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Abstract

We consider a varying discrete Sobolev inner product such as

(f.9)s = / F@)g(@)dp+ Mo O (c)g (0),

where p is a finite positive Borel measure supported on an infinite subset of the real line, ¢ is ad-
equately located on the real axis, j > 0, and {M,, },,>0 is a sequence of nonnegative real numbers
satisfying a very general condition. Our aim is to study asymptotic properties of the sequence
of orthonormal polynomials with respect to this Sobolev inner product. In this way, we focus
our attention on Mehler—Heine type formulae as they describe in detail the asymptotic behavior
of these polynomials around ¢, just the point where we have located the perturbation of the
standard inner product. Moreover, we pay attention to the asymptotic behavior of the (scaled)
zeros of these varying Sobolev polynomials and some numerical experiments are shown. Finally,
we provide other asymptotic results which strengthen the idea that Mehler—Heine asymptotics
describe in a precise way the differences between Sobolev orthogonal polynomials and standard
ones.
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1 Introduction

Orthogonal polynomials with respect to the varying inner product

(f.9)s = / F@)g(@)dp+ Mof (gD (e), § >0, (1)



where c¢ is adequately located on the real axis, have been considered in some papers (see [6] and [7]
and the references therein) recently. In these papers the authors focus their attention on Mehler—
Heine asymptotics given the relevance of this type of asymptotics for describing the differences
between the sequences of orthogonal polynomials with respect to (1) and those with respect to pu.
The main goal of this paper is to give a final and global vision of the Mehler—Heine asymptotics
for the orthogonal polynomials with respect to (1). In fact, wheather p has bounded or unbounded
support will not be relevant for the results that we will provide. Therefore, all the previous results
about this type of asymptotics for varying Sobolev orthogonal polynomials in the aforementioned
papers are particular cases of Theorem 1 (or of its symmetric version).

Mehler—-Heine asymptotics were introduced for Legendre polynomials by H. E. Heine and G. F.
Mehler in the 19th century. In Szegd’s book [16, Sect. 8.1] we can find the corresponding Mehler—
Heine formulae for classical continuous orthogonal polynomials: Jacobi, Laguerre, and Hermite.
As a consequence, using Hurwitz’s theorem, the asymptotic behavior of the scaled zeros of these
families of polynomials is deduced. Along this century, several authors have paid attention to this
type of asymptotics in different contexts such as multiple orthogonal polynomials [18], Sobolev
orthogonal polynomials (partially cited in the surveys [8] and [10]), generalized Freud polynomials
[3], exceptional orthogonal polynomials [5], among others.

Coming back to the varying Sobolev inner product (1), Mehler—Heine asymptotics of the cor-
responding orthogonal polynomials have been studied for measures p related to the Jacobi and
Laguerre weight functions in [6] and [7]. In both papers the techniques used involve particular
properties of Jacobi/Laguerre orthogonal polynomials. However, in [15] a general approach is
given for the non—varying case. With that new technique the authors obtain asymptotic results
for general measures which can have either bounded or unbounded support. Therefore, our aim in
this paper is to apply this method to the varying case. With this paper, we conclude the study of
the asymptotics for these varying orthogonal polynomials.

Thus, we consider the inner product (1) where {M,},>0 is a sequence of nonnegative real
numbers satisfying the following general condition

lim M, K9 (c,c) = L € [0, +00], (2)

n—00 n—

where K,(@j_’kl) (z,y) denotes the partial derivatives of the nth kernel for the sequence of polynomials

{Pn}n>0 orthonormal with respect to the finite positive Borel measure p, i.e.

3j+k

K (,y) = 5 s Knwy) =3 p @), ke NU{0}.
=0

Notice that condition (2) is even more general than the condition stated for {M,,},>0 in [6] and

[7]. In fact, we can observe MnK,(j;J'l)(c, ¢) is nonnegative for each n (actually it is positive for



almost every n). Thus, condition (2) is very general since we admit that this sequence can be
either convergent or divergent (L = +00).

We are going to work with orthonormal polynomials, so we denote by {¢}n>0 the sequence
of orthonormal polynomials with respect to the inner product (1). In fact, for each n, we have

a square tableau of orthonormal polynomials {q,(CM”)}kZO but we deal with the diagonal of this
tableau {ngn)}nZO =: {¢n }n>0. Along the paper we will use the notation f,, ~ g,, to indicate that

We will prove that for the varying case we obtain three different Mehler—-Heine formulae de-
pending on the value of L, or equivalently, on the size of the sequence { My, },>0. That is relevant
since, on one hand, we will show that the term M, fU)(¢)g")(c) influences on the local asymptotic
behavior of g, and, on the other hand, it is limited by the size of L (for example, when L = 0 there
is no influence, and the case L = +oo includes, as a very particular situation, the constant case
M, = M > 0, for all n).

The structure of the paper is the following. In Section 2 we establish the necessary background
about the sequence of varying orthonormal polynomials ¢,. In Section 3 we provide the Mehler—
Heine asymptotics for the sequence {gy,}n>0 distinguishing two cases: either y is symmetric or p
is nonsymmetric. In Section 4 the consequences of the Mehler—Heine formulae on the asymptotic
behavior of the zeros of ¢, are shown. In Section 5, we obtain the outer relative asymptotics
between the families of polynomials {¢,}n>0 and {pn}n>0 when p is a measure that belongs to
Szegd’s class, as well as the Plancherel-Rotach asymptotics when p has an unbounded support.
Finally, we illustrate the asymptotic behavior of the zeros given in Section 4 with an example
involving the Hermite weight.

2 Varying Discrete Sobolev Orthonormal Polynomials

Let {pn}n>0 (pn(z) = yna™ +lower degree terms, and v, > 0) be the sequence of orthonormal poly-
nomials with respect to the measure p and {gy, }n>0 (gn(z) = Anz"+lower degree terms, and 7, > 0)
the sequence of orthonormal polynomials with respect to the inner product (1). In addition,
we denote by {pgi} tn>0 the sequence of orthonormal polynomials with respect to the measure
dpgi(z) = (z — ¢)?du(x),i > 0 and ¢ € R\supp(u). We notice that the leading coefficient of all the
orthonormal polynomials considered in this paper are taken positive.

A useful connection formula between the families of polynomials {gy}n>0 and {p[n2 1 tn>0 was
given in [15, Th. 1] for non—varying discrete Sobolev orthogonal polynomials. The proof for the
varying case is totally analogous, therefore we omit it. Thus, we have

Lemma 1 ([15]) Assuming that pn(c)pf]_l(c) . .pfﬁjgi)l]) (¢) # 0, there exists a family of coeffi-

cients {dm}fié not identically zero, such that the following connection formula holds



j+1 A
an(z) = de(m — c)ngi]i(ac), n>j+ 1. (3)
i=0

The aim of this section is to establish the asymptotic behavior of the coefficients d;,, in (3) when
n — 00.

Lemma 2 We assume that there exists a strictly increasing function f, with 2f(0) + 1 > 0, such
that the polynomials {py}n>0 satisfy the condition

PP (e) = Cro(=1)"n®, 0 <k <n. (4)
Then, for k > 0 we have
i 800 LU0 = JG) + S () + F() +1
n—00 p%k)(c) e I+ L)(f(k)+ f(J)+1)

where Oy, j 1o = imy o0 Ok j -

Proof: We get (see, for example, [11, Sect. 2] for the non—varying case):

~ (4)

Tn Mpr” (¢ J

in(a) = 2 (pule) - ) kw0 6
n 1+ M, K™/ (c,c)

First, we claim that the following limit exists,

k.
lim Ké_]l) (c,¢)

A o € R

Moreover, using (4) and Stolz’s criterion, we have

W, TR~ FR) + FG) F 1 (6)

and, therefore, we deduce in a straightforward way

lim 1™ =1. (7)

n—oo ’)/n



From (5) we get

~ k,j j
I O MK (e o) pld(e)
w1 G oy (B
" e (c) "% Tn 1+ Mn K> (¢, ¢) pn(c)
I eo) n2r+
| MK (e o) KD O 0
_ l. n n—1 (C,C) nf(])
= lim —[|1-— G )
n—%0 Yy, 1+ M,K>)(c,c) pn_(©)

nf (k)

It only remains to use (2) and (4) for different values of L. The case L = 0 is trivial. If L € (0, 400)
and taking into account (6), we deduce

Cr,0Cj0  2f()+1 Cjo

N O I (7 (1) A TN
”l_{gop,(lk)(c) o N 1+ L
_ LUm - fG) +fR G+
L+ L)(f(k)+ () +1) wab

In a similar way, we derive the result for the case L = +oc0. O

Remark 1 The factor (—1)" in the condition () may appear or not according to the type of
measure that we are considering. In fact, this result and the next ones are true if we omit it.
Howewver, this factor is necessary in the Hermite case (when u is the measure corresponding to
Hermite weight) that we will use to illustrate our results in Section 6. So, we have decided to state
the condition (4) and other similar conditions along the paper including this factor.

Remark 2 For example, in [9] the authors consider the non—varying inner product

1
(1) = | S@g@dn+ 210 (@, x>0,
where p belongs to Nevai class. They establish [9, f. (34)] that
. / / o
lim_g;,(c)p(c) =0, (8)

when ¢ € [—1,1]. In this contezt, the above inner product can be seen as the inner product (1) with
M, = X for every n and j = 1. This situation is a particular case of L = 4o00. Assuming (4) is
satisfied, then from Lemma 2 we get
/
lim qjl(c)
n—o0 pf, (c)

=0.




Furthermore, using (5), (6) and the fact that L = 400, we deduce easily

do(lc) K

where K is a constant. Straightforward computations allow us to deduce (8) from (9) whenever (4)

holds.

Now, we can proceed as in [15, Th. 2] to establish that the coefficients d;, for i = 0,...,n,
converge. Moreover, we can give the explicit value of lim,,_, d; , which is essential for numerical
experiments.

Proposition 1 We suppose that there exists a strictly increasing function f, with 2f(0) +1 > 0,
such that for all i =0,1,...,7 + 1, the polynomials {p,[fl] () }n>0 satisfy the condition

N (k) .
(pgz}) (c) ~ Ck’i(—l)"nf(k“), 0<k<n, (10)
where C,; is a nonzero constant independent of n. Then,

lim dip =di(L) €R, i=0,1,...,j+]1,
n—oo

where {dm}fi& are the coefficients in the connection formula (3). Moreover, for 0 <i < j+1,

Oigr — S (— 1) (L) ()it G
di(L) = (~1)' g 0 (11)
Z'Cz',o

‘ -1
where, by convention, we assume Y~ = 0.

Proof: Taking the kth derivative in (3) with 0 < k < j + 1, and evaluating the corresponding
expression at x = ¢, we have

k .
0 =2 (5) (2) "

i=0
(k)
From Lemma 2, lim,, s q?k)EC; exists and it depends on the value of L € [0, +oc]. From the above
pn (¢

expression, we have

(0 _x~, (k

Oy Zdz‘,n<.>i!x4i(k,n)a
pno(€) o !



[2i]

(k—1)
where A;(k,n) = W. Using (10) the sequence {A;(k,n)},>0 converges and

pn(€)
 Cr—ii
lim A;(k,n) = (=1)" =~ e R. 12
Jim Ak m) = (-1 (12)
Then, we deduce lim,_, di, = d;(L) € R and we can apply a recursive algorithm to compute

explicitly d;(L) with 0 < i < j 41, ie. for k = 0 we get do,, = gn(c)/pn(c), so do(L) can be
computed using Lemma 2. Thus

f(0) = f()
fO)+fG)+1

do(O) =1, do(L) = 907]'7[/, 0< L <400, and d0(+OO) =

Then, we take £k = 1 and, as a consequence,

a0, (c) =don(L) + din(L)A1(1,n).

Ph(c)
It is enough to take limits in the above expression to obtain d;(L). We can continue with the same
recursive procedure, using (12) and Lemma 2, so we deduce the value of d;(L) for i =2,...,5 + 1.
O

Remark 3 The computation of the coefficients d;(L) will be essential for the numerical experiment
in Section 6, so for a better understanding we write them depending on the three representative
values of L.

01,0, if L =0,
Oigr — S (1) (L) ()t S .
(—1)’ ey o, if L € (0,+00),
dz(L) = 72 Cio

D—F( i m ; i
1y T ~ Eto 1) 00 () mt

if L = +o00,

L Z'Ci,o

where 6; 1y, s the Kronecker’s delta.

3 Mehler—Heine asymptotics

We focus our attention on Mehler—Heine type formulae for the sequence of varying discrete Sobolev
orthonormal polynomials {gn }n>0 = {qr(LM")}nZO since we want to know how the discrete part in the
inner product (1) influences the asymptotic behavior of the corresponding orthonormal polynomials.

To establish the Mehler—Heine asymptotics we take ¢ as an endpoint of I, being I the interval
where p is supported. We assume that ¢ = inf(I) € R. Next results can be also obtained with



¢ =sup(]) € R making some changes. Moreover, we need that the sequences {p[n2 i]}nzo satisfy the
Mehler—Heine type formulae

vz 2 .
lim FU”%PLM <C+ ;) = 27O o 0i(22), i=0,1,...,j+1 (13)

uniformly on compact subsets of C, where
a;/? ~ An®, b, ~Bn’, ABb>0, a>-1, and 2a+1=>ba+1). (14)

The assumptions (13-14) hold for remarkable families of measures such as measures in Nevai
class or measures related to a Laguerre weight or to a generalized Jacobi weight (see [15]).

Theorem 1 Let ¢ = inf(I) and assume that the sequences of orthonormal polynomials {pgﬂ >0
satisfy (10) and (13-14). Then,

' 52 j+1 '
lim (—1)"aY%qy (c + ) = Z(—l)’di(L)z_o‘JaJrgi(Qz) = Ya,j,L(2),

n—00 by, —
1=

uniformly on compact subsets of C, where the coefficients d;(L) are given in (11).

Proof: Taking into account (13), it is enough to scale, take limits in (3), and pay attention to the
proof of Corollary 1 in [3] to obtain

i n 1/2 22 ’ Jj+1 o1 520 2i 22
nLII;o(—l) a,! “qn <c—|— bn> = nhi&;(—l) a,, di,nEpn—i <c+ bn)
A ART 2 q: n—i a111/2 [24] 22
= iz;(—l) nh_}ngo din -2 -nll}ngo(—l) an—i <C+ bn>
j+1
= Z(_l)idz‘(L)Z_aJa_i_Qi(Qz),
i=0

where d;(L) are given in (11) depending on L. O

Remark 4 Notice that the Mehler—Heine formula obtained in this Theorem is qualitatively different
from the one obtained in [15, Th. 5]. Despite the obvious difference because we have three different
formulae in the varying case, when L = +oo (which includes the situation M, = M, for all n) we
have a linear combination of j+ 2 functions as the limit function whereas in Theorem 5 in [15] the
limit function only involves a unique function. The reason for this is that we have a gap of order j,
i.e., the terms f@(c)g¥(c) fori=0,...,7—1, do not appear in the inner product (1). In [15, Th.
5], the authors establish their results for orthonormal polynomials with respect to an inner product
where the terms f@(c)g®(¢) fori=0,...,], are multiplied by positive constants.



Remark 5 In the case L = 0, or equivalently when the size of the sequence { My, }n>0 is negligible,
then

ajo(z) =27 Ja(22).
Therefore, both families of orthogonal polynomials, Sobolev and standard ones, have the same
Mehler—Heine asymptotics. This behavior is a consequence of the fact that the perturbation M, f9)(c)g")(c)
that we have introduced into the standard inner product is asymptotically insignificant, even in this
type of local asymptotics.

We illustrate Theorem 1 with an example known in the literature (see [7]). So, we can show that
the conditions posed to obtain this result are natural. We consider the varying Laguerre-Sobolev
inner product

(f.9)s = /0 " f@)gle)eede + Mo fO0)gD(©0), a> -1, j>0, (15)

where {M,, },>0 is a sequence satisfying (2). Obviously, the above inner product is a particular case
of (1) with ¢ = 0. From [16] we can deduce the properties of Laguerre orthonormal polynomials,
&, with positive leading coefficients. Thus,

()0(0) = Y (pynphrore,

S Tla+k+1)
so, (4) holds with
Croe — D 0 k) =kt a2
T Tla+k+1) " B e

We observe that now the polynomials pgi] are orthonormal with respect to the weight function
xt2ie T e, pgd = [2"%, Thus, (10) holds with

(=D*
Cri= 4 :
T Ta+k+2i4+1)

Finally, Mehler—Heine formula for Laguerre polynomials becomes

(D)™ i 2 —(a+2i
Jim ST () = 2 22),
uniformly on compact subsets of C. Thus, we deduce that b, = n and a, = n~%. Then (13-14)
hold. Therefore, Theorem 1 yields the following Mehler—Heine asymptotics for the orthonormal
polynomials with respect (15). Now we compare our result with the one obtained in [7]. For
example, we choose a = 5, j = 2, and L = +o00. Then, we have

3
lim (—1)”n_a/2qn (zz/n) = Z(—l)idi(+oo)2_sj5+2i(2z) = 052 +00(2),

n—00 ;
=0



Using (11) we can compute d;(400) in a recursive way obtaining

1 35 1 1
To compare 52 +o0(2) With ds(z) in [7, Th. 1] it is necessary to use several times the well-known
relation between Bessel functions

Jyo1(22) + Jys1(22) = ZJZ,(Qz).

After some computations we get that both limit functions are the same. With respect to the
Sobolev polynomials, it is convenient to bear in mind in [7, Th. 1] another standardization is used,
although evidently this fact does not influence on the limit function.

To conclude this example, we highlight the fact that for theoretical results the value of the
numbers d;(L) and the constants C}; are not relevant, although as we have seen, if we want to
obtain a concrete result, then these values are very important and (11) plays an important role.

Now, we consider a symmetric positive Borel measure p supported on an interval I = (—p, p),
for example, related to the Hermite weight function or to the generalized Freud one, both on the
real line. Then, we can also obtain the Mehler—Heine asymptotics being now the formal details
technically more complicated.

It is convenient for Section 6 to give a quick overview about the well-known symmetrization
process (see, for example, [2]). Let {pn}n>0 be the sequence of orthonormal polynomials with
respect to a symmetric measure p supported on I = (—p, p) with 0 < p < oo. Obviously, these
polynomials are symmetric. Thus, we take v as the measure such that fopz p(x)dv = ffpp(xQ)d,u.
Then, it is possible to rewrite the subsequences {pan }n>0 and {pan+1}tn>0 as

P2n(@) = La(2®),  papsi (@) = 26 (%),

where {l,}n>0 and {€} },>0 are the sequences of orthonormal polynomials with respect to the
measures dv(z) and xzdv(z), respectively. We also need the sequence of symmetric polynomials

{pgi] () }n>0- Since ¢ = 0 they can be rewritten as
2i i 2i \li
P (2) = 1)), P () = 25) ),
where {lg] Jnso and {(I*)1},,50 are the sequences of orthonormal polynomials with respect to the

measures z'dv(z) and x*1dv(z), respectively.
Then, the natural varying discrete Sobolev inner product is

<n@s:/$mmmwu+Mw@mm@mx (16)

10



where { M), },>0 verifies the condition (2). Again, we denote by {gy }»>0 the sequence of orthonormal
polynomials with respect to (16).
When j = 2r, applying the symmetrization process (see [2, Th. 2]), we get

2

(0. 0)s) = /0 " p(@)a(@)dv + Mo ((r + 1)) (0 (0), (17)

where (7); denotes the Pochhammer’s symbol, i.e. (r)y=r(r+1)---(r+k—1),k>1, (r)o =1,

as well as )

(P,q)s, = /Op p(z)q(x)xdv.

Then,
qon () = Sn(x2)7 Gont1(7) = $S;(ZE2),
with {s,}n>0 and {s} }n>0 being the sequences of orthonormal polynomials with respect to (-,-)s,
and (-,-)s,, respectively.
When j = 2r + 1, we get

ea)s = | " p(@)a(a)dv,

2

.a)s = | " p@)a(@)ado + Mar ((r +1),41)?

p"(0)¢"(0).
Then,
QQn(x) = tn($2)v q2n+1(-’r) = $t2($2),
with {t,}n>0 and {¢}},>0 being the sequences of orthonormal polynomials with respect to (-,-)s,
and (-,-)g,, respectively.

In this way, we can apply our results to the orthonormal polynomials with respect to the inner
products (-,-)s, with ¢ =1,...,4. Then, we can deduce the corresponding ones for the orthonormal
polynomials with respect to (16). Notice that (-,-)s, with i = 2,3 are not Sobolev inner products
but standard ones.

Therefore, we summarize the more relevant results which will be very useful in Section 6,
although we omit the proofs. We assume that there is a strictly increasing function f, with 2f(0) +
1 > 0, satisfying the conditions

(o) (0) = Cra(—1)"nf B2 = €y y(—1) ), 0 <k <, (18)

)

(pg;i]Jrl)(szrl)(O) ~ C~«k’i(_1)nnf(2k+2i+1) _ 5k7i(_1)nng*(k+i)’ 0<k<n, (19)
where g and ¢g* are strictly increasing functions satisfying

g(k) = f(2k) with 2¢(0)+1>0,
g (k):= f(2k+1) with 2¢"(0)+1> 0.

11



Ck,; and (NZ’M are nonzero constants independent of n. We also assume that for all i > 0,

2 4
B () = e (20)
1/2
. an i z —(a+i
Jim (=1)" =% Phs (b> = 2O Jagia(22), (21)

uniformly on compact subsets of C, where

a;V? ~ An® b, ~Bn®’, ABb>0, a>-1, and 2a+1=2b(a+1). (22)

This assumption is natural and holds under general conditions (see [15, Lemma 3]).
Thus, according the steps given in the nonsymmetric case (Lemma 2) we can construct the
following quantities for k > 0, » > 0 and L € [0, +0o0],

L(g(k) —g(r)) + g(k) + g(r) +1

Tent (L+L)(g(k) +g(r)+1) ~ (23)
0 _ Llg'(k) —g"(n) + 9" (k) + g"(r) + 1 o
b A+ D@® +gm+1)
where
Thytoo = LM Tgpp = M Ohrico = lm opnp = g (k) — g*(r)

n—r+o0 g(k) +g(r) + 1’ n—+-+o0 g* (k) + g*(r) + 1

Now, we have all the ingredients to write down the Mehler—Heine asymptotics for this type of

varying Sobolev orthonormal polynomials when the measure p is symmetric.

Theorem 2 Assuming (18-22), we have the following Mehler—Heine formulae for the sequence of
orthonormal polynomials, {qn }n>0, with respect to (16):

o Ifj=2r
5 r+1
. _1\n,1/2 < _ 1V\e . —a . o
nh—>Holo( 1) Ay q2n <bn> = ;( 1) dl,l(L)Z Ja+21(22) = (I)a,r,L(Z)v (25)
: n z —«
nhrrolo(—l) a % qon 1 <b> = 2 %Jat1(22).

o If j=2r+1,

lim (—1)"aY%go, (;) = 2z “Ja(22),

r+1
) S (Vi a (L) i (22) = B, (7). (26)

lim (— 1)”&711/2(]27#1 <

SER

12



The coefficients d; 1 (L) and d; 2(L) are given by

Ci—m,m

(2(i —m)) Cip

i = (20! 20 (—1) i1 (L)

dip(L) = (=1) —0 (27)
(21)!6':0
A . Ci_
pir — (20 + DU L (= 1)y (L) ————"—
di,z(L) _ (_1)2- 5’ (2(2 — m) + 1)' Ci,O 7 (28)
(20 + 1)1 =2
Cio

where T; 1, and 0;,1 are obtained from (23) and (24), respectively. By convention, we assume
Zfl 0. All the limits hold uniformly on compact subsets of C.

m=0 —

4 Asymptotic behavior of the zeros

Let {pn}n>0 be the sequence of orthonormal polynomials with respect to a nonsymmetric measure
u supported on an interval I. We assume that they satisfy the following Mehler—Heine formula

2
z
lim (—1)"al/?p,, (c—i— ) =2z"%a(22), a> -1,
n—oo bn,
uniformly on compact subsets of C, and the parameters involved in the above formula satisfy (14).
We denote by z,1 < xp2 < -+ < &y, the zeros of the polynomial p,(z) in an increasing order.
Then, applying Hurwitz’s theorem (see [16, Th.1.91.3]) we get

-2

J
Hm by (zng —c) = -2% 1<k <n,
n—00 ’ 4

where j, 1 is the kth positive zero of J,. This is a simple and nice consequence about the zeros
which has been obtained using Mehler—Heine asymptotics.

Since in the previous section we have deduced Mehler—Heine formulae for the sequence of varying
Sobolev orthonormal polynomials {gy, }»>0, we can expect to get similar results for the zeros of ¢,.
We assume that ¢ = inf I € R but similar results can be obtained when ¢ = sup I (with I upper
bounded). The following result was established for the non—varying case within a more general
framework by H. G. Meijer in [12, Th. 4.1] (see also [1, Lemma 2]). Actually, that proof can be
written in the same way for the varying case, so we omit it.

Proposition 2 The polynomial g,(x), n > 1, orthonormal with respect to (1), has n real and
simple zeros and at most one of them is located outside supp(p).

13



We can give more information about the location of the zeros.

Proposition 3 Let y,1 < yn2 < -+ < Ynn be the zeros of the polynomial g, () in an increasing
order, then for n large enough and j > 0, we have

e [f L =0, then all zeros of qn(x) are located inside supp(p).
o If L =+o00, then yn,1 < c.

e If L €(0,+00), then yn1 < c if and only if

Remark 6 When j =0, all the zeros are inside supp(p) since, in this case, (1) becomes a varying
standard inner product.

Proof. To prove the three cases we will use Lemma 2 with £ = 0, Proposition 2 and the following
facts: the leading coefficient 7, of ¢, is positive and p,, has all its zeros inside supp(u). Then,

qn(c)
pn(c)

sign changes in (—oo, ¢), although taking into account Proposition 2 that is not possible.

e If L =0, then by Lemma 2,

> 0 for n large enough, so ¢, could have 2 or 4 or 6, ...

qn(c)

pn(c)
once in (—oo, ¢) and, by Proposition 2, it is the only one.

o If L. = 400, then < 0 for n large enough, which implies that ¢, changes sign at least

qn(c)
pn(c)
fO)+fG)+1

fG) = f0)

Finally, we obtain the asymptotic behavior of the scaled zeros of g, as a consequence of the
Mehler—Heine asymptotics for ¢, given in Theorem 1.

o If L € (0,400), then y, 1 < cif and only if < 0 for n large enough, and this holds if

and only if

L> O

Proposition 4 Let y,1 < Yn2 < -+ < Ynn-1 < Ynn be the zeros of qn, the function p, ;1 s
defined in Theorem 1, and by, is given in (14). Then,

1. If L =0, then

lim by, (yni —¢) = 1> 1,
n—0o0

where jo; denotes the ith positive zero of the Bessel function.
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2. If L = 400, then

. . toic1
lim y,1 = ¢, lim b,(yp; —¢c) = ——, i>2,
n—oo " n— 00 ’ 4
where tq; denotes the ith positive zero of the function vq j 4oo(2).
3. If L € (0,+00), then we have two cases:
a) If L < w, then yn 1 > ¢ for n large enough, and
f(G)—F(0) ’
s2
. L _ Jad S
nh_g)lo bn(yn,z C) 1 1> 1.
b) If L > %, then yn1 < c for n large enough, and
2
. . Saji—1 .
lim y,1 = c, lim b,(yp; —¢) = ——, i>2.
n—oo ~ n—00 ’ 4

In both situations s, denotes the ith positive zero of the function ¢q j ().

Proof. It follows from Theorem 1, Proposition 3, and Hurwitz’s Theorem. O

5 Other asymptotic results

As we have pointed out previously, one of our goals is to find out the differences between the
asymptotic behavior of Sobolev orthogonal polynomials and the standard ones. These differences
are clearly shown through Mehler—-Heine asymptotics because we are just looking around the point
where we have introduced the perturbation of the standard inner product. In this section, we
assume 4 is nonsymmetric and we will show that both families of polynomials have the same
asymptotic behavior on compact subsets of the complex plane outside supp(u).

In the bounded case, we consider 4 in a general framework, i.e., y belongs to the Szeg6’s class.
We denote this fact by p € S. Let’s remind (see, for example, [14, p. 121]) that p € S with
supp(u) = [—1, 1] if its absolutely continuous part, w(zx), satisfies Szeg6’s condition:

Y ogw(x)

—1 \/1—1’2

Theorem 3 We suppose p € S. Let {pp}n>0 be the sequence of orthonormal polynomials with
respect to p satisfying (4) and let {qn}n>0 be the sequence of orthonormal polynomials with respect
to (1). Then,

dxr > —o0.

lim an(2)

n—00 P, z)

=1

uniformly on compact subsets of C\[—1, 1].
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Proof: We know that when p € S, then (see for instance [13, p. 36]):

. pn—l(z) 1
lim = , ze€C\|-1,1], 29
n—0o  pp(2) z4+V22—1 =LY (29)
. Tn—1 1
e T % (30

From (5), we get

(5) :

an (C) K OJ)
. qn(2) Fn L+ M K7 (ce) " ™ (2;¢)
lim = lim —|1-—
n—o0 pp (2 n—00 Yp pn(z)

Since by (7) we have lim, 3, /v, = 1, then it is enough to prove that the expression in brackets
tends to 1 when n — oo. Using Christoffel-Darboux’s formula for orthonormal polynomials

Ko(z,y) = 2 Prt1 (2)Pn(y) = Pal@)Pns1(y)
Vnt1 z—y

we deduce in a straightforward way

J (2) i J i .
R0 = 22 (oo (30 2 ) i) (X 2 ) ).

n ;
=0 i

Let z be fixed and belonging to an arbitrary compact subset of C\[—1,1]. Then, applying (4), (6),
and (29-30) we obtain

(7)
Mnpy” (c 0,5)
(jﬂg)) Kn 1 (Z, C)
. 14+Mn K,/ (c,c)
lim
n—yoo pn(z)

(4:9) P ()
MnBenie O g e

= lim )
n— 00 1+M K]:]( )

pn 1(c)]! Pn—1(2) J i 1
X << c)i— z+1ll> T pn(2) Z; )i le'
n2F+1 c
My K ) (e, 0) 2 G0 P, o

= lim Kot ' n

o L MG (e )
IS AL\ ) S bl

Tn e nf D+ (z — ¢)i—it14) pn(2) pre nf+1(z — ¢)i—i+14)
= 0,



so, the result is proved. O

From now on, we assume that p is unbounded. An analogous result to Theorem 3 can be estab-
lished through Plancherel-Rotach asymptotics. Since {py, }n>0 is a sequence of standard orthogonal
polynomials, a three—term recurrence relation holds

Tpn(2) = At 1Pn4+1(2) + 0P () + Anpr—1(2), n=0,1,2,...
with p_1(z) = 0 and po(x) = 1. The coefficients of this relation are given by

An:%>0, n=12...

e = 70, app(x)dp(z) € R, n=0,1,2...

Following [17], we assume there exists a nondecreasing function ¢ : R™ — R™T such that for every
teR
t
lim M =1, (31)
oo p(x)

and suppose that there exist constants A and 7 satisfying

An . n
— A L

n1—>Hc}o (p(n) = n1—>oo (p(n) =neR. (32)

Under these assumptions, we get the following ratio asymptotics ([17, Th. 4.10]),

iy Po-1(e(n)2) 2)
n—co pp(p(n)z) z—n+/(z—n)2—4)2’

uniformly on compact subsets of C\[A, B] where [A, B] is the smallest interval containing {0} and
[n—2X,n+ 2]

(33)

Theorem 4 Let {p,}n>0 be the sequence of orthonormal polynomials with respect to p satisfying
(4) and let {qn}n>0 be the sequence of orthonormal polynomials with respect to (1). Then,

gale(m)z)
e pnlp(n)e)

uniformly on compact subsets of C\[A, B] where [A, B] is the smallest interval containing {0} and
[ — 27,1+ 2)].

Proof: Scaling the relation (5) we have

M’le’Eij? (C) K(OJ)
M, K97 (c0)” ML

n—o0 m n—00 Yp, B pn((p(n)Z)

(p(n)z,¢)
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As in Theorem 3, it is enough to prove that the expression in brackets tends to 1 when n — oo.
Thus, for a fixed z € ) being Q an arbitrary compact subset of C\[A, B] we deduce

Myp (c) 0.9)
T K (e 1 (P2 )

lim

n—00 pn(@(n)z)
_ I nin—11" Kfljfl)(c,c)n nf(]) n
- A G
14+ M, K,/ (c,c)

J (@) (¢)5!
y )\nnf(j)-i-l ((Z . p,~1\C)J: — )

par nfD+1(p(n)z — c)i—it1;!
 pai(p(n)2) Z Py ()j! 0

palp(n)z) \ g n! O+ (p(n)z — )=l ’

uniformly on 2, where we have applied (4), (6), (32), (33), and lim An
ne (p(n)z = ¢)

g M (z) with

IM(2)] < 4o00. O
Corollary 1 Assuming that (31) and (32) hold, then

iy T-1(P()2) 2X

n=oo qn(0(n)z) 2 —n4/(z — )2 — 4N’

uniformly on compact subsets of C\[A, B], where [A, B| is the smallest interval containing {0} and
[N —2X,n+ 2.

Proof: From Theorem 4 and (33), we have

i B2 L g (p(0)2) P (e()2) pale(n)2)
gl b (p(0)2) pale()2) anle(n)2)
2\
= O

6 A numerical experiment

Theorem 1 has already been illustrated for concrete choices of the measure p in previous papers.
For example, in [6] where p is the Jacobi weight and in [7] for Laguerre case. In those papers
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other methods were used to do the computations. Thus, we show a numerical experiment for the
symmetric case considering the Hermite weight e~ on the real axis and ¢ = 0. Then, (1) becomes

(f.9)s = / o Fl2)g(x)e  dx + M, f9(0)gD(0), >0, (34)

—00

where {M,,},>0 is a sequence satisfying (2). Applying the symmetrization process described in
Section 3 we get the following inner products:
Ifj=2r

400 12 9
(v, q)s, = /0 p(@)q(@)a e de + Mo ((r + 1),) 5% (0)¢(0), (35)

+oo
O N s (36)
0
and, if j =2r +1
+o0
(p7 Q)Sg = A p(x)q(m)l'_l/Qe_xde',

+oo
(P @)s, = /0 p(2)q(2)z e + Moy ((r + 1)r11) *p™ (0)¢(0).

We are going to compare numerically the zeros of the orthonormal polynomials ¢, with respect
to (34) with the zeros of the corresponding limit functions given by Mehler—Heine formulae in
Theorem 2.

Observe that, for even j and using the symmetrization process, the zeros of the orthogonal
polynomials g2, and qo,,+1 are the square roots of the zeros of those polynomials orthogonal with
respect to (35) and (36), respectively. Since (36) is a classical inner product, we only pay attention
to the zeros of ¢oy, in the numerical experiment. We have the analogue setting when j is odd, then
we focus our attention on the zeros of the polynomials gop,+1.

Next, we describe the steps to construct the numerical experiment.

Step 1. Determining a, and b, in (20-21). In this case, Mehler-Heine asymptotics for Hermite
orthonormal polynomials, h,, is well known. Indeed,

22)
lim (—1)"n'4hs, _ 1/2 9.) — cos(
Tim (=1)"nChan(2/v/n) 25T 79(22) N
. sin(2z
nh_{go(_l)nnIMhQnJrl(z/\/ﬁ) = 212J15(22) = \(ﬁ )v

uniformly on compact subsets of the complex plane. Therefore, a, = n'/2 and b, = Vn.
Then, all the hypothesis in [15, Lemma 3] hold. Thus, Mehler-Heine formulae (20-21) also
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Step 2.

Step 3.

hold for the polynomials p,[fi], which in this case are the generalized Hermite orthonormal

polynomials, where the values of the constants in (22) are

A=1 a=-1/4, B=1, b=1/2, a=-1/2.

In general, for Freud weights the quantities a, are related to Maskhar—Rakhmanov—Saff
numbers and b, = c;-, where ¢ is a known constant (for example, see [4, Ch. 10]). One
should be careful with the parameters in this formulae because texts and papers work with
slightly different standardizations but they are relevant in the numerical experiments. For
example, it usual to consider b, = 2/n in the above formulae for Hermite polynomials.

Computing the zeros of ¢, (z/b,). We calculate the scaled zeros of these polynomials using
().

Computing the zeros of limit functions @4, and @}, ., in (25) and (26), respectively. To
do this we have to calculate in a recursive way the coefficients d; 1(L) and d; 2(L) given by
(27) and (28), respectively. Obviously, this computation depends on the value of L. Then,
we have six cases. Furthermore, the computation of (27) and (28) involves the computation
of 71 and gy, 1, respectively, and of the constants C,; and C,; which in turn depend on
the explicit values of the functions g and g*. Summarizing,

3. a) Computing g, g* and the constants C;; and 5’37t. In [3, Corol. 2] the asymptotic behavior
of the values (ﬁ[;z])(%) (0) and (ﬁ[Q”;]Jrl)(%H)(O) was obtained, where ﬁi?"”] are the orthonor-
mal polynomials with respect to the weight function z2™ exp(—2|z|?), 8 > 1, and m is a
nonnegative integer. In our case, 8 = 2 and the weight function is 2™ exp(—22) whose
corresponding orthonormal polynomials are the generalized Hermite. Thus, applying [3,
Corol. 2] we have,

4 ; —1)k |
[l (2k) oy L 20\ (2k) oy o (DR k14

In particular, for i = 0 we get

_1\k
PE00) = i (LA (39)

Notice that in that paper they use other standardizations, concretely b, = 2/n.

One can observe that in this case the polynomials ps, are the classical Hermite poly-
nomials and we know their explicit value, i.e., pa,(0) = (=1)"T'(2n + 1)/(x'/42"T(n +
I'Y2(2n + 1)), so after some easy computations we obtain (38). However, (37) is nec-
essary to calculate the constants C; appearing in the computation of d; (L) via (27).
Furthermore, if we work with another Freud weight we do not know the explicit values
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of the corresponding orthonormal polynomials at the origin. From (18) and (38), we
deduce that g(k) = f(2k) = k — 1/4. From (37), we get

o - (ZDMER)!
TR (k+2i+1/2)

In the same way, we obtain the nondecreasing function ¢g* and the constants C~';“ More
precisely,

(—1)F(2k +1)!
KT (k +2i+3/2)

g (k) =k+1/4, Ch;=

3. b) Computing 73,1, and gy, via formulae (23) and (24), respectively. We need g and g*
calculated in Step 3 a).

3. ¢) Computing recursively d; 1(L) and d; (L) via formulae (27) and (28), respectively. We
need 7,1, and gy, 1, calculated in Step 3 b) and the constants C; obtained in Step 3
a).

3. d) Finally, we construct the limit functions @41 and @7, . ; via formulae (25) and (26).
Then, we compute their zeros.

To illustrate this algorithm we choose: r = 4 and the sequence {M,, },>¢ is taken as a potential
sequence, i.e., M, = Mn? with M > 0 and § € R.

Even case. Since j = 2r, then j = 8. Taking into account the symmetrization process, after some com-
putations, we get
. 8,8 . (4,4
L= Tim M K5, ") (0,0) = Tim (5) M, K127 (0,0), (39)

where K, _1(z,y) are the kernel polynomials related to the symmetrized measure v given in
(35) as a particular case of (17). Then, applying adequately Lemma 2 we have

512 512
2 C4,0 n20()+1+6 _ 2 0470

5+17/2 A0
2g(4) + 1 29(4) + 1" (40)

My K55 (0,0) ~ M

Thus, we have three possible choices for 6.

— If 6 < —17/2, then lim, MgnKéi’E)l (0,0) = 0. Thus, L = 0 and for this example we
have taken § = —10.

— If§ > —17/2, then limy, 00 Man K5 (0,0) = +00. Thus, L = o0 and for this example
we have taken § = —2. Notice that by Proposition 3 the orthonormal polynomials with
respect to (35) have always a zero in (—o00,0). Therefore, the polynomial go,, has two
complex conjugate zeros whose real parts are zero.
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—Ifo= —17/2, then L = hmn~>00 MQnKéfLé

This is the only case where M plays a relevant role. Taking into account (39) and (40)
and applying Proposition 3 there are two complex zeros whose real parts are zero if and

only if

Thus, we show two examples in Table 1 with M = 1 and M = 1/10 to illustrate both

cases.

M >

)

2°CRy

2Clo _,,256v2
29(4)+1 177

(29(4) +1)(g(0) +g(4) +1) _ 1532

2°C30(9(4) — 9(0))

4096

In Table 1 we denote yo, 1 the first positive zero of g2, and so on
least 2n — 2 real zeros.

Table 1: Even case. j=8

Thus,

~ 0.165957.

. Notice than there are at

n bnyon1 | bnYonz2 | bny2nz | Complex zero
n—=100 | 0.78412 | 2.35253 | 3.92133 :
Lo n =200 | 0.78479 | 2.35444 | 3.92422 5
n =300 | 0.78501 | 2.35505 | 3.92517 5
1 40(z) | 0.78540 | 2.35619 | 3.92699 _
n =100 | 0.64709 | 2.06989 | 3.63403 _
L=128v2 n = 200 0.62893 | 2.04445 | 3.61736 ;
M= L n =300 | 0.62222 | 2.03553 | 3.61174 :
1 1es2(2) | 060764 | 201703 | 360044 -
n = 100 1.04652 | 3.00536 | 4.81142 |  3.01401;
L= 202 n = 200 1.04553 | 3.00577 | 4.81360 |  3.06416:
M1 n = 300 1.04531 | 3.00607 | 4.81451 |  3.07959
@, waya(2) | LOAS0L | 300689 | 481658 | 3.10864i
n =100 | 0.98736 | 2.90366 | 4.71791 |  4.31744i
L i n =200 | 0.09062 | 2.91112 | 4.72651 |  4.27901:
n =300 | 0.99172 | 2.91362 | 4.72044 |  4.266461
1, oo(?) | 099391 | 2.91865 | 473538 |  4.24173i
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Odd case. Since j = 2r + 1, then j = 9. We can proceed in the same way that as for the even case. To
avoid repeating all the details, we only highlight the most relevant differences with the even
case. Obviously, 0 is a zero of the polynomial go5,41.

In this case the critical value is § = —19/2. In this setting,

2Ch  _ 5192
2g*(4)+1 197’

and there are two complex zeros whose real parts are zero if and only if

v 2@ D@0+ @ +1)
20C30(g*(4) - 9*(0))

Thus, we show two examples in Table 2 with M =1 and M = 1/20 to illustrate both cases.
The cases L = 0 and L = 400 are also pointed out. As for the even case in Table 1 we denote

209v/2 7

~ 0.11 .
3192 0.11335

Y2n+1,1 the first positive zero of g2,+1 and so on.

Table 2: Odd case. j=9

n bnyont1,1 | bnyont1,2 | bnyont1,3 | Complex zero
n = 100 1.56407 | 3.12850 | 4.69348 3
Lo n = 200 1.56751 | 3.13516 | 4.70300 -
- n = 300 1.56864 | 3.13736 | 4.70617 _
%, ,(x) | 157080 | 314150 | 4.71239 _
B n = 100 1.38432 | 2.87997 | 4.45036 _
L= 128v2 n = 200 1.36013 | 2.85813 | 4.43808 :
Mol n = 300 1.35109 | 2.85035 | 4.43385 -
20 ¥, s (?) | 133136 | 283407 | 442525 -
B n = 100 1.95555 | 3.80915 | 5.56992 3.93083i
L =512v2 n = 200 1.95094 | 3.81767 | 5.58152 3.966964
M= n = 300 1.96151 | 3.82067 | 5.58560 3.97757i
" s L, (2) | 1.96481 | 3.82690 | 5.59407 3.99681i
n = 100 1.91046 | 3.75234 | 5.51669 4.82743i
I e n = 200 1.91861 | 3.76570 | 5.53290 1.78443i
B n = 300 1.92134 | 3.77020 | 5.53840 4.77038i
O, (z) | 1.92685 | 3.77929 | 5.54960 4.74269i
2 9
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Finally, we include some plots of the limit functions appearing in Table 1 and Table 2. In Figure
3 we can see how the limit function ® -1 , , (z) changes depending on the value of M and it is nice
2

to observe when the complex zeros appear. All the computations have been done with the software
Mathematica®11.

— L=0
o |ol2842

9517

o =51242

191

— L=+oo

Figure 2: Graphics of ®*, | (2) for different values of L.
2 '
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— M=0.05
M=0.1
M=0.165957

— M=0.3

— M=0.35

Figure 3: Graphics of ®_1 , ,(z) for different values of M.
2
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