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Abstract

In this note, pointwise best-possible (lower and upper) bounds on the set of copulas with a given value of the Gini’s
gamma coefficient are established. It is shown that, unlike the best-possible bounds on the set of copulas with a given
value of other known measures such as Kendall’s tau, Spearman’s rho or Blomqvist’s beta, the bounds found are not
necessarily copulas, but proper quasi-copulas.
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1 Introduction

Quasi-copulas were introduced in the field of probability in order to characterize operations on distribution functions
that can or cannot be derived from operations on random variables defined on the same probability space (see []), and
were characterized in [5]. In the last years these functions have attracted an increasing interest by researchers in some
topics of fuzzy sets theory, such as preference modeling, similarities and fuzzy logics. For a survey on quasi-copulas,
see [04].

Copulas, probability distribution functions with uniform margins on [0, 1], are a subclass of quasi-copulas. The
importance of copulas in probability and statistics comes from Sklar’s theorem [I5], which states that the joint distri-
bution H of a pair of random variables (X,Y)-defined on the same probability space (€2, F,P)-and the corresponding
(univariate) marginal distributions F' and G are linked by a copula C' in the following manner:

H(z,y) = C(F(z),G(y)) for all (z,y) € [~o0, c]?.

If F and G are continuous, then the copula is unique. For a review on copulas, we refer to the monographs [3, d].
The fundamental best-possible bounds inequality for the set of (quasi-)copulas is given by the Fréchet-Hoeffding
bounds, i.e., for any quasi-copula ) we have

W(u,v):= 0V (u+v—1)) <Q(u,v) < (uAv)=: M(u,v), (1)

for all (u,v) € [0,1]%, where ¢V d := max(c,d) and ¢ A d := min(c,d) for any two real numbers ¢ and d. Furthermore,
the bounds W and M are themselves copulas.

A procedure for finding pointwise best-possible bounds on sets of copulas and a given value of the population version
of a measure of association, such as Kendall’s tau, Spearman’s rho and the population version of the medial correlation
coefficient (or Blomqvist’s beta) is illustrated in [0, ©2]. The bounds attained are evaluated, with the result that all
the bounds are copulas. In the case of the Spearman’s footrule coefficient, the lower bound is a copula, but the upper
bound can be a copula or a proper quasi-copula (see [2, [7]).

In this note we focus on the Gini’s gamma coefficient and establish the best-possible (lower and upper) bounds
on the set of copulas with a given value of Gini’s gamma. The resulting bounds are not always copulas, but proper
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quasi-copulas. The construction of the bounds follows the same structure as for the Spearman’s footrule bounds in [?]
(for a different idea, where the bounds are expressed in an equivalent form, see [{]).

After some preliminaries concerning (quasi-)copulas (Section B), we present the main results in Section B, where we
find the best-possible bounds on the set of copulas with a given value of the Gini’s gamma coefficient and provide some
salient properties. Section B is devoted to conclusions.

2 Preliminaries

A (bivariate) copula is a function C': [0,1]2 — [0, 1] which satisfies
(C1) the boundary conditions C(¢,0) = C(0,t) =0 and C(¢,1) = C(1,t) =t for all ¢ in [0, 1], and

(C2) the 2-increasing property, i.e., Vo([ui,ug] X [v1,v2]) = C(ug,v2) — C(ug,v1) — C(uy,v2) + C(u1,v1) > 0 for all
U1, u2,v1,v2 in [0, 1] such that u; < uy and vy < vs.

Ve(R) is usually called as the C-volume of the rectangle R; and in the sequel we also consider the C-volume of a
rectangle for real-valued functions on [0, 1]™ which may not be copulas.

Let C denote the set of all copulas.

A (bivariate) quasi-copula is a function Q: [0,1]?> — [0, 1] which satisfies condition (C1) of copulas, but in place of
(C2), the weaker conditions

(Q1l) @ is non-decreasing in each variable, and
(Q2) the Lipschitz condition |Q(u,v1) — Q(ua,v2)| < |us — ua| + |v1 — va| for all uy, vy, ug, vy in [0, 1]

While every copula is a quasi-copula, there exist proper quasi-copulas, i.e., quasi-copulas which are not copulas.

One of the most important occurrences of quasi-copulas in statistics is due to the following observation ([, I3]):
Every set S of (quasi-)copulas has the smallest upper bound and the greatest lower bound in the set of quasi-copulas
(in the sense of pointwisely ordered functions). These bounds do not necessarily belong to the set S, nor they are
necessarily copulas if the set consists of copulas only.

In [I6] best-possible bounds on the set of quasi-copulas that coincide on a given compact subset S of [0, 1]? are
established and the author investigates sufficient conditions on S such that these bounds are also the best-possible
bounds on the set of copulas that coincide on S.

The bounds in (0) can often be narrowed when we possess additional information about the copula C. In [d] the
best-possible bounds on a set of copulas when a value at a single point is known are provided (we recall this result for
our purposes, and in which z := 0V z for any real number z).

Proposition 2.1. Let C be a copula, and suppose C(a,b) = 6, where (a,b) € [0,1]* and W (a,b) <6 < M(a,b). Then
Q(a’b)’e(u,v) < C(u,v) < Clapy,o(u,v) for all (u,v) € [0, 1]%, where
Clap)0(u,v) = max (O, u+v—1,0—-(a—uw)t—(b—v)"),

and B
C(G"b)’g(ufl)) = min (u,v, 9 + (U - a)+ + (U - b)+) .

Since Cqp).0(a,b) = 6(,175),9((17 b) = 0, the bounds, which are copulas, are best-possible.

3 Best-possible bounds when a given value of Gini’s gamma is known

Let (R1,S51),...,(R,,Sn) be ranks associated with a random sample (X1,Y7),...,(X,,Y,) from some continuous
bivariate distribution H(z,y) = P(X < z,Y < y). The Italian statistician Corrado Gini [6] introduced the indice di
cograduazione semplice—also known as the Gini’s rank association coefficient—in the following manner:

1

»yn:W;{|n+l—Ri—Si|_|Ri_Si|}7

where |z denotes the integer part of > 0. In terms of the copula C associated with the continuous random vector
(X,Y), the Gini’s gamma—as it is also known—, denoted by v(C'), can be expressed as

1
~(C) = 4/0 [C(u,u) + C(u,1 —u)] du — 2,
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(see [, 9]). We note that, for any copula C, we have —1 = v(W) < ~(C) < v(M) = 1. For an overview of this
coefficient, we refer to [@].
For any ¢ € [—1, 1], let Gt denote the set of copulas with a common value ¢ of Gini’s gamma, i.e.,

G;={Ce(C:~(C)=t}.
Let G, and G; denote, respectively, the pointwise infimum and supremum of Gy, i.e., for each (u,v) € [0, 1],
G, (u,v) = inf {C(u,v): C € G¢} and Gi(u,v) = sup {C(u,v): C € Gy} . (2)
A relationship between G, and G is provided in the next result.
Proposition 3.1. Let G, and G; be the pointwise infimum and supremum (B) of G;. Then we have
G, (u,v) =v—G_4(1 —u,v),

or equivalently, _
G (u,v) =u—G_¢(u,1 —v),

for all (u,v) € [0,1]2.

Proof. We prove G,(u,v) = v — G_4(1 — u,v) for all (u,v) € [0,1]? (the proof for the other equality is similar and we
omit it). Let C be a copula, and let C be the copula given by C(u,v) = v — C(1 —u,v) for every (u,v) in [0,1]?, i.e., if
(X,Y) is the random pair whose associated copula is C' then (1 — X,Y") is the pair associated with the copula C'. Then

’y(é) = 4/01 [5(u,u)+5(u,1—u) du — 2
= 4/1[u—C’(l—u,u)—Fl—u—C’(l—u,l—u)]du—2
0
= 2—4/01[0(1—u,1—u)+C(1—u,u)]du

= 2- 4/01[C(z,z) +C(z,1— 2)]|dz
= —(0).
Now, using this equality, note that we have
G, (u,v) = inf{C(u,v) : CeC,~y(C)=
- inf{C’(uw) . CeC, 6) - —t}
= inf{é(u,v) :Cel,v(C)= —t}
= inf{v—C(l—u,v):CEC,v(CN'):—t}
= v—sup{C(l—u,v):CEC,v(G):—t}
= v—G_(1—-u,v),
and this completes the proof. O
The next result provides explicit expressions for the bounds G, and G;.

Theorem 3.2. Let G, and G; be the pointwise infimum and supremum (2) of Gy for t € [—1,1]. Then, for any
(u,v) € [0,1]?, we have

Gt (’LL, ’U) = min (U, v, max (X(h 01, X92923 X93037 X604 947 X9585)) 9 (3)

and -
Qt(U’?v) :U_G—t(l —u,v), (4)
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where
utv—14+/(u+v—124+t+1
b — Vit 1PHivL )
0 3uVo)+ (uAv) =2+ /(u+v)2 +4(1 —u)(l —v) + 2t (©)
2 = ;
4
9 4(uVvo)+2(uAv) =3+ /16(uV )2 +4(uAv)2 —24(uVv) — 12(u A v) + 16uv + 7t + 16 )
3 = )
7
0 5(uV )+ 3(uAv) —4+ /4w V)2 +16(uAv)2 —12(uVv) — 24(u Av) + 16uv + 7t + 16 (8)
4 = )
7
0 — 3(u—+v—1)++/3(5u% + 502 — 6u — 6v + 2uv + 2t + 5) (9)
5 — 6 )
and xp, := X0, (u,v), i =1,...,5, are the characteristic functions of the five respective subsets identified by the inequal-

ities in (I32).
Proof. We determine the pointwise supremum. First, we compute the integral
1
I = / Clap),o(u, 1 —u)du. (10)
0
Note that we have to study three cases—numbered I, IT and III—, depending on the location of the point (a, b) in [0, 1]2.
Figure I shows these three cases, where the mass distribution of the copula C, ;) ¢ is represented with continuous lines

and the point (a,b) with a dot, and Figure @ shows the values of the copula C, ;) ¢ in case I (the cases II and III can
be described in a similar way and are omitted).
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Figure 1: The respective cases I, II and III (from left to right) for computing the integral (IM).
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1-a-
b—6
T 1-u-b+0
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u+v—a—-b+8

PRI

a-a 1-b kb

Figure 2: The values of the copula C, ;¢ in case I for computing (IT).

a 1-b 1—b+0
Case L. I;l:/ (u—a+9)du+/ 9du+/ (1—u—>b+0)du.
a—0 a 1-b
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a

1-b+6
Case II. Ilz/ (u—a+9)du+/ (1—u—>b+0)du.
a—0 a

1-b a

Case III. I :/
a—0

(u—a+9)du+/

1—b+6
(1—a—b+0)du+/ (1—u—>b+0)du.
1-b a

In the three cases we obtain
Il :0(170,7[)*%0)

Now, we compute the integral

1
I, ::/ Clap),0(u,u) du.
0

39

(11)

We have to consider ten cases depending on the location of the point (a, b), but, if we suppose b < a, by symmetry, we
only need to consider five. Figure B shows those five casesnumbered from 1 to 5—, and Figure @ shows the values of the
copula C, ) ¢ in case 2 (the rest of the cases can be described in a similar way and are omitted). Thus, computing

Figure 3: The respective cases 1,2,3,4 and 5 (from left to right) for computing the integral in (I).

1-a+8 -
| U+v—a-b+8

1-a+b 1-b+6

Figure 4: The values of the copula Q(a,b),e in case 2 for computing (). Note that the inequalities a — 0 <1 —a + 6,

a—0>band 1 —a+ 60 <a must be satisfied in this case.

the integral I, for these five cases we obtain:

Case 1.

! 1
IQZ/ (2u—1)du:f
1/2 4

Case 2.

1—a+6 1 1
12:/ (u—a+9)du+/ (2u—1)du = (a —0)* - (a—0) + .
a—0 1—a+6 2
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Case 3.
a (1+6)/2 1 1 3 1
12:/ (u—a+9)du+/ 9du+/ (2u—1)du—+02+0<—a>.
a—0 a (146)/2 4 4 2
Case 4.
b 1—a+6 1
I, = / (2u—a—b+9)du+/ (u—a+9)du+/ (2u — 1) du
(a+b—0)/2 b 1—atd
~ 3a®+2a(b— 30 —2) — b? — 2b0 4 30% + 40 + 2
= 1 )
Case 5.
b a (1+6)/2 1
I, = / (2u—a—b+9)du—|—/(u—a+9)du—|—/ 9du—|—/ (2u — 1) du
(a+b—0)/2 b a (14+6)/2
1 o1 02
= Z(lf(afb))+§(1fafb)9+5.
Thus, we have
o a>g+0,
Ly(a—0-1)7, b+0) vt <a<lto,
I=4¢ 1(1+20—4a0+ 362), b+0<a< il
HO+1-a—-b)(B30-3a+b+1)+1), 22 <a<b+9,
Ll-(a-b0)+i1-a-0)0+%, a<(b+0)ALL

Hence, the values that v (Q(a7b)79) can take are given by

40% +40(1 —a —b) — 1, 14+6<aVvd,

(2(aVb)—20 —1)* +462 +40(1 —a —b) — 1, ((and)+0)v it <avb<lto,
V(Q(a,b)ﬂ): 20 — 4(a v b)0 + 702 + 40(1 — a — b) — 1, (@Ab)+0<avh< (12)

(a+b—1-40)+2(a+b—-1-0)|a—b—90> -1, L <avb<(aAb)+0,

60 +60(1 —a—b) — (a—b)? -1, aVvb< ((anb)+6) AL

Now, let C' be a copula such that v(C) = ¢, with t € [-1,1]. Let 8 = C(a,b), where (a,b) is fixed. Then
Clapy,o < C. Since y (Q(a}b)ﬂ) < 4(C), then it holds v (Q(a,b),e) < t. By considering the first value of ~ (Q(a,b),e) =
4602 +40(1 —a — b) — 1 in (I2), we have

46> +46(1 —a—b) — 1 < t.

Let g(0) = 46% + 46(1 —a — b) — 1 — t. Then # must be less or equal than the greatest of the roots of g, which is given
by

a+b—1+4++/(a+b—1)2+t+1
5 ;
(note that by changing (a,b) by (u,v) we obtain (H)). A similar reasoning with the other values in (I2) leads us to
02,03,04 and 05 given by (B), (@), (8) and (), respectively. It follows that 6 < max (xe, 01, Xx8,92, X0503, X004, X0505),
so that C(a,b) < min (a, b, max (Xg, 01, X0,02: X053, X0,04, X0505))-
To establish (B), it is sufficient to show that for each pair (a,b) there exists a copula C in G such that

0, =

C(ay b) = min (Cl, b7 max (X91 917 X602 923 X0303’ X94947 X9595)) .

Assume a < b (the case a > b is similar and we omit it), and choose i € {1,2, 3,4, 5} such that §; = max (01, 62, 03, 04,05).
If 0; < a, then C(, 49, € Gt and C, 4 g, (a,b) = 0;. If 0; > a, then Co = aM + (1 — a)C 4,4 4, for a € [0,1], is a
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family of copulas for which C,,(a,b) = a and v (C},) is a continuous function of « satisfying v (Cp) = = (Q(a,b),a> <t<

1=~(M)=~(C1). It now follows from the intermediate value theorem that there is « € [0, 1] such that v (C,) = t.
For the pointwise infimum, note that the expression (8) follows from Proposition B, which completes the proof. [

Remark 3.3. Due to the complexity of its calculation and expression, the explicit formula for (B) is provided in
Appendiz. Observe also that, as a consequence of Proposition B, we have thalt Equation (@) can also be expressed as
G, (u,v) =u—G_y(u,1 —v) for all (u,v) € [0,1]%.

We know that the functions G, and G, given by (8) and (8), respectively, are quasi-copulas, and unlike the pointwise
infimum and supremum for the measures Kendall’s tau, Spearman’s rho and Blomqvist’s beta, and the best-possible
lower bound for the case of the Spearman’s footrule, they can be proper quasi-copulas. We start studying G;.

Proposition 3.4. Let G, be the quasi-copula given by (8). Then it holds that:
(a) G_1 =W.
(b) Gy is a proper quasi-copula if, and only if, —1 <t < 0.
(c) Gy is a copula, different from M and W, if, and only if, 0 <t < 1/2.
(d) Gy = M if, and only if, 1/2 <t < 1.

Proof. First, we prove part (a). When ¢ = —1, we have that the regions Ro and R; are reduced to segments (see
Appendix). Assume u < v, then we have the regions Ry = [0, 1] x [3,1], R3 = {(u,v) € [0,1]*: 0<u < 1/2, u < v <
1/2} and Ry = {(u,v) € [0,1]2: 1/2 < u < 1, u < v < 1}. Therefore,

. ( <u+v—1+\/(u+v—1)2>> . ( (u+vl+u+v1>)
min | u, max > = min | u, max

2
= max(0,u+v —1) in Ry,

) ( <2u+4v—3+ (2u+4v—3)2>> ) ( (2u+41}—3—|—|2u+4v—3>>
min | u, max - = min | u, max

7
= 0 in R3,
. ( (5v+3u—4+\/(4u+2v—3)2>> , ( (5v+3u—4+|4u+2v—3>>
min | u, max 7 = min | u, max 7

= u+v—1in Ry,

whence we easily obtain G_; = W.
Before proving part (b), we prove (¢). For 0 <t < 1/2 we have

a 3 -1 3(5u2 - 502 — 6u — 6u & 2 ST
Gt(uvv)—min<u,v’ (u+wv )+\/(u + lé u— 6v + 2uv + 2t + ))7

for all (u,v) € [0, 1]?, since only region Rs exists (see Appendix). Thus,

3 _1 3(5u2 + 502 — 6u — 6U + 2 2t+5
_ (ut o= 1) /306w 4502 —Bu—Gut 2w 20H5) (e gy - pu ) < 11,
Gi(u,v) = 6

M (u,v), otherwise.

The set S = {(u,v) € [0,1]*: (u+v)? + 2uv — 6(u Av) < —1 — t} is the region between two symmetric hyperbolic arcs
with respect to the line v = u, and cut at the points

» <3+\/3—6t 3+\/3—6t> and p (3—\/3—625 3—\/3—6t)
1= 3 2 = 3 .
6 6 6 6

Therefore, the only G;—volumes to be studied are those of the rectangles that have some vertex in the interior of
S—denoted by int(S)—, and in turn, the study of these volumes can be reduced to the case in which the four vertices of
the rectangle are in int(S). But these volumes are non-negative since, if (u,v) € int(.5), then we have
9*G 3(t—12 6u + 6v — 2
(u,0) = V/3( uv 4 6u + 6v — 2) 3/220,
dudv 3 (5u2 4 502 — 6u — 6v 4 2uv + 2t 4 5)
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i.e., G, is 2-increasing at such points, and hence G is a copula, which proves part (c).

To prove that Gy is a proper quasi-copula for —1 < t < 0—region R does not exist for t > —%, region R does not
exist for ¢t > —%, and regions R3 and R4 do not exist for ¢t > —% (see Appendix)—, note that the point p; (similarly,
the point ps) belongs to the boundary of the set S, and we have

9%G, <3+\/3—6t 3+\/3—6t> t

Oudv 6 6 -3 <0

Finally, since all the regions R;, i = 1,...,5, do not exist for t € [%, 1] (see Appendix), we have Gy = M, which
completes the proof. O

Remark 3.5. We note that the copulas in Proposition B4(c) has a singular component (3, @]) on two segments on
the main diagonal and on the two hyperbolic arcs of the set S between the points p1 and pz. Figure d shows the graph
and the level curves of the copula Gjy.

Figure 5: The graph (left) and the level curves (right) of the copula Go.

The next result show the study of the lower bound, whose proof is immediate from Equation (&) and Proposition
332

Proposition 3.6. Let G, be the quasi-copula given by (@). Then it holds that:
G, =M.

G, is a proper quasi-copula if and only if, 0 <t < 1.

G, is a copula, different from M and W, if and only if, —1/2 <t <0.

G, =W if and only if, -1 <t < —1/2.

4 Conclusions

In this note, we have found best-possible bounds —supremum (G;) and infimum (G,)— on the set of copulas with a
given value of the well-known measure of association Gini’s gamma. We showed that, unlike the cases for the measures
Kendall’s tau, Spearman’s rho and Blomqvist’s beta, and the lower bound for the case of the Spearman’s footrule,
the pointwise supremum (respectively, infimum) G; (respectively, G,) can be a proper quasi-copula for —1 < ¢t < 0
(respectively, 0 < ¢ < 1), being copulas for the rest of the cases.
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Appendix

In order to provide an explicit formula of expression (B), we expand xg,0;, for i = 1,...,5. We show the case yg, 61 in
detail, following the rest of the cases a similar reasoning. From (I[2) we have

1
W(Q(a’b)ﬁ) —40°+40(1—a—b)—1 if S+0<aVh (13)

Assume a < b (the case a > b is similar and we omit it). Since C, ) 9(a,b) = 6 and 402 +40(1 —a —b) — 1 in (I3) is
increasing in 6, the maximum of ~ (Q(a)b)ﬁ) is reached at @ = a, whence 402 +40(1 —a —b) — 1 =4a(l —b) —1 >t
implies

1+¢

<1-— . 14
bs 4a (14)
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Now, solving the equation 46% + 46(1 —a — b) — 1 =t in 6 we obtain the greatest root

a+b—1+/(a+b—1)2+t+1

0= 5

Since 3 + 6 < b—recall (I3)—then

1 b—1 b—1)2+t+1
1 a+ +/(a+b—12+t+ <,
2 2
implies
20 —t—2
> T 5
= da-—-2
as long as a < %. Following (@) and (IH), taking into account the case a > b as well, and renaming u := a and v := b,
we can conclude that

(15)

utv—1++(u+v—12+t+1
2

X9101 = if (U,U) € Ry,

where
Rlz{(u,U)E[O,l]Q:Wg(uvv)gl_ 1+t 7(um)<1}.

4(u A v) -2
Finally, we note that the set Ry exists—i.e., it is non-empty—for all ¢ € [—1, —%] since, e.g., solving the inequality
QM — t —
u—1t—2 <1_ 1+ t’
du—2 — 4du

in u we obtain

1—+/—4t-3
u< ——— and u

1 and u

3

1+/—4—3 1——4—3
T B G e

< 1+\/4t3)
- 4

(recall u < 1).
Similarly, we expand xg,6;, for i =2,...,5:

3uVvo)+ (uAv) =2+ /(u+v)2+4(1 —u)(1l—v)+2t
4

X9202 = if (u,v) € Ro,

where

Ry = {(u,v) e 0,1 <12(u /\8125/\—”8)(32 v)—t y 2(u Av) + 2+ /4(u /\61))2 —4(uAv)+3t —1-4)

2unv) —t—2 3uAv)+1—/5urv)2—2uAv)+t+1
<(u\/v)<< 4(uNv)—2 A 2 >}

The set Ry exists for all t € [—1, —3].

4(u V) +2(uAv) — 3+ /16(uV v)? +4(uAv)? —24(u V) — 12(u Av) + 16uv + Tt + 16
7

Xo,03 =
if (u,v) € Rg,

where

Rs = {(u,v) €[0,1?:3 -5 Av) —/36(uAv)2—36(uAv)—t+8< (uVwv)

(3(u/\v)2+6(u/\v)—t—1 2(u/\v)+2+\/4(u/\v)2—4(u/\v)+3t+4>}
< AN .
- 8(u Av) 6

The set R exists for all ¢ € -1, —15].

5(u Vo) +3(uAv) —4+/4(u V)2 +16(uAv)? —12(uV v) — 24(u A v) + 16uv + Tt + 16
7

X0.04 =
if  (u,v) € Ry,
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where

5 BuAv)+3+/92uAv)—1)2+11(t+1)
' 11

< (uVw)

Ry = {(uw) € [0,1]

< 12(u/\v)278(u/\v)7t/\4(u/\v)+2—\/16(u/\v)2—8(u/\v)—|—3t—|—4
- 8(uAv)—4 3 '

The set Ry exists for all ¢ € [—1, —-%].

3 -1 3(bu? + 512 — 6u — 6 2 2t+5
. Chal ””“*2 uoGu k2wt AED) e ) € Rs,

where

Rs = {(u,v) € 0,112 (uVv) < (3= 5(unv) — V/36{uAv)2 —36(unv)—t+8

pSlunv) 43+ \/9(2(13 O ZDPHIEED o a4+ B A (@A) F 2 T 1)) } .

The set Rs exists for all ¢ € [—1, 1].
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