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Abstract

In this paper we introduce varying generalized Freud—type polynomials which are orthogonal
with respect to a varying discrete Freud—type inner product. Our main goal is to give ladder
operators for this family of polynomials as well as finding a second order differential-difference
equation that these polynomials satisfy. To reach this objective it is necessary to consider the
standard Freud orthogonal polynomials and in the meanwhile we find new difference relations
for the coefficients in the first order differential equations that this standard family satisfies.
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1 Introduction

Orthogonal polynomials with respect to a varying inner product have been considered in different
frameworks, for instance, in general contexts related to different types of weights (see, among
others, [4, 6, 14, 16, 25, 27, 28, 32, 35]) or in Sobolev orthogonality (see for instance [1, 3, 17, 30]).
In this paper we consider a varying Krall-type inner product, that is, an inner product involving a
measure with an absolutely continuous part that depends on a parameter ¢ and a varying discrete
part. Concretely,

+oo
(Foa= [ F@g@yultde + 7 (Fg(e) + (-clg(-0),  ceR (1)

where we assume that



w(a;t) = [x]" exp(=v(w;t)), =1, (2)

with v(z;t) being an even and continuously differentiable function on R and ¢ € R. In addition, we
suppose that {M,}>° is a sequence of nonnegative real numbers. Thus, for every n, we have a

square tableau of monic orthogonal polynomials with respect to (1), {Q,(C ns) (z5t)}72, but we only
deal with the diagonal of this tableau, {Q% nc) (x;t)}22. To simplify the notation, we will denote
them by {Q,(z;t)}°2, and name them as varying generalized Freud-type orthogonal polynomials.

In the special case ¢ = 0 we will use the notation {Q%O) (z;t)}.129 for the sequence of monic
orthogonal polynomials with respect to

Gh= [ @9l t)de + M, F(0)g(0). 3)

Generalized Freud orthogonal polynomials have been extensively studied in the literature in-
cluding books and articles (see, among others, [2, 12, 13, 14, 15, 16, 18, 19, 20, 23, 24, 26, 29, 33,
34, 36, 37]) and the references therein). In this paper we denote the sequence of monic generalized
Freud orthogonal polynomials by {P,(x;t)}>2 . This family is orthogonal with respect to the inner
product involving the weight function (2), i.e.

+00 +oo
(Fah= [ r@e@unar= [ @l ep(-v@ s, v21 @)
Thus, the inner product (1) can be expressed as
(.00 = (0)y + 3 (F(@)g(e) + F(~c)g(~). )

We note that the families of orthogonal polynomials @, (x;t) and P,(z;t) are symmetric, that
is,

Qn(z;t) = (=1)"Qn(—2x;t), Py (z;t) = (=1)"Py(—=x;t), n > 0. (6)
Generalized Freud orthogonal polynomials play an essential role along the work. Thus, we
are going to give a basic background about them. We denote the square of the norm of these
polynomials by h,,, so:
+o0
b i= hn(t) = (P, Py), = P2(x;t)w(x;t)dz, n € NU{0}.
—0o0
Since the inner product (4) is standard, i.e. the property (zf, g): = (f,xg): holds, and the cor-
responding orthogonal polynomials P, (z;t) are symmetric, then this family of polynomials satisfies
a three—term recurrence relation such as

2Py (x;t) = Pyya(x;t) + Bn(t) Poo1(z;t), n €N, (7)



where

+o0
b= al) = o [ R Pt de = ®

with the initial conditions Py(z;t) =1, Pi(x;t) = .

The main goal of this paper is to obtain ladder operators (raising and lowering operators) for
the varying Krall-type orthogonal polynomials with respect to (1).

Ladder operators are relevant in the theory of orthogonal polynomials. On the one hand, they
have a natural connection with the coefficients of the recurrence relation and from the point of view
of physics they are related to the harmonic oscillator (see [36]). On the other hand, they are a very
useful tool to construct differential equations whose solutions are the corresponding orthogonal
polynomials. For these reasons, among others, the literature about ladder operators in different
frameworks is very wide, we cite some of them [7, 8, 9, 10, 11, 20, 21, 22, 36].

Ladder operators for the orthogonal polynomials P, (z;t) are known (see, for example, [8, 20]).
Next result provides us with the the lowering operator. As usual, we denote the derivative with
respect to the variable z by ’.

Theorem 1.1 ([13, Corollary 1]) Let {P,(x;t)}°, be the sequence of orthogonal polynomials

n=0

with respect to (4). Then, these polynomials satisfy the following differential-difference equation:

P (x;t) = —Bp(x;t)Py(m5t) + Ap(x;t) Poeq (23 1), n>1, (9)
where
T Foo v(xz;t) — v (y;t
An(z;t) = & / P (y;t) (&:8) = v/ )w(y; t)dy, (10)
n—1 .J—oco r—y

T +oco V() — o (-
Bnlst) = / Pr(y; 1) Pa-1(y3t) (1) ~ vyt

I . vy (y;t)dy + % (1—(=1)"). (11)

Obviously, the lowering operator is given by relation (9) and can be rewritten as
d
By (z;t) + T Po(z;t) = Ap(x;t) Pro1 (3 t).

The raising operator can be derived in a straightforward way using the lowering operator and the
three-term recurrence relation (7),

xAn—1(x;t) . d o Ana(xt)
< ﬁn—l —Bn,1($, t) +$dx> Pnfl(l‘at) = Bn—l

The coefficients A, (z;t) and By, (z;t) appearing in the ladder operators satisfy certain differ-
ence equations (see for instance [20, 26, 36]). These equations are usually known as compatibility

P, (x;t).



conditions and they are useful to compute the coefficients in the corresponding three—term recur-
rence relation when we are working with a standard inner product. In the case of the Freud weight
function w(x) = exp(—v(z)) the difference equations for A, (x;t) and B,(z;t) were obtained in
[8] and [22]. Thus, another objective of this paper is to deduce some difference equations for the
coefficients A,,(z;t) and By, (x;t) defined in (10) and (11), respectively.

The structure of the paper is the following: in Section 2 we obtain new difference equations
for the coefficients in the first order differential-difference equation (9) satisfied by the polynomials
P, (z;t); in section 3 we use a standard technique to obtain the algebraic relations between the
polynomials @Q,,(z;t), their first derivatives and the standard polynomials P, (x;t). These relations
are essential to tackle our main objective in Section 4 which is to give the ladder operators and
a second order differential equation for the varying Freud-type orthogonal polynomials Q,(x;t).
Along the paper we have illustrated the results with examples.

2 Difference equations for the coefficients A,(z;t) and B, (z;1)

In case of the weight function w(z;t) = |x|” exp(—v(z;t)) with v > 1, one of these compatibility
equations was already obtained in [13].

Theorem 2.1 ([13, Lemma 2]) The functions Ap(z;t) and By (z;t) defined in (10) and (11),
respectively, satisfy the following relation:

Bait) + Balast) = 255 4 ). (12)

Now, we will use the techniques given in [8] and [22] to obtain other compatibility equations
for the coefficients A, (z;t) and By, (x;t) defined in (10) and (11), respectively. As far as we know,
the difference equations that we have obtained in Theorems 2.2 and 2.3 are new.

Theorem 2.2 The functions A, (x;t) and By(x;t) defined in (10) and (11), respectively, satisfy
the following relation:

An—l—l(x;t) . BnAn—l(x;t) .
€ x/Bn—l

Proof. To establish the result we will use (7), (8), and Theorem 1.1. We have

Byy1(2;t) — Bp(z;t) = L. (13)



x (Bpy1(z;t) — Bu(x;t))

x2 [Too U’(l" t) _ v’(y' t)
= n s 6) Po(y; t , :
) +1(y3t) Pu(yst) pr—"
z? [t v (x3t) — ' (y; 1) n
- BrnPr(y; t) Pr1(y;t) w(y; t)dy + xy(—1)
n J—oo r—y
i

b,

w(y;t)dy

(A+B+C+D)+zy(-1)", (14)

where A, B, C and D are the following integrals:

+oo V' (z — ' (y:
T B L L R
—+o00 U/ T o
B = / YPuy1(yit) Pu(yst) (’t)_ (y’t)w(y;t)dy,
C = —/_+Oo($—y)6nPn(y;t)Pn1(y;t)v,(x;2:Zl(y;t)w(y;t)dy,
+o0 V(x:t) = o' (y:
D = —/_Oo YBnPn(y:t) P (y;t) ( ’ti_y(y’t)w(y;t)dy

To calculate the value of A, we use relation v'(z;t)w(z;t) = Tw(z;t) — w'(x;t), which easily
follows from (2). We have

—+o00
A = / Pos () Py £) (0 (3 £) — ' (35 ) )y
+00 +oo
= v'(x;0) Pn+1(y;t)Pn(y;t)w(y;t)dy—/ Pry1(y; t) Po(y; )V (y; w(y; t)dy
+oc0 v 00
= - Pn+1(y;t)Pn(y;t)gw(y;t)dy+ Poy1(y; t) Po(y; )w' (y; t)dy
+o00
(14 (=1)") oy + / Pos1 (y: £) Py )0 (3 )y,

—00

=2 N2

(L (=) b = (2 + Db = —hy (n+ 1+ T+ (=1").

where we have used ([13, f. (19)]):

/°° Po(y; t) Pa1(y;t) wl
oo y

1
y; t)dy = 5(1 = (=1)")hp-1, neN.



Making the change n — n—1 in A, we obtain C up to the multiplicative factor —/,. Therefore,
we have

C = Buhnr (n+ % (1- (—1)")) = hy, (n + % (1- (—1)")) .

This yields
A+C=—h,(1+~(-1)").

To calculate B and D, we will use (7) and (10):

B = /+oo (P21 (Y3 t) + BnPat1(y; ) Pua(y3 1)) U,(x;?: — ;/(y; t)w(y; t)dy,
D= [ Pl )P (t) — 2P ()T 2 — Zl(y; D oty t)dy.
Then,
B+D= /+OO (P21 (yst) — BaPa_y(y;t)) Vi 2 - Zl(y; D oy t)dy.
Finally, substituting in (14) we obtain
x (Bpyi1(x;t) — Bp(x;t))
= hin <—hn (I+~(=1)") + /:o (P21 (yst) — BaP2_ 1 (y; 1)) Vi 2 — Zl(y; t)w(y; t)dy)
+ay(=1)"
= Any1(;t) — BnAgnlfx;t) -z,
which proves the result. O

Theorem 2.3 The functions Ay (x;t) and By(x;t) defined in (10) and (11), respectively, satisfy
the following relation:

Ay ;) Ap_1(z;
i=0 ! e

Proof. The equation (13) is equivalent to

BrAr—1(x;t)

T+ (Bry1(z;t) — B(x;t)) = Apgr (1) — By

Multiplying the above expression by %, we get



Ap(z;t) | Ag(ast) B — Bl )y = A (@0 Ap(@t)  Ag(at) Api1(;t)
x B +x By (BkJrl(xvt) Bk( ,t)) - By Br1 : (16>

We can simplify the left side on formula (16) using (12). Thus, we get

xAk(x;t) +.%'Ak(x;t) (Biy1(x;t) — Bi(xz;t))

Bk B
= xAkéi’t) + (B (2;t) = Bi(a:t)) (Brpa (a5 t) + B(ast) + a0 (a5t) — )
_ AR ) — B ),
Bk

where By (z;t) = B2(z;t) + Bg(z;t)(@v'(z;t) — ). The right side of (16) can be rewritten as

py1(w5t) — Ap(xst),

where 2 (z;t) = —A’“(z;tgffl’l(w;t).

Assuming Ao(x;t) = Bo(x;t) = 0, it remains to sum from k& = 0 to n — 1 in the previous
expressions to obtain the result. O

Next, we illustrate how Theorem 2.1, Theorem 2.2 and Theorem 2.3 are useful to obtain in-
formation about the coefficient 3, in the three-term recurrence relation (7). In addition, ladder
operators are given explicitly.

2.1 Example 1

We consider a very simple case when v(x) does not depend on t. We take v(z) = z2. Then, the
polynomials P, (z) are orthogonal with respect to the weight w(x) = |z|” exp(—2?) with v > 1.
They are called generalized Hermite orthogonal polynomials. Using (10) and (11), we get

An(x) = 2085, Ba(2) = 2(1 = (=1)").

Thus, equation (9) is

ﬁ%@):—%u—w—nﬂgma+zm%RFg@. (17)

Using equations (12), (13), and (15) we get, after some computations,

_ 21— (-1)")
y .

Using (17), we obtain the corresponding ladder operators.

Bn



e Lowering operator:

y n d
U, = |L(1— (-1 =1,
5 (1= (=1)") +a—

so, U, [Pn(x)] = 226, Py—1(x).

e Raising operator. Making the transformation n — n — 1 in (17) and using (7), we deduce

e () = o1+ (=1)") Poa(z) + 208n-1Poa2()

xPy_1(x) — Py(x) >
anl
~

= (5 I+ (=™ + 2332) P,_1(x) — 2zP,(x).

N2 N2

(14 (=1)") Pay(2) + 2080 (

Then, the raising operator is

50, Uy, [Py (z)] = 22P, (z).

2.2 Example 2

Now we consider v(z;t) depending on ¢, concretely v(x;t) = x*—tx?. Thus, w(z;t) = |z|” exp(—z*+
tz?) with v > 1. We have the following expressions for the coefficients A, (z;t) and B, (z;t) (see
13, . (56)]):

An(l'?t) = 4zf3, <$2 + 6n+1 + Bn — ;) )

Bu(a:t) = 42?8, + 2 (1= (~1)").

Using (9), we get

xPl(z;t) = — (4x2ﬁn + % (1-— (—1)")) P, (x;t)

+ 4z, <$2 + Bps1 + Bn — ;) P,_q(z;t). (18)

Therefore, the ladder operators are:



e Lowering operator:
d
U, = [49526” + % (1—(—=1)™) + xdx] ,

so, Uy, [Py(x;t)] = 426, (x2 + Bnt+1 + Bn — %) P_1(x;t).
e Raising operator: Making the change n — n — 1 in (18) and using (7), we get
2Pi(@it) = = (40%Ba1+ 2 (L4 (-1)") Paci(a3t)

+42° By <x2 + Bn + Bp_1 — t) (xPn—l(l';t) — Pn(ar;t)) '
2 /Bn—l

Thus, we obtain

~ t d
v, = [4952 <x2 + Bn + Bn-1 — 2> — 42?8, 1 — % 1+ (-1)") - xdx] ,

s0, Uy, [Po_y(z;t)] = 4a (22 + Bn + Bn1 — 5) Pul(ast).
We have the following nonlinear difference equation for 3, (see for example [13, f. (34)], [18,
Th. 6.1] or [20] and the references therein),
ot 2n+(1—(-1)")
ﬁn+1+/8n+5n—1— 2+ 8ﬁn )
which is called discrete Painlevé T (P1(dPy)). We show how we can obtain this relation easily using
Theorem 2.1, Theorem 2.2, and Theorem 2.3.
We make the change n — n — 1 in (13). Then, on one side we have
An(l';t) . 5n71An72($;t) .
x Bn—2w

= 4ﬂn (352 + /Bn-i—l + Bn - ;) - 4/671—1 (.%2 + ﬁn—l + Bn—? - ;) -1

(19)

1

= 48, (372 +ﬁn+l + Bn + Bn-1 — ;) —-n

- <4Bn1 <.TC2 + Bn + Bn—1+ Bn—2 — ;) - (n - 1))
= Ap(x;t) — Apq (x5 1),

where A, (2;t) = 48, (22 + Bns1 + Bn + o1 — 5) — 1.
Thus, (13) becomes

Ap(z;t) — A1 (z5t) = Bp(z;t) — Bpo1(z5t).

Then, summing the above expression and taking into account the assumption Ag(x;t) = By(x;t) =
0, we get the Painlevé equation P1(dPy) given by (19).



3 Relations for varying generalized Freud-type orthogonal poly-
nomials

In this section we obtain some algebraic relations for the polynomials @, (z;t) and their derivatives.
In fact, these relationships play a relevant role in obtaining the corresponding ladder operators
using a standard technique [5, 8, 9, 20]. Taking into account the relevance of the case ¢ = 0, we
particularize the results for this situation.

We use the very well-known kernel polynomials

Py (;t) Pr(y;t)
hy, ’

n

Koo, y;t) =Y

k=0
as well as the Christoffel-Darboux formula

1 Poa(@; ) Pa(y;t) — Pa(@;) Py (y52)
hn r—y ,

Kn(x7y;t) = (20)

and its confluent form

Pl

b,

First, we express the polynomials @, (z;t) in terms of the kernel polynomials related to the
polynomials P, (z;t).

Lemma 3.1 Let Q,(x;t) be the n—th monic orthogonal polynomial with respect to (1). Then,

Qn(x;t) = Py(z5t) — %Qn(c; t) (Kn—1(c,z;t) + (=1)"Kp_1(—c,z;t)), n>1, (21)
with
Ea(c;t)

@Qn(ct) = 1+ e (K, (e, e5t) + (=1)"Kp_1(—c, ;1))

(22)

Proof. We follow the ideas in [31, Sect. 2], among others. It is well known that the sequence
{Py(z;t)}}_, forms a basis of the linear space Py [x] of polynomials with real coefficients of degree
at most n. So, we can write

n
Qn(z;t) = Zan,kpk(a:;t).
k=0
The coefficient ay, , = 1 because Q,(z;t) and P, (z;t) are monic polynomials. For 0 <i <n—1,
using the orthogonality of @, (x;t) we get

_%Qn(c;t) (Pk(c; t) + (—1)nPk(_C; t))
hi '

Qp k. =

10



Therefore,

n—1 . - e -
Qulait) = Pulait) — 52 Qu(et) <ZPR(C’2]:’“< ) 4 pn B ’ZPM vt>>

M,
= Palwt) = 5 @Qulest) (Knoa(e ) + (1) Koa(—c,31)).
Finally, evaluating the above expression at £ = ¢ we obtain

Qulest) = Palet) — 2 Qulest) (Kua(ereit) + (<1 K1 (e, 1)),

from where (22) follows. O

Corollary 3.1 Let Q%O) (x;t) be the n—th monic orthogonal polynomial with respect to (3). Then,

QO (221 P (3 t), if n is odd; -
'T’ = nin(Uj . . n -~ .
" P, (z;t) — %an(o, x;t), if n is even.
Furthermore,
0, if m s odd;
QY (051) = P, (03t) o n> 1.
T M Ky 1 (0.0:0) if n is even.

Proof. It is an immediate consequence of Lemma 3.1. O

We will rewrite Lemma 3.1 using the following notation:

n

P . -t P . -t
(o) = Y PAEOPA)
- 2%
1=0
n
P . -t P . -t
(2, y51) = Z 2z+1(I,h) 9i+1(Y: )_
- 2i+1
=0
Thus,
Koni1(z,y;t) = Kon(2,y5t) + Ron(w,y5t),
and
Kon-1(z,y;t) + Kon1(—z,y5t) = 2k9m_1)(z,y3t), (23)
Kon(z,y;t) — Kon(—,y5t) = 2Rg@m—1)(7,y;t). (24)

Thus, assuming that Qo(z;t) =1 and Q1 (z;t) = z, Lemma 3.1 becomes:

11



Corollary 3.2 We have,
May, Pay(c; 1)
1+ M2n"£2(n71) (C, et

M- P it
2n+1 ~2n+1(C, ) ' %Z(nil)(c’x;t), n>1.
1 + M2n+1/i2(n71) (Cv C; t)

QZn(xSt) = P2n(x;t)_

)ﬁQ(n—l)(cvx;t)v n > 17

Qon+i1(z;t) = Popyi(at) —

In the following result we establish a relation for the ratio of the square of the norm of @, (z;1)
and hn = (PnaPn)t-

Proposition 3.1 It holds,

<Q2m Q2n>2n . 1+ M2n“2n(ca G t)
hon 1+ Mgn/ig(n_l) (C, c; t) ’
(Q2n+1,Qant1)2n+1 L+ Mopy1Ran(c,ct)
han+1 14 Mongifom-n)(c,ct)

Proof. Using Lemma 3.1, (5) and (23) we get

(QQnaQQn)Qn - (Q2n7P2n)2n

M-
= (QQny P2n)t + 2n

T (QQn(a t)PQTL(C; t) + QQn(_C; t>P2n<_C; t))
P, (c;t)

I Mafin(oy) (€ i)

= hop + M2, Qon(c; t) Pay(c;t) = hoy + Moy,

1+ M2n/§2n(ca G, t)
1+ M2n"€2(n—1) (Ca & t) ‘

= h2n

The result for the odd case is obtained in an analogous way but now using (24). O

We have introduced a perturbation in the inner product (-,-); adding masses located at the
points ¢ and —c. Then, the quadratic polynomial 22 —c? can be used to eliminate that perturbation.
Technical Lemmas 2-5 show how this polynomial helps obtain a useful relation between both
families of orthogonal polynomials P, (z;t) and Q(z;t).

Lemma 3.2 Let {Qn(z;t)}72 and { P, (z;t)}52, be the sequences of monic orthogonal polynomials

with respect to (1) and (4), respectively. Then,

(2% — A)Qn(z;t) = fi(n,z,c;t)Po(x;t) + g1(n, x, ¢; 1) Py (2:1), n>1, (25)

where
filn,z,c;t) = (mz e cpn,cPn—1(c; t)) , (26a)
g1 (n, Zz,C; t) = :Epn,cpn (05 t)a (26b)

12



with
MpQn(c;t)
hn—l 7

Proof. We will use (6), (20) and (21). Multiplying the expression (21) by (z? — ¢?), and using (6)
and (20), we obtain

(a;2 - CZ)Qn(JI; t)

= (22 — A)Py(a;t) — %Qn(c; t)

Pn,c = n > 1.

X <i:1€ (Po(z;t) Paoi(c;t) — Pa(c; ) P (25 )

r —cC

+
hn—l

= (22 — A)Py(a;t) — %Qn(c; t)

(=1)" (Pp(z;t) Po—1(—c;t) — Pp(—c;t) Proi(x; t)))

2¢P,(z;t) Pp—1(c;t) — 22 Py (c; t) Py—1 (x5 t)
hnfl

> Py (m;t) + MpQn(c; t)

cPn_1(c;t)
hnfl

2P, (c;t)

P, q1(x;t).
hnfl 1($ )

= (mQ — & — M Qn(c;t)
which proves the result. O

Corollary 3.3 Let {Q%O) (x;t)}22 be the sequence of monic orthogonal polynomials with respect
to (3). Then,

2QO (z;1) = fro(@)Pu(w;t) + gro(n; )Py (a5t),  n>1, (27)
where
fio(z) = =,
M, P2(0;t
gro(n;t) = (0:%) = pn,oPn(0;1).

hn—l(l +’A4ﬁl(n—l(070§t))

Proof. Taking ¢ = 0 in Lemma 3.2, using Corollary 3.1 and simplifying, the result follows straight-
forwardly. O

Remark 3.1 Note that the functions fi(n,z,0;t) and fio(z) are different as it also happens with
g1 (TL, Z, Oa t) and gl,O(n; t) In fa’Ct7

filn,z,05t) =z fio(x), g1(n,z,0;t) = zg10(n;t).

It is worth observing that when n is odd we have g1 o(n;t) = 0.
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Lemma 3.3 Let {Qn(z;1)}02 and { Py (z;t)}52 be the sequences of monic orthogonal polynomials

with respect to (1) and (4), respectively. Then,

(2% — QL (x;t) = fo(n,z,c;t)Po(a;t) + ga(n, x, c;t) Po_y(25t), n>2, (28)
where
PPl t) An—i (z; t), 290
Br—1
g2(n,z,c;t) = _2951[.)2“]2’;(0; t) + fi(n,z,¢; t)w
+ pn,ePa(c;t) (1 - M%‘l(f;t) — By_1(x; t)) _ (29b)

The functions Ap(z;t), Bp(x;t), fi(n,x,c;t) and the value py, . are defined in (10), (11) and Lemma
3.2, respectively.

Proof. First, we take derivatives in (25) obtaining
22Qn (z;t) + (2% — Q. (;1)

=2xP,(z;t) + fi(n,z, c;t) P (3 1)
+ PnePa(e; ) Poo1(258) + p.cPa(c;t) By (23 t). (30)

Now, we consider the differential-difference equation (9) given in Theorem 1.1 and using (7), we
then get

2P, _(z;t) = —Bp_1(x;t)Po_1(z;t) + Ap_1(x;t) Po—a(z;t)
= —WPn(iv;t) - <M”ﬂ_1_(lxt) - Bn_l(w;t)> Po1(z;t).

14



We use the previous expression in an adequate way in (30), so we deduce

(@ = A)Qh (1)
-2

= _xcz (2% — A Qn(z;t) + 22 Py (1) + fi(n, x, ;1) Pl (2;t)
+ e P (6 1) Po1 (25 8) + p.c Po(c; t)x Py _y (23 1)
—2z

= 32 Niln 2,6 ) Pa(ast) + g1(n, 2, ;8) Pa1(251)) + 20 P (231)

+ fi(n, @, c;t)Pl(z;t) + pn.cPolc;t) Po1(x;t) + ppcPolc; )z Pl (z; 1)
-2
= T_:UCQ (fin,z, ;1) Po(@st) + g1(n, @, ¢;1) Poo1 (23 t)) + 20 P (32)
) <_Bn($; t)Pn(x; t) + Ap(x;t) Po1 (7 t))
x

+ fi(n, @, ¢t

+ pn,cpn(c§ t)Pn—l(-r; t)
+ pncPalct) <1(x) T An1(2;t)
Bn—l ﬁn—l

Finally, simplifying these expressions we prove the result. O

Py(z;t) + ( - Bnl(x;t)> Pnl(:n;t)> .

Corollary 3.4 Let {leo) (x;t)}22 be the sequence of monic orthogonal polynomials with respect
to (3). Then,

x <Q£LO)>/ (x;t) = fao(n, x;t) Po(x;t) + g20(n, ;) Pr—i1(x; 1), n>2,

where
Pn OPn(O; t)Anfl(l';t)
n,x;t) = —Bp(x;t) — — ,
Faoln. i) (@:t) L
n,0Pn it An— ;
gz,o(n, x; t) = An($7 t) + P,Ox(o) <—1 + xﬁl(xt) — anl(l‘; t)) .
n—1

In Lemmas 3.2 and 3.3 we have provided formulae for (2% — ¢?)Q,,(x;t) and (2% — )@/, (7;t) in
terms of the standard polynomials P, (z;t) and P,_1(x;t). In the following two lemmas we will give
other different formulae applying the previous results. All of them will be very useful to construct
the ladder operators for the polynomials @, (x;t) in the next section.

Lemma 3.4 Let {Qn(z;1)}02 and { Py (z;t)}52 be the sequences of monic orthogonal polynomials
with respect to (1) and (4), respectively. Then,

(22 — ) Qn-1(z;t) = f3(n, 2, ¢;t) Po(w3t) + g3(n, x, ;) Poca (23), 0> 2,

15



where

_1.cPu_1(c;t
fg(n,flf,C; t) _ _xpn l,eln l(cv )’
ﬁn—l

gs(n, @, c;t) = <w2 — & = cpu1.cPua(ct) +

xzpn—1pf%—102t))
ﬁn—l .

Proof. It is enough to use (25) in Lemma 3.2 and the three—term recurrence relation given by (7).
Thus, we get

(° = ) Qn1 (1)
=filn—1,z,¢;t)Pp—1(x;t) + g1(n — 1,2, ¢;t) Py—o(x; t)
xPy_1(x;t) — Pp(x;1)
Bn-1 >
zgi(n — 1, z,¢;t)
Bn-1

— A(n - L) Pa (@) + g1(n— Lo, ci) (

-1 0t
:_gl(n %, 6 )Pn(ac;t)+<f1(n—1,x,c;t)+

Bn—l
Using (26) the statement follows. O

) Paa(ai)

Corollary 3.5 Let {Q%O) (x;t)}0° be a sequence of monic orthogonal polynomials with respect to
(8). Then,

1QW (w31) = f30(ms ) Pa(wst) + gao(n, o3 t) Py (258),  n>2, (31)
where
n—1,0En— it
fao(nst) = —En=io 1(0 )7
6n71
n— fhgr O;t
g30(n,z;t) = 1;(1+P 1,0B 1( ))
n—1

Remark 3.2 The situation in this corollary is very similar to the one described in Remark 3.1.
Now, we note that f3o(n;t) =0 when n is even.

Lemma 3.5 Let {Q,(z;1)}02 and { P, (z;t)}52 be the sequences of monic orthogonal polynomials
with respect to (1) and (4), respectively. Then,

(2% — A)Ql_1(w;t) = fa(n,x,¢;t) Po(x5t) + ga(n, z, c;6) Py (251),  n >3,

where
falnyz,c5t) = Cgeln—1Lz¢ )’
anl
ga(n, @, c;t) = f2(n—1,z,c;t)+:c92(n 6 )

anl
The functions fo(n,z,c;t) and ga(n,z,c;t) are defined in (29).
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Proof. We proceed as in the previous lemma but now using Lemma 3.3. O

Corollary 3.6 Let {Qq(lo) (x;t)}22, be the sequence of monic polynomials orthogonal with respect
to (3). Then,

/
(@) (@5t) = faolm @) Pa(w;t) + gro(n ) Pur (w38),  n >3,

where

g20(n —1,z:t)
fao(n,a;t) = -2 202
( ) Bn—l
—1,x;t
gro(mast) = faoln—1,ast) + 23200 Z LT

/Bn—l
Proof: It is only necessary to use Corollary 3.4 and (7). O

With these Lemmas we have the polynomials P, (x;t) as the solutions of linear systems of two
equations. Thus, these standard polynomials are expressed in terms of the varying Freud—type
orthogonal polynomials.

Lemma 3.6 Forn > 2, we have

o @ =) (g3, t)Qn (s t) — gi(n, @, ;1) Qn1 (231))
Po(w;t) = fi(n,x,c;t)gs(n, z,c;t) — g1(n, x, c;t) f3(n, z,c5t) (32)
‘ B (22 — ) (= fz(n,z,c; ) Qu(x;t) + fr(n, z,c;1)Qu_1(z; 1))
Poalmh) = T e w6l —m s e Dhma et O

where the functions fi(n,x,c;t), gi(n,x,c;t), fs(n,x,c;t) and gs(n,x,c;t) are defined in Lemma
3.2 and Lemma 3.4.

Proof. From Lemma 3.2 and Lemma 3.4, we can write

{ filn, o, c;t)Po(x;t) + g1(n, 2, c;t) Po_q(x5t) = (22 — c2)Qn(z;1),
F3(n, 2,6 ) Pu(@;1) + ga(n, 2, 6 ) P 1 (m3) = (22 — ) Qur(x31).
It is enough to apply Cramer’s rule to get the result. O

For the case ¢ = 0 we can obtain simpler expressions.

Corollary 3.7 For c=0 and n > 2, we have
gs0(n.z; ) Pa(zit) = gsoln,a;t)QQ (1) — gro(n; )QY (x31),
g0(n, ) Paci(it) = —fao(n, 2 t)QQ) (238) + fro(n, z:6)QN (z31),
where the functions fio(x), g10(n;t), fso(n;t), and gzo(n,z;t) are given in Corollary 3.3 and

Corollary 3.5.
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Proof. Gathering (27) and (31) in Corollary 3.3 and Corollary 3.5, respectively, we have a linear
system of two equations. Solving it, we obtain:

# (gs00m 3 )Q (@) — g10(m QL (w:1))

Ful@it) = fro(x)g30(n, z;t) — g10(nst) f30(n;t) ’
# (=50 DR (551) + fro(2)Qy (w:1))
P,_1(x;t)

J10(x)g3,0(n, z3t) — g10(nst) f30(n;t)

Using Corollaries 3.3 and 3.5 we obtain

fi0(x)g30(n, z;t) — g10(n;t) f3,0(n;t)
_ 2 <1 Pn— 10Pn 1(0 t))

Pr—1,0Pn-1(0;1t)
ﬂn—l

+ pn,OPn(O; t)

= xQ

,On 10Pn 1(0 t))

= xg3,0 (na x5 t)v

where we have used the fact that P,(0;t)P,—1(0;¢) is always zero. O

4 Ladder operators and second order differential equation

In this section we obtain the second order linear differential equation satisfied by the varying
generalized Freud—type orthogonal polynomials. The first step is to obtain the ladder operators for
this family of polynomials. Lemmas 3.2-3.6 obtained in the previous section are the key to deduce
these ladder operators.

Theorem 4.1 (Ladder Operators) Let {Q,(x;t)}22 be the sequence of monic orthogonal poly-
nomials with respect to (1). Then, there exit a lowering differential operator ®,, and a raising
differential operator ®,, defined as

B = pyalnret) o) e 02
@n = <p174(n,x,c;t)—@173(n,aﬁ,c;t)%, n >3,
and satisfying
Oy [Qn(x;t)] = @ra(n,z,c;t)Qnor(x;1), (34)
O [Qn-1(z3t)] = @3a(n, 2, c;t)Qn(x31), (35)
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with

filn,z,c;t)  fi(n,z,c;t)
gi(n,x,c;t)  gi(n,z,c;t)
where the functions fi(n,x,c;t) and gi(n,x,c;t) with i € {1,2,3,4} are defined in the Lemmas
3.2-8.5.

QOZ‘J‘(TL,Z',C; t) = 9 Z?] E {1727374}7

Proof. To prove (34), we substitute the relations (32) and (33) into (28) and simplify. Then, we

get
(@ = A)Qh (x;1)
= fo(n,z,c;t)Pp(x;t) + g2(n, @, c; ) Py—1(x; 1)
_ P(nz,ct)(@® — ) (g3(n, 2, ;1) Qn(@3t) — g1(n, 2, ;1) Qn-1(25 1))
v1,3(n, z, c;t)
Loz, at)(@? = ) (< fa(n 2,6 )Qn(wit) + fi(n, 7, ;) Qn-s (31))
v13(n,x, ¢;t) ’
Then,

p13(n, 2, ¢ 1)Qp (w3 t)
= (fa(n, @, c;t)gs(n, @, ¢;t) — ga(n, @, s t) f3(n, @, ;) Qn(w31)
+ (= fa(n,z,c;t)g1(n, x, c;t) + ga(n, x, c;t) fr(n, z, c;t)) Qn_1(x;t)
= pa3(n,z,ct)Qn(x;t) + v12(n, @, ¢;t)Qr_1(z;t).
Taking into account the obvious fact that ¢z2(n,z,c;t) = —p23(n,x,c;t) we deduce (34). The
proof of (35) is completely similar. O

Corollary 4.1 The ladder operators in the case ¢ = 0 are given by

CI)(O) = T372(n,x;t) —|—T173(n,3:; t) d

— > 2

" dz’ =2
~ d

@7(10) = Tia(n,z;t) — Y1 3(n, x; t)cT’ n >3,
T

which satisfy
o [aP0] = s
30 [0 (:0)] = Taaln,z:0)Q (w31),

with

fio fio
9,0 95,0
where the functions fio and gio with i € {1,2,3,4} are defined in the Corollaries 3.3-3.6.

Ti,j(nvx#) = ) i, ] € {1a 27374}7 (36)
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Proof. It is enough to use Corollaries 3.3-3.7 in the same way as in the proof of Theorem 4.1. O

We are ready to establish one of the main results.

Theorem 4.2 (Holonomic equation) The varying generalized Freud—type orthogonal polynomial
satisfy the following second order linear differential equation:

a(n,z,c;t)Qr (x;t) + o(n, z,c; 1) Ql (x5 t) + 7(n, z, ;) Qn(x;t) = 0, (37)
with n > 3, where
a(n,z,ct) = @i 5(n,3,ct)e10(n,z, ¢ 1),

J(nax'?C;t) = @1,3(n,:r,c;t)<<p1,2(n,x,c;t)(ng,Q(n,x,c;t)+cp’1,3(n,x,c;t)

- 80174(717 €T, C t)) - (pll,Q (n’ Z,C t)SDl,?»(n, €T, t)) )
T(n,z,c;t) = @12(n,z,ct)(p12(n, z, ¢ t)p34(n, x, c5t) — pra(n, x, c;t)psa(n, z, c;t))
+ 80173(77,, €, Cy t) (@g,Z(n) Z, C; t)90172(n7 &€, C; t) - @/1,2 (n’ Z, C; t)90372(n7 Z, C; t)) .

Proof. The technique is standard once we know the corresponding ladder operators given in
Theorem 4.1. By (35) we have

P [Qu-1(251)] = p3a(n,z, ;) Qnlz;t).
Taking into account that by (34)
1

p12(n,x,ct)

anl(x;t) = én[Qn(x;t)]a

then ,
o |- -
" |:()0172(’n, x, C; t)
Now, we deal with the left hand side in the above expression getting

B[O t)@ — a2, ¢ D)Qn (x5 ). (38)

P, [W‘I’n[@z(ﬂ?; t)]]

p14(n,x,c;t) L - d [ Pn[Qn(x;1)]

@172(n,x,c;t)¢)n[Qn(x’t)] Pra(n, 3,6 t) (gplvg(n,x,c;t)>
(
(

dx
14(n,x, ¢t
PLAMT G (s, s )Qnat) + ora(n, s QL (w51))

(¢ )
d (p32(n,z,c;t)Qn(x; ) n e1,3(n, @, ;1) Q) (w3 1) (39)
dx e12(n,x,c;t) p12(n,z,c;t) '

S01,2 n,x,c; t)

- @173 (77,7 Z, C; t)
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We calculate the derivatives in (39):

d (@3,2(71,:6,0;75)@71(%;0)

dx p1,2(n, T, ¢;t)
90% 2(n7x7 G t)90172(n7x7 C;t) - Soll 2(71,1’, & t)@372(n7$7 C;t)
= — : Qn(z;t)
p1.2(n, z,c;t)?
®3 Q(TL,ZL',C;t) /
—_ = i), 40
ora(nz el Qn(31) (40)
i 30173(7171:’6; t)Q%(x,t)
dx v1,2(n, z,c;t)
_ Aalnaerann, ) — ot s Dosmaat) o,
B ¢ o(n,z, ;) Y
n,x,c;t
g P 0 g, (1)

801,2(7’1’7 Z,C; t)

Substituting (40) and (41) in (39) and using (38), we obtain

w34(n, x, c;t)Qn(x;t)

g014n:rct)

= v12(n, x Ct) (9032 n,x,c;t)Qn(x;t) + ¢13(n, x, ¢ t)Q;l(:U,t))

3032 n,x,c t ()01 2(” T, G t) 30/1,2(717:1;7C;t)go?),?(nvx?qt)
- ©1 3(71,1',0,15 P) Qn(xat)
@1,2(”7]:70; t)
g037 2(n, x, ¢ t) ,
/ n,x,c;t 1a(n,z,c;t) — @) o(n, x, c;t)p13(n, z, ¢t
n 801,3( )e1,2( ) 901,2(2 )1,3( )Q;(x;t)
p12(n,T,¢51)

¥1 3(”71'36;75) "

LD T QN (s t).
- 901,2(71,:676;75)@”(% )

To get the second order differential equation for the polynomials @, (x;t) it only remains to multiply
the above expression by @%,Q(n, x,c;t) and simplify . O

As it is usual when ¢ = 0 this differential equation looks simpler.

Corollary 4.2 For c=0 and n > 3, we have

ao(n, z; 1) (Q<0 ) (z:) + oo (n, ;1) (Qg‘)))' (z:1) + 1o(n, 238)QO (2 1) = 0, (42)
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where

ap(n,z;t) = Ti?}(n,az;t)TLQ(n,a:;t),

oo(n,x;t) = Yi3(n,z;t) (Tl,g(n,x;t)('rgg(n,x; t) + Y1 3(n, z;t) — Tra(n, z;t))

- Tl M),
o(n,z;t) = Tia(n,z;t)(Ti2(n, z;t)Y34(n, z5t) — Tia(n, z;t) L3 2(n, x;t))
+ Yy3(n,z;t) (Té’z(n,x;t)'flg(n?a:;t) — /172(n, x;t) Y3 2(n, ; t)) .
The functions Y; ; with i,j € {1,2,3,4} are defined in (36).
Finally, we illustrate the results obtained in this section with two examples: ladder operators

and second order differential equations for the varying Freud—type orthogonal polynomials. In these
examples we consider the weight functions like the ones in subsections 2.1 and 2.2.

4.1 Example 3

We consider the orthogonal polynomials Q%O) (z) with respect to (3) with v(z) = 2% and ¢ = 0. We
have seen in Example 1 that

An() = 20Bn,  Ba(a) = 21— (=1)").

To calculate the lowering operator, we use (36) in Corollary 4.1. Then, we have for n > 2,

T13(n, ) <Q510)), (@) + T32(n,2)Q0 (z) = T12(n,2)QY, ().

We can compute all the coefficients in the above differential equation. Taking into account that
P, (0)P,—1(0) and pp0pn—1,0 are always zero, and after tedious computations we obtain

pnl,opn1(0)>

Ti3(n,z) = 2 <1+
anl

)

2268npn—1.0Pn-1(0 n n—1,0Pn—1(0
Yualna) = 2P0 Bt O 2y (14 2oPer )
/Bn—l 2 Bn—l
+2xpn,OPn(0)7
Yia(n,z) = 22°Bn+ pnoPu(0) (=1 + 22% — 4(—=1)") + 2p} o P2(0).
On the other hand, the lowering operator is given by
n— PTL* 2 nfn— Pnf
@%0) — |:l’ <’Y(1 _ (_1)n) (1 + P 1,0 1(0)> + 2,0n,OPn(O) o /8 P 1,0 1(0)>
2 /Bn—l Bn—l
2 pn—10Pn-1(0)\ d
14 o= nm A ) 2
T ( * Brn-1 dr |’
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and it acts as

o QW ()] = (2%Bn + puoPal0) (—1+20% = 3(=1)") + 202, P2(0)) Q1 ().

Obviously when p, o = 0 for all n, then the above lowering operator is the same as the one
obtained in Example 1 as it was expectable. It is equivalent to M,, = 0 for all n.

Now, we calculate the raising operator. Using (36) in Corollary 4.1 we have for n > 3,

Tra(n,2)Q (@) — Tus(n, o) (@) (2) = Tya(n, 2)Q0 ().

Using the fact that P,(0)P,—1(0) and p, 0pn—1,0 are always zero, and after some computations we
obtain the coefficients in the previous differential equation.

Yia(n,z) = 2x3+2xpn,oPn(0)—x%(l—(—1)"*1>—2xpn_1,oPn_1<o>
TPn—1 OPn—l(O) 2 g n—2
’ —1+22% - 2(1— (-1
bR (2 = (- (1)),

YTis(n,z) = a° <1 + ’)”—101%—1(0)> 7

/Bn—l
9 Pn—1,0Pn-1(0)

Ts34(n,z) = 2z°+ B — (=1 +22% —y(=1)"" +2p,_1,0P—1(0)) .
n—1
Thus, the raising operator is given by
80 = |o (207 + 20pn0Pal0) = 2 (1+ (~1)") = 2pu-10Pa1(0)
Pn—1,0Pn-1(0) ( 2 7 > 9 < Prn—1 OPn—1(0)> d ]
o Bl (14222 — L1 - —1”) Rl N LR Ly Iy
Bn—1 2( ( ) ) Bn-1 dx

and it acts as

_ <2$2+ Pr—1,0Pn-1(0)

o (=1+222 —4(—1)" 1 + 2,0n—1,0Pn—1(0))> QV(x).

4.2 Example 4

Now, we choose the same weight function that we have considered in Example 2, i.e. we take
w(z;t) = |z|7 exp(—a* + t2?) with v(z) = 2% — 2t2? and v > 1. As we know (see [13, f. (56)])

An(x;t) =4z, <$2 + Bnt1 + B — ;) ) Bn(m;t) = 4x2ﬁn + % (1 - (_1)n) :
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We take ¢ = 0 for simplicity. As in the Example 3, we are going to calculate explicitly the functions
T13(n,z;t), Tsa2(n,x;t), Tia(n,x;t), Tia(n,x;t), T34(n,z;t) of formula (36) in Corollary 4.1
which are necessary to deduce the corresponding ladder operators. Even for this case ¢ = 0 the
calculations are tedious, and after these computations we get

pn—l,OPn—l (0; t) )

Ti3(n,x;t) = 22 <1+
Bn—l

Tsa(n,x;t) = —daby <x2 + Brg1 4 Bn — ;) p"LOBPnl(O; t)
n—1
2 g n prn—1,0P-1(0;1)
+ o (495 Bt 2 (1—(-1) )) <1+ . >
+ 4z <.Z‘2 + Bn + 5n—1 - ;) pn,OPn(O;t)-
T1’4(n,x;t)
= (= (180 + U+ (1) = 4proroPacs(00) (224 Gcs 4 e 5) )
+ 4a° <w2 + Bn + Bn1 — ;)
n Tpn-1,0Pn—1(0;t) (=1 +42? (22 + Bn-1 4 Bp—2 — &) — (42%Bp—2+ 3 (1 — (-1)")))
anl
+ 4xpn,OPn(0§ t) <$2 + /Bn + /Bn—l - ;) .
TLQ(TL,.I';t)
= 4$26n <5U2 + ﬁn—i—l + Bn — ;)

+ pn,OPn((); t) <_1 + 4a® <l'2 + B + Bn-1 — ;) - (4$2Bn71 + % (1 + (_1)n)>>

() <4x25n + % (1= (=1)") 4 4pn0Pu(0; 1) (x2 + B+ Bt — ;)) .
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T374(7L,1';t)
t
= 4372 <5E2 + /Bn + 611—1 - 2>
pnfl,OPnfl(O;t)

/Bn—l

X <4l‘2ﬁn1 + % (1 + (_1)n) + 4pn71,0pn71(0;t) (lﬁ + anl + 5n72 - ;))

+ pn_LOPn_l(();t) (_1 + 4332 (1'2 + 571—1 + Bn—Q - t> - 4332Bn—2 - l (1 - (_1)n)> .
ﬁnfl 2 2

Now, we are ready to give the ladder operators. To start with, the lowering operator is given
by

0 _ [_4$ﬁn <x2 + Bnt1 + Bn — t) Pr—1,0Pn-1(0; t)
N 2 571—1
) ~y n pnfl,OPnfl(O;t)
+ =z (4:L‘ Bn + 9 (1—-(-1) )> <1 + Bn—1 >

t
+ 4z (952 + Bn + Bn-1 — 2> pmopn(o;t)

_10P_1(0) d
2 (14 Pn10fn—1 a
+ a:(—l—ﬁn_l dr |’

and which verifies
o | QW) (a3 t)]

= <4x26n (xQ + Bny1 + B — ;)

+ pn,OPn(O;t) <1 + 4-T2 <552 + Bn + Bn-1 — ;) - (4x2ﬁn71 + % (1 + (1)n)>>

n <4x2ﬂn F 20— (1)) + 4o P01 (a:2 Bt Bt — ;)) pn,oan;t))

QW (x:1).

X
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The raising operator is given by
30
t
= {T (- (4302571—1 + % (14 (—1)n)) —4pp_1,0Pn-1(0;t) (302 + Bn-1+ Bn-2 — 2))

t
+ 41'3 <$2 + ﬁn + anl - 2>

.’prn_ljopn—l(O;t) (_1 + 42 («73 + 671 1+ ﬁn 2 — ) (4-%'2571 2 +3 (1 - (_1)n)))
Bn—l

t
+ 4$pn,0pn(o; t) <$2 + Bn + anl - >

2
) Pr—1,0P0-1(0)\ d
T <1 + —ﬁnfl e

and which satisfies,
3O (@ (3 t)]

= (p” ! OP" 1(0:%) <4x26n—1 + % 1+ (=1)") +4pp—1,0P-1(0;1) <x2 + Bn-1+ Bn—2 — ;))

t
+ da? <m2 + B+ B — 2)

+ p”—lvO;"‘l(O;t) (—1 + 4a? (z2 + B+ Bz — ;) — 42’ Byz — % (1- (—D"))) D (;t).
n—1

Remark 4.1 In the previous examples we can give explicitly the coefficients of the second order
differential equation that the polynomials leo)(:c;t) satisfy. However, the expressions are very
cumbersome, long, and can be deduced in an easy way from the expressions of Y;; with i,j €
{1,2,3,4} given in (36). Thus, we omit them.

We could have shown examples where the point c is different from 0, but again the expressions
are huge and they do not contribute to give more clarity to the theoretical results.
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