 

relationship of average directional energy densities with Green’s function leaves the 

source issue open and resting upon the averaging process. 

The Principle of Equipartition of Energy establishes that all modes will contribute 

with the same energy to build up the Green’s function. Such set of modes constitute a 

Diffuse Field. In fact, some spectacular connections between analytical, deterministic 

solutions emerge from Diffuse Field theory (see Sánchez-Sesma et al. 2011b, Pérez-

Ruiz et al. 2008, Perton and Sánchez-Sesma 2016). 

Nature tends to equilibrate and the multiple scattering appears to be the mechanism 

producing the condition of equipartition of energy. We assume equipartition of 

illumination and/or multiple scattering lead to a diffusive wave regime. This allows 

connecting the average directional energy densities with Green’s functions. Then a 

theoretical formula for H/V emerged from the DFA.  

However, Nature produces more rich schemes; some can be identified. Early, in a 

pioneering study for 1-D problem, Claerbout (1968) established the relationship 

between energy density and Green’s function. This fact was explicitly pointed out by 

Kawase et al. (2011) in their successful study of H/V for earthquake data having little or 

no surface waves. The theoretical H/V that explained data has only the contribution of 

body waves. 

The approach presented herein allows to account separately the contributions of the 

various kinds of waves that form the field. They appear explicitly in formulae (5) and 

can be selected as desired to obtain theoretical H/V a la carte in order to identify the 

wave types that are effectively in the data (see Rivet et al. 2015).  

In a recent research, Lin et al. (2012) processed teleseismic events recorded by the 

USArray and inverted jointly the ellipticity and the phase velocity of the Rayleigh wave 

fundamental mode to resolve the uppermost crustal structure. Significant research at 

longer periods is due to Lin et al. (2014). They did extended observations of ellipticity 

and confirmed their findings for shorter periods using ambient noise cross-correlations. 

These ellipticity measurements were interpreted in terms of 3D structure. 

In another recent paper on the subject, Shen and Ritzwoller (2016) successfully 

constructed a new model of the shear velocity structure of the crust and uppermost 

mantle beneath the contiguous U.S. using data from more than a decade of USArray 

recordings. They performed a joint inversion of Rayleigh wave group and phase speeds 

determined from ambient noise and earthquakes, receiver functions, and measurements 

of Rayleigh wave ellipticity. 

On the other hand, Mulargia (2012) claimed that the seismic noise is not diffuse. 

Despite this, he recognizes that seismic ambient noise may hold imaging properties. In 

the meantime, we assume that ambient seismic noise is diffusive and explore the 
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consequences. 

Diffuse Field Theory rests on the DFA and that may produce meaningful results. All 

models, to a certain extent, are false; some are useful. For instance, the DFA lead to 

values of H/V that are intrinsic properties of the system. These should be compared 

with data adequately processed. A theory is a philosophy, a model, a scheme, an idea 

that produce results to be tested against reality. In this communication, we explore the 

main features of H/V under the DFA. The applicability issue of DFA was dealt with in 

Kawase et al (2015). They compared the results of Arai and Tokimatsu (2004) with the 

DFA calculations with excellent agreement. Inspired in the theory we normalize all the 

time windows in order to make them to have the same energy distributed in the three 

components. We believe that adequate data processing may enhance the diffuse 

properties of any noise field. This is a subject that requires further scrutiny. 

4. Inversion of H/V  
Having a theoretical estimate of H/V in terms of the Green’s functions of system, it is 

natural to seek a contact with reality comparing with measured values and attempt 

inversion. The theoretical H/V depends on the layered system that has properties that 

emerge from the material elastic parameters and layers thicknesses. The blind inversion 

can be quite costly because it may imply a huge search within the parameter space and 

the convergence can require long time or even not be reached.  

In order to sharpen the search of solutions, it is convenient to define upper and lower 

limits of target values, using a priori information (e.g. borehole, geology and 

geophysics data) or analyzing the shape of the experimental H/V itself. Its features may 

guide the inversion by using simplified models that mimic the observations. Therefore, 

a preliminary inversion based upon simple parametric analysis may be cost-effective in 

the inversion procedure. 

Our theoretical model for simulation of H/V assumes that the layers are horizontal 

and unbounded. This geometrical configuration allows a fast calculation of the Green’s 

functions and it is well suited for inversion. 

The recommended method for the inversion of H/V curves depends on the existing 

constraints. When either no information or little a priori information is available, 

heuristic procedures such as the Simulated Annealing method should be considered 

(Goffe 1996, Goffe et al. 1994, Hastings 1970, Holland 1975, Kirkpatrick et al. 1983, 

Iglesias 2001). Its main advantage is the possibility to explore an extended parameter 

space, which may present several local minima, and to converge toward an optimum 

model. This method has already been successfully employed in seismology to invert the 

fundamental Rayleigh mode dispersion curves (Martínez et al. 2000; Iglesias et al. 

2001; Beaty et al. 2002; Xia et al. 2002; Pei et al. 2007) and H/V (Spica et al. 2015; 

García-Jerez et al. 2016). When the misfit is already close to an acceptable value, or 

when enough a priori information is available, the inversion can be made using a local 

optimization scheme (e.g. Byrd et al. 1999, Waltz et al. 2006). 

The misfit between model and observations should be minimized in any inversion 

process. In this work, we assume the cost-function or misfit Γ𝐻𝑉 defined as: 

 

Γ𝐻𝑉 =∑
(𝐻𝑉𝑜𝑏𝑠(𝜔𝑖) − 𝐻𝑉𝑡ℎ(𝜔𝑖))

2

𝜎𝐻𝑉
2(𝜔𝑖)

𝑛

𝑖=1

, (6) 
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where 𝐻𝑉𝑜𝑏𝑠 and 𝐻𝑉𝑡ℎ correspond respectively to the experimental (target) 

measurements (or the reference model listed above) and the calculated H/V for the 

current trial model at the 𝑛 chosen frequencies 𝜔𝑖. 𝜎𝐻𝑉 is the standard deviation 

resulting from the experimental computation of 𝐻𝑉𝑜𝑏𝑠. 
If it is not available, it is replaced by a percentage of H/Vobs in order to make the 

cost function equally sensitive to relative errors. 

The forward problem is non-linear and depends on several uncorrelated parameters 

(Piña-Flores 2015). Moreover, it is clear that several sets of parameters can be 

associated to the same H/V. For example, in figure 2, two velocity profiles give rise to 

the same H/V curve, demonstrating the non-uniqueness of the H/V inversion. 

 

 

 
 

Figure 2: a) Two layered media profiles where A is the model 1 (see Table 1) and their associated b) 

H/V, c) Rayleigh and d) Love fundamental mode dispersion curves. These configurations show the non-

uniqueness of the H/V inversion but this can be overcome when considering the joint inversion of H/V 

ratios and the dispersion curves of Love and/or Rayleigh fundamental modes. 

 

This example of non-uniqueness was pointed out by Piña-Flores (2015) for the 

Rayleigh and Love dispersion curve. The cost function is depicted in figure 3 in terms 

of the shear velocities. The black band in figure 3-a is associated with global minima. 

5. Inversion of H/V using supplementary information 
Because of the non-uniqueness of the solutions associated to the single H/V 

inversion, using complementary information is highly recommended. This section 

explores two types of supplementary information that may allow defining bounds in the 

search space: The dispersion curves for both Love and Rayleigh surface waves and the 

parametric analysis of H/V.  Scherbaum et al. (2003) suggested combining the H/V 

spectral ratio and the dispersion curve in a joint inversion, however, this approach was 

limited by the model used for the interpretation of the H/V spectral ratio. 
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5.1 Dispersion Curve    
 Since dispersion curves (DC) are computed at the same time of the theoretical H/V, 

the joint inversion of the fundamental Love and Rayleigh modes has no additional 

computational cost. To account jointly for all the information that both the H/V and the 

DC supply the cost function is adapted accordingly: 

 

Γ =
2(1 − ξ)

𝑛
∑

(𝐻𝑉𝑜𝑏𝑠(𝜔𝑖) − 𝐻𝑉𝑡ℎ(𝜔𝑖))
2

𝜎𝐻𝑉
2(𝜔𝑖)

𝑛

𝑖=1

+
2ξ

𝑚
∑

(𝐷𝐶𝑜𝑏𝑠(𝜔𝑖) − 𝐷𝐶𝑡ℎ(𝜔𝑖))
2

𝜎𝐷𝐶
2
(𝜔𝑖)

𝑚

𝑖=1

, (7) 

where 𝜉 =  𝑛/(𝑛 + 𝑚). If the number of data for both observables is the same, the cost 

function does not change. By taking terminology from Pei (2007), the Eq. (7) is called 

“equalized cost function”. 𝐷𝐶𝑜𝑏𝑠 and 𝐷𝐶𝑡ℎ correspond, respectively, to the experimental 

measurement (target) and the calculated dispersion curve for the current trial model 

associated to the fundamental mode and evaluated at the 𝑚 chosen frequencies 𝜔𝑖. The 

confidence interval 𝜎𝐷𝐶 results from the computation of the dispersion curves. Again, if 

it is not available, it can be replaced by a percentage of the target 𝐷𝐶𝑜𝑏𝑠 in order to 

make the cost function equally sensitive to relative errors in the velocities.  

As shown in figure 3-b, the DC may enable to distinguish the true solution from false 

ones. In this manner, the quantity of local minima is drastically reduced and the cost 

function is made smoother, which help the algorithms to converge more quickly to the 

true solution. The gradient method is then preferred in the joint inversion. 

The single inversion of the DC associated to the fundamental mode of Rayleigh or 

Love waves presents the same difficulty as for the single inversion of the H/V, i. e. non-

uniqueness of the problem and non-smooth cost function. In many experiments where 

DCs are measured with tri-axial sensors, there is almost no cost to calculate the H/V. 

The joint inversion of the DC and the H/V under this full-wavefield theory is therefore a 

promising seismic exploration method. Note that the DCs are sensible to the velocity 

structures while the H/V carries information associated to the travel times. Thus, these 

two kinds of information are then not redundant. The DCs can somehow be hard to 

obtain since they require good synchronization of the seismic stations, identification of 

modes and, eventually, the evaluation of travel path between the seismic stations. When 

using the SPAC technique for computation of DC, we implicitly assume that the 

surrounding stratigraphy is an average. 

 

5.2 Parametric analysis 
For a given configuration, a parametric analysis allows to get general indicators of 

trends in the model response. These indicators give clues that may help the inversion 

process. For instance, the values of frequencies associated to spectral peaks are strongly 

dependent on layers velocities and thicknesses. 

The theoretical foundation of the H/V ratio for a diffuse wavefield allows discussing 

some of its properties and exploring new ones. For this purpose, three stratigraphic 

models are proposed in order to cover a wide range of configurations. They are 

described in Table 1. 
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Figure 3: Cost surfaces associated to (a) H/V cost function given by Eq. (6) and (b) to the joint H/V 

and fundamental-mode Rayleigh-wave cost function given by Eq. (7). The cost surfaces are given as 

function of the shear velocities of the two layers, but the thicknesses and the P-wave velocities vary 

linearly with the shear velocities of the associated layers for the reference model 1 indicated with black 

circles (see Table 1). 

 

Firstly, the separate contributions to the ratio H/V coming from the several types of 

waves that exist in a layered media are presented in figure 4-a for model 2 (see Table 1). 

By considering the contribution of the Rayleigh-wave fundamental mode only (dot-

dashed line in figure 4-a), the H/V corresponds to the Rayleigh wave ellipticity (e.g. Lin 

et al 2012). This quantity was first studied as a simple proxy for the spectral ratio by 

Nogoshi & Igarashi (1971). Here, the shear impedance contrast between the two first 

layers equals 0.5, giving rise to a smooth ellipticity curve. However, when the contrast 

increases by varying the shear velocity of the first layer, the high frequency peak of the 

ellipticity is drastically amplified and the subsequent minimum decreases, but in this 

especial case, the ellipticity presents two minima (see figure 5). Generally, these high 

amplitude peaks correspond to minima of the vertical power spectrum V (see figure 4-

b). This analysis was made by Konno & Ohmachi (1998). When considering the 

contribution of all the surface waves (black dashed line), oscillations appear at high 

frequencies and the overall amplitude of the spectral ratio increases in comparison with 

the previous case (see figure 4-a). When the diffuse field is dominated by body waves, 

as it is the case of the codas of deep earthquakes in Japan, the H/V ratio presents clear 

resonances at high frequencies (Kawase et al. 2011). In fact, the H/V ratio considering 

only the body waves contributions (see figure 4-a) is very similar to the transfer 

function for vertical S waves, in partial agreement with Nakamura’s (1989) 

interpretation. Finally, when all the wave types are considered (Spica et al. 2015; Rivet 

et al. 2015 García-Jerez et al. 2016), the H/V ratio is usually dominated by surface wave 

contributions for frequencies higher than the first maximum, whereas it is dominated by 

body waves below that frequency (see figure 4-a) . 

The frequency associated to the fundamental peak (generally the maximum 

amplitude of the H/V) is usually employed to roughly determine the thickness of the 

layer (one layer over half-space model), when its shear velocity is known or vice versa, 

by means of the simple formula 𝑓𝛽1 =
𝛽1

4ℎ1
 where ℎ1 and 𝛽1are the thickness and shear 
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velocity for the layer. The accuracy of this formula is represented in figure 6 using 

model 1 (Table 1) with variable  𝛽1. It results that the approximation is very good for 

this case, since the maximum error remains as low as 5% over all the Poisson’s ratio 

range [0.05, 0.49]. García-Jerez et al. (2012) studied the dependence between the 

𝛽1 contrast and the fundamental frequency. For low contrasts, the frequency of the peak 

shifts toward low frequencies. The frequency associated to the first minimum that 

follows the first peak can also be employed to estimate the thickness of the first layer, 

when its compressional velocity is known, by using the simple formula 𝑓𝛼1 =
𝛼1

4ℎ1
, where 

ℎ1, 𝛼1 are the thickness and compressional velocity for the superficial layer. The 

accuracy of this formula is presented in figure 7 using model 1 (Table 1) with 

variable 𝛼1. In this case, the error is high in the Poisson’s ratio range [0.34, 0.49], but 

the approximation offers a maximum error of 10% in the Poisson’s ratio range [0.05, 

0.34]. When two layers are considered on top of a half space, the H/V can present at 

most two peaks depending on the thickness of each layer and the velocity and mass 

density contrasts. If the thickness of the deep layer is greater than the surface layer and a 

sufficient impedance contrast between these three materials exists, the two main peaks 

are well separated. For example, we can consider the H/V ratio for model 2 (Table 1), 

shown in figure 8. The two main peaks can be defined as those having large amplitudes 

as compared to the surface wave oscillations (visible as wiggles in-between the peaks) 

and should not be mistaken with these ones. In this case, provided that 𝛽2 ≫ 𝛽1 and 

ℎ2 ≫ ℎ1, the shear velocity of the superficial layer can also be evaluated using the 

formula  𝑓𝛽1 =
𝛽1

4ℎ1
, where 𝑓𝛽1 represents the high frequency peak. Moreover, the 

approximate frequency associated to the peak at low frequencies can be evaluated 

from 𝑓𝛽12 =
1

4(
ℎ1
𝛽1
+
ℎ2
𝛽2
)
, where ℎ2 and 𝛽2 are the thickness and shear velocity for the 

second layer. The accuracy of this formula is displayed for model 2 in figure 9. The 

approximation is very good since it provides a maximum error of 10% over the 

Poisson’s ratio range [0.2, 0.49]. 

Recently, Tuan et al. (2015) developed an approximate explicit equation for the peak 

frequency of H/V ratio for multilayered models with high impedance contrast between 

the half-space and surface layers. This formula was generalized for a model of graded 

material layer over a half-space. Later, Tuan et al. (2016) obtained an explicit exact 

expression from the response of vertically incident SH Waves. This formula reflects 

several major effects of the model on the resonance frequency such as the arrangement 

of layers and the impedance contrast. They show that for large average impedance 

contrast the peak frequencies from the improved formula and the peaks of H/V under 

DFA are consistent. 
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Figure 4: a) H/V calculated by considering different types of waves for model 2 (Table 1): 

fundamental Rayleigh mode (open circles line), all the surface wave modes (open triangle line), body 

waves (dot line) and all the surface modes and the body waves (diamond line). The transfer function SH 

(solid line) is very similar to the H/V ratio computed for body wave’s contributions. b) Im[G11], Im[G33] 

and contributions of body and surface waves to these quantities. 

 

 

 
Figure 5: H/V spectral ratio considering the fundamental Rayleigh mode (ellipticity) only. Dotted line 

corresponds to model 2 (Table 1) . Solid and dashed lines are generated by varying the shear velocity of 

the first layer. 
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Figure 6: Frequency associated to the main peak in the H/V ratio considering illumination made up of 

all the waves types, measured from simulations (solid line) and from the simple formula 𝒇𝜷𝟏 =
𝜷𝟏

𝟒𝒉𝟏
 

(dotted line). The frequencies are plotted as a function of the Poisson’s ratio of the first layer for model 1 

(Table 1). Only the shear velocity 𝜷𝟏 of the first layer has been varied. The relative error on the 

approximation is also given in percentage (dashed line). 

 

 

 

Figure 7: Solid line shows the frequency of the first minimum in H/V measured from simulations 

which take all types of waves into account. The result of the simple formula 𝒇𝜶𝟏 =
𝜶𝟏

𝟒𝒉𝟏
  is shown with a 

dotted line. The frequencies are plotted as a function of the Poisson’s ratio of the first layer, varying the 

velocity 𝜶𝟏 in model 1 (Table 1). The relative error in the approximation is given in percentage (dashed 

line). 
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Figure 8: H/V for model 2 (Table 1). Two main peaks are well separated and some oscillations due to 

the surface and body waves in the horizontal component are visible in-between. 

 

 

 

Figure 9: Frequency associated to the low frequency peak of the H/V ratio (see figure 8) considering 

the illumination from all waves for model 2, measured from simulations (solid line) and from the simple 

formula 𝒇𝜷𝟏𝟐 =
𝟏

𝟒(
𝒉𝟏
𝜷𝟏
+
𝒉𝟐
𝜷𝟐
)
 (dotted line). The frequencies are plotted in function of the Poisson’s ratio of the 

second layer. Only the shear velocity of the second layer has been varied. The relative error on the 

approximation is also given in percentage (dashed line). 

 

 

In general, it is suggested that the minimum number of layers to consider for an H/V 

inversion can be equal to the number of main peaks. For example, four main peaks are 

observed in figure 10, which has been obtained by considering model 3 (Table 1).  
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Figure 10: H/V computed by considering the model 3 (Table 1). The number of main peaks, those that 

appear below 10 Hz, indicates the minimum number of layers that should be considered in the inversion. 

6. Application to the Almería zone (Spain) 
The joint-inversion method has been applied to the Bajo Andarax river area (SE 

Spain), where the accumulation of sedimentary material may lead to significant site 

effects. This area includes a part of Almería city, with about 200,000 inhabitants. Two 

measurements were carried out in the sites indicated in the figure 11. Here we use data 

form a single station (ER20) located close to the experimental seismic array 

deployment. The Rayleigh wave DC was obtained at this site in previous studies 

(García-Jerez 2010a) using the SPAC technique with five concentric pentagonal setups 

of radius 12, 18, 25, 50, 94, and 420 m, without a central station. The ambient noise 

recordings were measured continuously for 1 hour. The time windows considered for 

correlation were 40s long with 50% overlapping. 

 

 

 
Figure 11: Location of the H/V and SPAC measurements. (UTM coordinates). 
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The target H/V curve obtained using data from ambient noise (see Figure 12-a) has 

three main peaks at frequencies 0.38, 2.5 and 6.2 Hz. As was shown in Section 5.2, the 

number of main peaks is an indicator of minimum number of layers on the half-space 

(see Figure 8). However, a layer may have intercalated materials, which together can 

give as a whole a similar response as that of a single layer (Piña-Flores 2015). Another 

important feature of the target H/V curve is the presence of oscillations between the 

major peaks of 0.38 and 2.5 Hz. (see Figure 12-a). This indicates that there are 

relatively large thicknesses of the deeper layers (see Figure 8).  

The amplitude of the major peaks in the target H/V curve, are indicators of 

significant changes between wave velocities and/or densities between the layers (see 

Piña-Flores 2015). One of the advantages of having dispersion curve data, in addition to 

joint inversion, lies in the possibility to obtain the apparent velocities associated with 

the uppermost layers. All these indicators of the target H/V curve allow defining search 

ranges that ease and speed the inversion process for found the best solution. 

Figure 12 shows the inversion for this location.  A shear wave velocity model 

obtained with a different seismic method for a nearby location is shown in Fig. 12 panel 

c (García-Jerez et al.  2010). The depth of the basement agrees well with the results of 

independent geophysical studies carried out in the ‘80s by the Spanish Geological 

Survey (IGME 1983). The fundamental Rayleigh mode associated to the profiles shown 

in figure 12c is very close to the experimental one. The agreement in H/V is also very 

good in the frequency range common with the dispersion curve. Below 0.7 Hz, the 

agreement is fair and some uncertainties on the depth of the profile remain. The 

manifestation of these uncertainties is visible on the gray curves associated to current 

preliminary (or transition) inversion results with an error less than two times the final 

error. Since three main peaks are visible on the H/V here, a profile with three layers on 

top on a half-space has been considered. 

 

 
 

Figure 12: Results of the inversion for one of the locations at the mouth of Bajo Andarax river. a) H/V 

target and theoretical H/V for the best-fitting model. b) Rayleigh fundamental mode target and theoretical 

dispersion curve for the best fitting model. c) Velocity profile, the gray curves are associated to trial 

model generated by the iterative method with misfits less than two times the final error. The depth of 

bedrock is about 0.65 km and agrees well with geophysical prospecting developed in the early ‘80s by the 

Spanish Geological Survey (IGME 1983). Solid line represents a 𝜷(𝒛) model obtained for a nearby site 

with a seismic method (García-Jerez et al. 2010b). 
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Tokimatsu et al. (1992) and Lunedei and Albarello (2016) have stressed the need to 

distinguish between effective and modal dispersion curves (DC) because in practice the 

energy transport can be accomplished by a multi modal trade-off. This topic requires 

additional research along their ideas. 

7. Conclusions 
The Diffuse Field Assumption allows obtaining reliable estimates of the H/V spectral 

ratio as an intrinsic property of a given uniform layered profile in terms of the 

imaginary components of the Green’s function. Such calculation can be very fast by 

using the classical Cauchy’s residue theorem. Moreover, this scheme allows the retrieval 

of the various wave types contributing to the H/V. In this way, the various contributions 

of body and surface waves within the Green’s function can be isolated for further 

analysis. The fast calculation of H/V spectral ratio allowed the efficient inversion of the 

site layered structure using heuristic schemes such as the Simulated Annealing method 

when little or no a priori information is available, or by local techniques when the misfit 

is close to an acceptable value, or when some information is already available. 

Moreover, the theoretical H/V computations allow the parametrical exploration of the 

most conspicuous properties of this curve and are helpful to understand subtle effects 

due to variations of the elastic parameters. 

The non-uniqueness of the solutions associated to the single H/V inversion is 

reduced drastically without additional computational cost by considering jointly the 

inversion of H/V and dispersion curves. The joint-inversion experiment for the Bajo 

Andarax river mouth area (Almería, Spain) is a clear example of the goodness of this 

approach. 
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