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The bounded-holomorphic dual ideal of Z is introduced and its elements
are characterized as those that admit a factorization through Z4"#. For
complex Banach spaces E and F', we also analyze new ideals of bounded
holomorphic mappings from an open subset U C E to F such as p-
integral holomorphic mappings and p-nuclear holomorphic mappings with
1 < p < oco. We prove that every p-integral (p-nuclear) holomorphic
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Introduction

Let F and F be complex Banach spaces and let U be an open subset of E. A
mapping f: U — F is said to be locally compact (resp., locally weakly compact,
locally Rosenthal, locally Asplund) if every point x € U has a neighborhood
U, C U such that f(U,) is relatively compact (resp., relatively weakly com-
pact, Rosenthal, Asplund) in F'.

Aron and Schottenloher [4] proved that every locally compact holomor-
phic mapping f: E — F admits a factorization of the form f = T o g, where
G is a Banach space, T: G — F belongs to the ideal of compact operators
and g: F — @G is holomorphic. Analogous results were stated by Ryan [21],
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Lindstrom [15] and Robertson [20] for locally weakly compact holomorphic
mappings, locally Rosenthal holomorphic mappings and locally Asplund holo-
morphic mappings, respectively, with T belonging to the corresponding ideal
of bounded linear operators.

In Gonzéalez and Gutiérrez [13] provided a unified approach to this prob-
lem by introducing a new class of holomorphic mappings which allowed them
to extend the aforementioned factorizations to every closed surjective operator
ideal.

Since many operator ideals Z can be naturally associated to polynomial
ideals P, Aron et al. [2] initiated a research program whose objective was to
relate those holomorphic mappings f that admit a factorization f = T o g,
where T' belongs to an operator ideal Z and g is holomorphic, with those f
whose derivatives belong to the associated composition polynomial ideal ZoP.

Our aim is to present here some advances in this research program on the
factorization of bounded holomorphic mappings f = T o g, where T is in an
operator ideal Z and ¢ is a bounded holomorphic mapping (see Sect. 3 in [2]).
Some recent contributions to linearization of holomorphic functions and to
composition ideals are due to Baweja and Gupta [5] and Botelho et al. [7].

This paper is organized as follows. In Sect. 1, we set up the linearization
theorem of bounded holomorphic mappings due to Mujica [17] that will be a
key tool to obtain our results.

In the spirit of the definition of operator ideal, we introduce in Sect. 2
the concept of ideal of (bounded) holomorphic mappings. Then, we adapt to
the holomorphic setting a method to produce operator ideals from a given
operator ideal Z and so we obtain ideals of bounded holomorphic mappings by
composition with linear operators of Z. This useful technique has been applied
with the same purpose in different settings as, for example, polynomial and
holomorphic [2], polynomial [3], polynomial and multilinear [8] and Lipschitz
settings [1,22].

In Sect. 3, we see that some known ideals of holomorphic mappings and
bounded holomorphic mappings can be produced by this procedure as, for
instance, ideals of holomorphic mappings with local range or (global) range of
bounded type.

Furthermore, we introduce and analyze new ideals of bounded holomor-
phic mappings such as p-integral and p-nuclear holomorphic mappings with
1 < p < co. We prove that these types of ideals are generated by the method
of composition, but also give some examples of ideals of bounded holomorphic
mappings that can not be produced in this way.

The study of holomorphic mappings on Banach spaces which have rela-
tively (weakly) compact range was initiated by Mujica [17] and continued by
J. M. Sepulcre and the last two authors in [14]. We prove here that every p-
nuclear (p-integral) holomorphic mapping from U to F' has relatively compact
(weakly compact) range.
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On the other hand, the dual ideal Z9" of an operator ideal Z is the
operator ideal formed by all bounded linear operators T': E — F such that its
adjoint operator T* belongs to Z(F*, E*). This procedure to produce ideals
of linear operators has been applied to generate ideals of other types of map-
pings: polynomials and multilinear mappings between Banach spaces [12,18],
homogeneous polynomials between Banach spaces [6] and Lipschitz mappings
from metric spaces into Banach spaces [1,22].

Motivated by these works and with the aid of the transpose of a bounded
holomorphic mapping, we carry out in Sect. 4 a similar study of the dual pro-
cedure in the setting of bounded holomorphic mappings. To be more precise,
we introduce the bounded-holomorphic dual (Z%™)dual of an operator ideal Z
and prove that (Z%7)ual is not only a bounded-holomorphic ideal but also
belongs to the class of composition ideals, that is, the bounded holomorphic
mappings belonging to (2% )4"@! are exactly those that admit a factorization
through Zdual,

We refer to the monograph by Pietsch [19] for the theory of operator
ideals, the book by Diestel et al. [11] for the theory of integral and nuclear
operators, and the book by Mujica [16] for the theory of holomorphic mappings
on infinite-dimensional spaces.

1. Preliminaries

From now on, E' and F will denote complex Banach spaces and U an open
subset of E.

Let us recall that a mapping f: U — F is said to be holomorphic if for
each a € U there exist an open ball B(a,r) with center at ¢ and radius r > 0
contained in U and a sequence of continuous m-homogeneous polynomials
(Pn)men, from E into F such that

fl@)=>" Pn(z—a),
m=0

where the series converges uniformly for € B(a,r). A mapping P: E — F'is
said to be a continuous m-homogeneous polynomial if there exists a continuous
m-linear mapping A : E™ — F such that P(z) = A(x, ™), z) for all z € E.

If U C E and V C F are open sets, H(U,V) will represent the set
of all holomorphic mappings from U to V. We will denote by H(U, F) the
linear space of all holomorphic mappings from U into F', and by H*>(U, F)
the subspace of all f € H(U, F') such that f(U) is bounded in F. In the case
F = C, we will write H(U) and H*(U) instead of H(U,C) and H>(U,C),
respectively.

It is known that the linear space H*(U), equipped with the uniform
norm:

1flloe = sup{lf(x)

cxelUy (feH™U)),
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is a dual Banach space. We denote by G*=(U) the geometric predual of H*(U).
Let us recall that G=°(U) is the norm-closed linear hull in H*°(U)* of the set
{6(x): € U} of evaluation functionals defined by

5()(f) = flz) (feH=U)).

The following linearization theorem by Mujica [17] will be an essential tool to
establish our results.

Given a complex Banach space E, we will denote by Bg, Sg and E* the
closed unit ball, the unit sphere and the dual space of F, respectively. If E
and F' are Banach spaces, L(E, F') denotes the Banach space of all continuous
linear operators from E into F' with the operator canonical norm.

Theorem 1.1 [17, Theorem 2.1]. Let E be a complex Banach space and U be
an open subset of F.
(1) H>(U) is isometrically isomorphic to G (U)*, under the mapping Jy :
H>®(U) — G=(U)* given by

Ju(H(y) =~(f) (yeg=U), f e H=(U)).

(2) The mapping gu: U — G=(U) defined by gu(z) = é(x) for allx € U is
holomorphic with gy (U) C Sgee vy

(3) For each complex Banach space F and each mapping f € H>®(U, F),
there exists a unique operator Ty € L(G>®(U), F) such that Ty o gy = f.
Furthermore, || Tf|| = || f|l -

(4) The mapping f — Ty is an isometric isomorphism from H*> (U, F') onto
L(G=(U),F). O

We now recall some concepts and results of the theory of operator ideals
which have been borrowed from [11,19].
An operator ideal 7 (see definition in [19, 1.1.1]) is said to be:

(1) Closed if Z(E, F) is closed in L(E,F) for all Banach spaces E and F'
[19, Section 4.2].

(2) Ingective if given an operator T' € L(E, F'), a Banach space G and an in-
jective operator with closed range ¢ € L(F,G), we have that T € Z(E, F)
whenever 1o T € Z(E, G) [19, Section 4.6].

(3) Surjective if given an operator T € L(E, F), a Banach space G and a
surjective operator m € L(G, E), we have that T' € Z(E, F) whenever
TomeI(G,F) [19, Section 4.7].

An operator T € L(E, F) is said to be compact (resp., separable, weakly
compact, Rosenthal, Asplund) if T(Bg) is relatively compact (resp., separable,
relatively weakly compact, Rosenthal, Asplund) in F'. We denote by F(E, F),
F(E,F), K(E,F), S(E,F), W(E,F), R(E,F) and A(E,F) the ideals of
bounded finite-rank linear operators, approximable linear operators (i.e., op-
erators which are the norm limits of bounded finite-rank operators), compact

linear operators, bounded separable linear operators, weakly compact linear
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operators, Rosenthal linear operators and Asplund linear operators from E
into F, respectively. The following inclusions are known:

F(E,F)C F(E,F)CK(E,F)CW(E,F)CR(E,F)NA(E,F),
K(E,F) CS(E,F).

2. Ideal and Composition Ideal of Bounded Holomorphic
Mappings

Inspired by the preceding definitions, we introduce the concept of an ideal of
(bounded) holomorphic mappings and its different properties.

Definition 2.1. An ideal of holomorphic mappings (or simply, a holomorphic
ideal) is a subclass Z7 of the class H of all holomorphic mappings such that
for any complex Banach space E, any open subset U of E and any complex
Banach space F', the components

U, F) :=T"NH(U,F)
satisfy the following three properties:
(I1) Z"(U, F) is a linear subspace of H(U, F).
(I2) For any g € H(U) and y € F, the mapping g-y: x — g(z)y from U to F

is in Z"(U, F).

(I3) The ideal property: If H,G are complex Banach spaces, V is an open
subset of H, h € H(V,U), f €e Z"(U,F) and S € L(F,G), then So foh

is in Z(V, G).

An ideal of bounded holomorphic mappings (or simply, a bounded-
holomorphic ideal) is a subclass Z7" of H*> of the form T~ = " N'H>,
where Z™ is a holomorphic ideal.

A bounded-holomorphic ideal Z7™ is said to be:

(1) Closed if each component Z"™ (U, F) is a closed subspace of H>(U, F)
with the topology of supremum norm.

(2) Injective if for any mapping f € H*°(U, F'), any complex Banach space
G and any isometric linear embedding ¢: F — G, we have that f €
TH™ (U, F) whenever 1o f € T (U, G).

(3) Surjective if for any mapping f € H*(U, F), any open subset V of a
complex Banach space G and any surjective mapping = € H(V,U), we
have that f € Z"™ (U, F) whenever fon € I (V, F).

A bounded-holomorphic ideal Z"™ is said to be normed (Banach) if there
exists a function ||-||zxe : I — R such that for every complex Banach
space E, every open subset U of E and every complex Banach space F, the
following three conditions are satisfied:

(N1) (Z"7(U,F), |||l z»e) is a normed (Banach) space with ||f||. < ||f|lzne
for all f € I (U, F).
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(N2) [lg- yllpo = llgll., lly] for all g € H=(U) and y € F.

(N3) If H,G are complex Banach spaces, V' is an open subset of H, h €
H(WV,U), f € T (U,F) and S € L(F,G), then |[So foh| n= <
IS Nl zrese -

Remark 2.2. According to Definition 2.1, ideals of holomorphic mappings al-
ways contain the finite rank maps. So, when restricted to the case of homo-
geneous polynomials, our definition does not recover the classical notion of
polynomial ideals (a polynomial ideal contains the finite type maps, and not
necessarily the finite rank maps). We must point out that our notion of ideal
of holomorphic mappings is more related to the notion of hyper-ideals of poly-
nomials (which always contain the finite rank maps) rather than to the notion
of polynomial ideals. For the theory of hyper-ideals of polynomials, see, e.g.,
[9].

We now recall the composition method to produce ideals of holomorphic
mappings. This linear method has been applied in different contexts: multilin-
ear, polynomial, Lipschitz and holomorphic (see, for example, [1,2,8,13,22]).

Definition 2.3. Let E, F' be complex Banach spaces and U be an open set in
E. Given an operator ideal Z, a mapping f € H(U, F) (resp. f € H>®(U, F))
belongs to the composition ideal Z o H (resp. Z o H*), and we write f €
ZoH(U,F) (resp. f € ToH>(U, F)), if there are a complex Banach space G,
an operator T' € Z(G, F) and a mapping g € H(U,G) (resp. g € H>®(U,G))
such that f =T og.

If (Z,]-]|7) is a normed operator ideal and f € Z o H*, we denote

£l zoree = WE{ T2 [lgll o}

where the infimum is extended over all representations of f as above.

The following result states the linearization of the members of the com-
position ideal Z o H*°. The first part was proved in [2], but we have included
it here for the convenience of the reader.

Theorem 2.4 [2, Theorem 3.2]. Let Z be an operator ideal and f € H>® (U, F).
The following conditions are equivalent:

(1) f belongs to T o H™(U, F).

(2) Its linearization Ty is in Z(G>=(U), F).
If (Z,]]ll7) is a normed operator ideal, we have that ||f|lzope = ||T¢|lz and
the infimum || f|| 7o is attained at Ty o gy (Mujica’s factorization of f).

Furthermore, the mapping f — Ty is an isometric isomorphism from (I o
HZ(U, F), [l 2630 ) onto (Z(G=(U), F), |I-ll7)-

Proof. (1) = (2): If f € Z o H*®(U, F), then there are a complex Banach
space GG, a mapping g € H*>(U,G) and an operator T' € Z(G, F) such that
f=Tog.Since f =T¢ogy and g =T, o gy by Theorem 1.1, it follows that
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Tt o gy =T oTy o gy which implies that Ty = T" o T;; by the linear denseness
of gy(U) in G*(U), and thus Ty € Z(G=(U), F') by the ideal property of 7.

Further, if (Z, ||-||;) is normed, we have

ITsllz = 1T o Tyllz < Tl 1 Toll = 11Tl 2 9/l -

and taking the infimum over all representations of f, we deduce that ||T|, <
£l zopoe

(2) = (1): I Ty € Z(G=(U), F), then f = Ty o gy € T o H=(U, F) since
G>°(U) is a complex Banach space and gy € H*(U,G*(U)) by Theorem 1.1.
Moreover, if (Z, ||-||7) is normed, we have

[fllzoree = 1T © g llzopee < I TflIz lgvllee = 177 -

Finally, the last assertion of the statement easily follows by applying the
above proof and Theorem 1.1. O

We now see that some properties of the operator ideal 7 are transferred
to the composition ideal Z o H°.

Corollary 2.5. If 7 is a closed (resp., normed, Banach) operator ideal, then
Z oH™ is a closed (resp., normed, Banach) bounded-holomorphic ideal.

Proof. Let T be an operator ideal. We have:

(I1) If ci, a0 € C and f1, fo € T o H®(U,F), then Ty, f,4asfs = a1Ty, +
asTy, € Z(G>®(U), F) by Theorems 1.1 and 2.4. Hence o f1 + asfs €
ZoH>(U, F) by Theorem 2.4. Therefore ZoH> (U, F) is a linear subspace
of H=(U, F).

(I2) Given g € H*(U) and y € F, we can write g -y = Ty © gy, where
gu € H*®(U,G*(U)) and Ty, € F(G*(U), F) by Theorem 1.1 and [17,
p. 872], and this tells us that g -y € F o H®(U, F) and since always
F C Z, we conclude that g-y € Z o H>®(U, F).

(I3) Let H,G be complex Banach spaces, V be an open subset of H, h €
H(V,U), f € ToH>®(U,F) and S € L(F,G). By [14, Corollary 1.4], there
exists a unique operator h € £(G*(V),G>(U)) such that hogy = gy oh.
Furthermore, ||/f\L|| = 1. Since

SOthZSo(TfogU)oh:(SonoB)ogv,

with S o T} oh € Z(G>*(V),G) and gy € H*(V,G>°(V)), we have that

SofoheZoH™(V,G).
This proves that Z o H* is a bounded-holomorphic ideal.

We now show that Z o H*°(U, F') is closed whenever Z is so. Let f €
H>® (U, F) and let (f,)nen be asequence in ZoH*° (U, F') such that || f,, — f||
0 as n — oo. Since Ty, € Z(G>®(U), F) by Theorem 2.4 and |Ty, — T¢| =
T, —¢#ll = IIfn — fll, for all n € N, we have that Ty € Z(G>*(U), F), and
thus f € Z o H*(U, F') by Theorem 2.4.

Assume now that the operator ideal (Z, ||-||;) is normed. We have:

l
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(N1) Since ||f|lzop0e = Tl for all f € T o H>(U,F) by Theorem 2.4, it
easily follows that [|-|| 7,5 is @ norm on Z o H**(U, F') and
[flloe = 177l < 1 Tsllz = 1 Fllzoree
for all f € ToH>(U,F).
(N2) Given g € H*(U) and y € F, we have
9llac 191l =119 - ¥lloe < N9 - Yllzoree -
and conversely, since g -y = M, o g where M, € F(C,F) C Z(C,F) is
the operator defined M, () = Ay for all A € C, we have
19 - ¥l zor < gl 1Myl = llglloo N1yl -
(N3) Following the above proof of (I3), we have

IS0 £ 0 hllzope = ||(SoTyoR) o gy ]

< |[seTrof||_llgvi..
ToH> A

[ 9v e = IS 1 zore -

So, we have proved that the ideal (Z o H>, ||| 753 ) is normed.

Finally, since (Z o H*(U, F), ||-|| 7o) is isometrically isomorphic to (Z
(G>=(U),F),|IlI7) by Theorem 2.4, then (Z o H, ||| o5~ ) is a Banach ideal
whenever (Z, ||-||) is so. O

<1151 1T ||

We finish this section with some properties of bounded-holomorphic ideals
which can be easily deduced from Theorems 1.1 and 2.4.

Proposition 2.6. Let 7 and J be two operator ideals. We have:
(1) If ZToH>(U,F) CJoH>(U,F), then Z(G>*(U),F) C J(G=(U), F).
(2) f ToH™®(U,F)=H>(U,F), then Z(G>°(U),F) = L(G>®(U), F).
(3) If the identity operator idp € Z(F, F), then T o H>® (U, F) = H>*(U, F).
O

3. Examples of Composition Ideals of Bounded Holomorphic
Mappings

We have divided this section into four parts. In Sect. 3.1, we will recall that
some known ideals of holomorphic mappings f with local range of bounded
type (for example, with compact, weakly compact, Rosenthal or Asplund
range) are generated by composition of a holomorphic mapping g with an
operator T in the corresponding operator ideal Z.

If f is in addition bounded, one cannot assure in general that the func-
tion g is also bounded. However, this is possible if we consider some smaller
classes of such ideals. To be more precise, in Sect. 3.2 we will show that the
ideals of bounded holomorphic mappings with (global) range of bounded type
are generated by composition of a bounded holomorphic mapping g with an
operator T in 7.
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Finally, motivated by the ideals of p-integral operators and p-nuclear
operators between Banach spaces for 1 < p < oo (see, for example, [11]), we
will introduce in Sects. 3.3 and 3.4 the analogs in the holomorphic setting and
state that such ideals of bounded holomorphic mappings are generated by the
method of composition.

3.1. Holomorphic Mappings with Local Range of Bounded Type

Let Hy(U, F) (resp., Hw(U, F), H.(U, F), Ho(U, F)) denote the linear sub-
space of all locally compact (resp., locally weakly compact, locally Rosenthal,
locally Asplund) mappings of H(U, F). In the bounded case, we write

HX(U,F)=H;(U,F)NH>®U,F) (i=kw,ra).
It is clear that
He (U, F) CHyw(U, F) CH-(U,F)NH (U, F).

Proposition 3.1. For ¢« = k,w,r,a, H; is a holomorphic ideal and H° is a
bounded-holomorphic ideal.

Proof. Let i = k,w,r,a. Clearly, H;(U, F) is a linear subspace of H(U, F).
Given g € H(U) and y € F, it is clear that g -y € H(U, F) with (g -y)(U) =
g9(U)y. Since g is locally bounded by [16, Lemma 5.6], every point « € U has
a neighborhood U, C U such that g(U,) is bounded in C, that is, relatively
compact in C. Hence (g - y)(U,) = g(U,)y is relatively compact in F' and thus
g-y€H(UF)CH(UF).

To prove the ideal property of H;(U, F), let H,G be complex Banach
spaces, V be an open subset of H, h € H(V,U), f € H;(U,F) and S € L(F,G).
Let x € V. Then there exists a neighborhood of h(x), Uy € U, such that
f(Un(a)) is relatively compact (resp., relatively weakly compact, Rosenthal,
Asplund) in F. Denote V, = h™}(Uy(y)). Hence S(f(h(Vy)) is relatively com-
pact (resp., relatively weakly compact, Rosenthal, Asplund) in G, and thus
So foh e H;(V,G). This proves that H; is a holomorphic ideal. Hence HS® is
a bounded-holomorphic ideal. O

Some known results show that the holomorphic ideals H; for ¢ = k,w,r, a
are generated by the method of composition with an operator ideal. Namely,
we have

KoH(E,F)=Hi(BE,F) [4],
WoH(E,F)=H,(E,F) [21],
RoH(E,F)=H.(E,F)  [15],
AoH(E,F) = H,(E,F)  [20].

More generally, let U be a closed surjective operator ideal and let Cy (F') be
the collection of all A C F so that A C T(Bg) for some complex Banach
space G and some operator T' € U(G, F). Let Hy(E, F) denote the space of
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all f € H(E,F) such that each x € E has a neighborhood V, C E with
f (V) € Cy(F). In [13, Theorem 6], it is proved that

UoH(E,F) =Hy(E,F).

See also the paper [2] for a study of such spaces as associated to composition
ideals of polynomials.

3.2. Holomorphic Mappings with Range of Bounded Type
Let H (U, F) (resp., Hyy (U, F), H¥ (U, F'), HZ (U, F')) denote the linear space
of all holomorphic mappings f: U — F such that f(U) is relatively compact
(resp., relatively weakly compact, Rosenthal, Asplund) in F'. Note that f(U)
is a bounded subset of F' in all the cases.

We will also consider the spaces:

HE (U, F)={f € H>®(U, F): lin(f(U))is finite-dimensional in F'},
HEWU,F) ={f e H*(U,F): 3(fa)y" SHF U, F) | |lfo = fllc — O},
HZ(U,F)={f € H®(U,F): f(U) is separable in F'}.

Clearly, we have the inclusions:

HFE U, F) CHZE(U,F) CHE (U, F) CHy (U, F) CHE (U, F)NHZ (U, F),

HE (U, F) CHS (U, F),

and

HT (U, F) CHZEUF) ((Z,4) = (K k), W, w), (R, 1), (A, a)).

Proposition 3.2. For 7 = F,K,S,F,W,R, A, the set HY is a bounded-
holomorphic ideal. Furthermore, we have:

(1) HE is not closed if and only if T = F.

(2) HE is injective and surjective whenever T = K,S,W, R, A.

Proof. The first assertion follows with a proof similar to that of Proposi-
tion 3.1. Applying that the mapping f +— T} is an isometric isomorphism
from H¥ (U, F) onto Z(G*(U), F) (see [17, Propositions 3.1 and 3.4] for 7 =
F,K, W and [14, Corollary 2.11] for T = S, R, .A), and that Z is not closed for
the operator norm if and only if Z = F, we deduce the equivalence in (1).

Let T = K,S, W, R, A and f € H™(U, F). On the one hand, assume
that ¢t o f € HP(U,G) for any complex Banach space G and any isometric
linear embedding ¢: F — G. Since ¢t o Ty = T,oy € Z(G>®(U),G) by [17,
Propositions 3.1 and 3.4] and [14, Corollary 2.11], and the operator ideal Z
is injective (see, for example, [13, p. 471]), it follows that Ty € Z(G>(U), F),
thus f € H(U, F) by [17, Propositions 3.1 and 3.4] and [14, Corollary 2.11],
and this proves that H$® is injective.

On the other hand, suppose that fom € H(V, F), where V is an open
subset of a complex Banach space G and w € H(V,U) is surjective. By [14,
Corollary 1.4], there exists a unique operator 7 € £(G>°(V),G>°(U)) such that
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gvom=Tmogy.Since Tyom € L(G®(V),F)and Tfomogy =Tfogyom =
f om, we deduce that Tfor = Ty o7 by Theorem 1.1. Since Ty o7 = Tyor €
Z(G>°(V), F) by [17, Propositions 3.1 and 3.4] and [14, Corollary 2.11], and
the operator ideal Z is surjective [13, p. 471], we have that Ty € Z(G>(U), F),
hence f € H(U, F) by [17, Propositions 3.1 and 3.4] and [14, Corollary 2.11],
and thus H$° is surjective. O

We next see that the preceding bounded-holomorphic ideals are generated
by composition with the corresponding operator ideal.

Proposition 3.3. For Z = F,F,K,S,W,R, A, we have H = Z o H> and
1fllee = I fllzopgee for all f € HF.

Proof. Let T = F,F,K,S,W, R, A. Note first that H*(U, F) = ZoH>®(U, F).
Indeed, if f € HP (U, F), then f = Ty o gy where Ty € Z(G>(U), F) by [17,
Propositions 3.1 and 3.4] and [14, Corollary 2.11], and thus f € ZoH>®(U, F).
Conversely, if f € Z o H>®(U,F), then f = T o g for some complex Banach
space G, g € H®(U,G) and T € Z(G,F). If T = F or T = F, then f has
a finite rank or f can be approximated by bounded finite-rank holomorphic
mappings, respectively. If Z = IC,S, W, R, A, since g(U) is bounded in G, it
follows that f(U) = T(g(U)) is relatively compact (resp., separable, relatively
weakly compact, Rosenthal, Asplund) in F'. Hence f € H (U, F), as required.
Now, if ||-||; denotes the operator norm, recall that the mappings

fe(HF (U, F) |-lo) = Ty € (Z(G<U), F), -2,
fe@oH=(U,F), | llzon) = Ty € (Z(GZ(U), F); [II),
are isometric isomorphisms (see [17, Propositions 3.1 and 3.4] and [14, Corol-
lary 2.11] for the first, and Theorem 2.4 for the second). Hence we have
[flloo = 1T¢llz = £l zore=
for all f € HP (U, F). O

3.3. p-Integral Holomorphic Mappings

Following [11, p. 93], given two Banach spaces E, F and 1 < p < oo, we denote
by Z,(E, F') the Banach space of all p-integral linear operators T': E — F with
the norm

wp(T) = inf {[|A[ | B]},
where the infimum is taken over all p-integral factorizations (A, I%, ,, B) of T'
in the form

"
kpoT =Aoll joB:FE 5 Loo(p) =" Ly(p) A pr
where (£2,3, 1) is a probability measure space, A € L(L,(n), F**) and B €
L(E, Loo(p)). As usual, 15, ,: Loo(p) — Lp(p) is the formal identity, and
kp: F'— F** is the canonical isometric embedding.
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Let p* denote the conjugate index of p € [1, 00| defined by p* = p/(p—1)
ifp£1, p*=ccif p=1, and p* =1 if p = 0.

The concept of p-integral linear operator motivates us to introduce the
holomorphic analog as follows.

Definition 3.4. Let E, F be complex Banach spaces, U be an open subset of
EF and 1 < p < oo. A mapping f: U — F is said to be p-integral holo-
morphic if there exist a probability measure space (2, X, i), an operator T' €
L(Ly(p), F**) and a mapping g € H*(U, L (1)) giving rise to the commuta-
tive diagram:

f K
U F r F**
g T
1% p

Loo (1) Ly(p)

The triple (T, I%, ,, g) is called a p-integral holomorphic factorization of
f. We denote

JE(f) = inf {7 [lgllo}

where the infimum is extended over all such factorizations of f. Let I;{OC (U, F)
denote the set of all p-integral holomorphic mappings from U into F'.

We now study the linearization of p-integral holomorphic mappings.
Proposition 3.5. Let 1 < p < o0 and f € H*(U,F). Then f: U — F is

p-integral holomorphic if and only if its linearization Ty: G*(U) — F is p-
integral. In this case,

wp(Ty) = L;{N(f)'
Furthermore, the mapping f — Ty is an isomelric isomorphism from (IZ,“M
(U, F), ) onto (Z,(G=(U), F), ).
Proof. If f: U — F is p-integral holomorphic, then we have

I~
kpof=Toll jog: U Loo(pn) =" Ly(n) - F™,
where (7', It ,, g) is a p-integral holomorphic factorization of f. Applying The-
orem 1.1, we obtain

n

I
kpoTfogy =Toll ,0Tyogy:U % G=(U) I Loo(p) =" Ly(p) R F,
By the denseness of lin(gy(U)) in G*(U), we deduce that

n

123 jes} Ty Ioc,p T EES
kpoTp=Toll ,oTy: G¥U) = Loo(p) =" Lp(p) — F
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and therefore Ty: G (U) — F is p-integral. Furthermore, we have
wp(Te) < TN Tl = 1T gl

and taking infimum over all the p-integral holomorphic factorizations of f, we
deduce

w(T5) < 0 (f).
Conversely, if Ty: G (U) — F' is p-integral, we have

I+
rpoTy=Toll,08: G¥(U) > Loo(n) = Ly(n) = F*
where (T, 1% ., S) is a p-integral factorization of Ty. Note that g :== Sogy €

s Loo,ps
H>® (U, Loo (1)), and since
I
kpof=Toll 0g: U Lo(p) =" Ly(u) > F**
we conclude that f is p-integral holomorphic. Furthermore, we have
! (F) < Tl lgll = 171 1S,

and taking infimum over all the p-integral factorizations of T, we deduce

L;{OO (f) < Lp(Tf)'
To prove the last assertion of the statement, it suffices to show that the
mapping f — T from IZ,{M (U, F) to Z,(G>=(U), F) is surjective. Take T €
Z,(G*(U),F) and then T = T} for some f € H*(U,F) by Theorem 1.1.
Hence Ty € Z,(G*(U), F) and this implies that f € Z}*" (U, F) by the above
proof. O

Combining Theorem 2.4 and Proposition 3.5, we deduce that the bounded-
holomorphic ideal I;"OC is generated by composition with the operator ideal
Zp.
Corollary 3.6. Let 1 < p < co. Then '™ =TI,0H> and Jt™ (f) = 11z, 0700

for all f € I;{ . In particular, (I]Z1 ]7: is a Banach ideal of bounded
holomorphic mappings. O

We next see that if a mapping is 1-integral holomorphic, then it is p-
integral holomorphic for any 1 < p < co.

Corollary 3.7. Let 1 < p < g < oo. Then I;{OO(U,F) - I;{OO(U,F) and
H> H™> H>
v (f) <t (f) for each f € IV (U, F).

Proof. Tt follows immediately from Proposition 3.5 and [11, Proposition 5.1].

We finish our study of p-integral holomorphic mappings with a property
of their ranges.

Corollary 3.8. Let 1 < p < co. FEvery p-integral holomorphic mapping f: U —
F' has relatively weakly compact range.
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Proof. Let [ € I;{M(U,F). Then Ty € Z,(G>(U),F) by Proposition 3.5,
hence Ty € W(G>(U),F) by [11, Proposition 5.5 and Theorem 2.17], and
thus f € H3y(U, F) by [17, Proposition 3.4]. O

3.4. p-Nuclear Holomorphic Mappings
Given Banach spaces E, F and 1 < p < oo, we denote by N, (E, F)) the Banach
space of all p-nuclear linear operators T: F — F with the norm

vp(T) = int {|[A]| 1M B}

where the infimum is taken over all such p-nuclear factorizations (A, M, B)
of T in the form

T=AoMyoB:E2 0, B0, AF,
where A € L({,,,F), B € L(E,{s) and My € L({,¥,) is a diagonal operator
induced by a sequence A € ¢, (see [11, p. 111]).

In analogy with this concept, we introduce the following variant in the
holomorphic setting.

Definition 3.9. Let F, F' be complex Banach spaces, U be an open subset of
E and 1 < p < co. A mapping f: U — F is said to be p-nuclear holomorphic
if there exist an operator T' € L(¢,,F), a mapping g € H*(U,{~) and a
diagonal operator My € L({s,¥p) induced by a sequence A € ¢, such that
f =T o M, o g, that is, the following diagram commutes:

U

F

The triple (T, My, g) is called a p-nuclear holomorphic factorization of f.
We set

v () = inf {||T Ml gl oo}

where the infimum is extended over all such factorizations of f. Let NZ{& (U, F)
denote the set of all p-nuclear holomorphic mappings from U into F'.

A study on p-nuclear holomorphic mappings similar to that of the pre-
ceding subsection on p-integral holomorphic mappings is developed next.

Proposition 3.10. Let 1 < p < o0 and f € H®(U,F). Then f: U — F is
p-nuclear holomorphic if and only if its linearization Ty: G*(U) — F is p-
nuclear. In this case,

vp(Ty) = vt (f).
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Furthermore, the mapping f — Ty is an isometric isomorphism from (Ng{m
(Ua F)v VHOO) onto (Np(goo(U)v F)a VP)'

P
Proof. If f: U — F is p-nuclear holomorphic, then we have
f=ToMyog: U2t ¢, LF,

where (T, My, g) is a p-nuclear holomorphic factorizations of f. Using Theorem
1.1, we obtain

Trogy =ToMyoT,ogu:U%G®U) %60, L F
By the denseness of lin(gy) in G*(U), we deduce that
Ty =ToMyoT,: W) %t 0, L F,
and therefore Ty : G*°(U) — F' is p-nuclear. Furthermore, we have
vp(Ty) < [TIIMANNT | = I TIHIMA gl

and since we were working with an arbitrary p-nuclear holomorphic factoriza-
tion for f, we obtain

vp(Ty) < V;{m(f)

Conversely, if Ty: G*°(U) — F is p-nuclear, we have

Ty =ToMyoS:G®U) 3t B¢, L F,
where (T, M), S) is a p-nuclear factorization of Tt. Note that g := So gy €
H>(U, ) and since

f=ToMyog: Uiﬁoo%?éng,

we conclude that f is p-nuclear holomorphic. Furthermore, we infer that

v (1) < 1T M gl = 171 1M S]]

and this ensures that

vt (f) < wp(T).
To prove the last assertion of the statement, it suffices to show that the map-
ping f +— Ty from NJ (U, F) to N,(G=(U),F) is surjective. Take T €
Np(G>®(U),F) and then T = Ty for some f € H*(U,F) by Theorem 1.1.
Hence Ty € N,,(G*(U), F) and this implies that f € J\/Z‘m (U, F) by the above
proof. O

Using Theorem 2.4 and Proposition 3.10, we obtain the following.

Corollary 3.11. Let 1 < p < oo. Then NJ*~ = N, o H>® and V'™ (f) =
1f1I A7, o700 for all f € NI In particular, (N, vIt™) is a Banach ideal of
bounded holomorphic mappings. O
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The following result follows from Proposition 3.10 and [11, Corollary 5.24
(b)]-

Corollary 3.12. Let 1 < p < q < oco. Then ./\/;“m(U,F) - ./\/qHOO(U, F) and
v (f) < vl (f) for each f e N (U F). 0

Corollary 3.13. Let1 < p < oo. Every p-nuclear holomorphic mapping f: U —
F' has relatively compact range.

Proof. Let f € NJ*™(U,F). Then Ty € N,(G*(U), F) by Proposition 3.10,
hence Ty € K(G>(U), F) by [11, Corollary 5.24 (a)], and thus f € HE (U, F)
by [17, Proposition 3.4]. O

As in the linear case [11, Theorem 5.27] and in the Lipschitz case [22,
Theorem 2.12], p-nuclear holomorphic mappings admit the following factor-
ization.

Corollary 3.14. Let 1 < p < oo and f € H>(U,F). Then f € N} (U, F)
if and only if there exist a Banach space G, an operator T € K(G,F) and a
mapping g € I;{OQ (U,G) such that f =T og.

Proof. If f € NJ*™(U, F), then Ty € N,(G=(U), F') by Proposition 3.10. Then
Theorem 5.27 in [11] shows that there exist a complex Banach space G, an
operator T' € (G, F') and an operator S € Z,(G*(U), G) such that Ty = ToS.
Hence we have f =Tjogy =ToSogy =T og, where g = Sogy € I;{x(U,F)
by Corollary 3.6.

Conversely, if there exist a Banach space G, an operator T' € (G, F) and
a mapping g € I;“‘w (U,G) such that f = Tog, then Tyogy = T oTyogy which
gives Ty = T o Ty, where T, € Z,,(G>*(U), F') by Proposition 3.5. Hence T €
Np(G=(U), F) by [11, Theorem 5.27], and so f € NJ*™ (U, F) by Proposition
3.5. O

Next, we study the inclusion relationships between the new classes of
bounded holomorphic mappings considered. In a clear parallel to the linear
case, we have the following.

Corollary 3.15. Let 1 < p < oo.
(1) NF(U,F) CIH (U, F) and 2™ (f) < v (f) Jorall f € NI (U, F).
(2) If F is finite-dimensional, then N;Zi (U, F) =IH™ (U, F) with V;W‘m(f) =
() for all f € N (U F).

Proof. (1)If f € NJt™ (U, F), then Ty € N,(G=(U), F) with v,(Ty) = vt~ (f)
by Proposition 3.10. Since N, (G (U), F) C Z,,(G*(U), F) with ¢,(T") < v,(T)
for all T € N,(G=(U),F) by [11, Corollary 5.24 (c)], it follows that Ty €

Z,(G=(U), F). Hence f € IH (U, F) with ¢,(Ty) = ¢t (f) by Proposition
3.5, and further ™ (f) = Lp(Tf) < vp(Ty) = v (f).

;
H™
P
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(2) Assume that F' is finite-dimensional. If f € I;{QC (U,F), then Ty €
I,(G®(U), F) with ¢,(Ty) = JJ*™ (f) by Proposition 3.5. Hence Ty € N,(G>
(U), F) with v,(Tf) = ¢p(T¢) by [11, Theorem 5.26]. It follows that f €
./\/pHoc (U, F) with 1/;1£oc (f) = vp(Ty) by Proposition 3.10, and so Z/Z;PC (f) =

L;—‘m(f)‘ O

In general, a bounded-holomorphic ideal Z"” does not coincide with
7 o H™ as we see below.

Example 3.16. The ideal HY of locally weakly compact bounded holomorphic
mappings does not coincide with WWo H*°. For example, let D be the open unit
disc in C, and let f: D — ¢y be the mapping defined by f(z) = (27)22,. By
Example 3.2 in [17], f is in Hzo(]f)),co) but f is not in H%(]ﬁ),co). Hence T
fails to belong to W(G>(ID), co) by [17, Proposition 3.4 (b)]. So by Theorem
2.4 f is not in WoH>°. The same example shows that in general H}° # KoH™>
(see Example 3.3 in [2]).

4. Dual Ideal of Bounded Holomorphic Mappings

According to [19, Section 4.4], the dual ideal of an operator ideal 7 is defined
by

9N B F)={T € L(E,F): T* € Z(F*,E*)},
where E' and F' are Banach spaces and T™ is the adjoint operator of T'. It

is well known that 79! is also an operator ideal. Moreover, if (Z, |-||;) is a
normed or Banach operator ideal, then Z9"#! is so equipped with the norm

1T || zawar = T 7 -

In order to introduce the concept of bounded-holomorphic dual of an
operator ideal, we will first need a holomorphic variant of the concept of adjoint
operator between Banach spaces.

Definition 4.1 [4,21]. Let E, F be complex Banach spaces and U be an open
subset of E. The transpose of a bounded holomorphic mapping f: U — F is
the mapping f': F* — H>°(U) defined by

fly )=y of (v eF).
It is easy to show (see, for example, [14, Proposition 1.11]) that f* is a
continuous linear operator with ||f!|| = ||f|.,. Moreover, f* = J;' o (T})*,

where Jy: H®(U) — G (U)* is the isometric isomorphism defined in Theo-
rem 1.1.

Definition 4.2. Given an operator ideal Z, the bounded-holomorphic dual of 7
is the set

(Il U, F) = {f e H=(U, F): f' € Z(F*,H>(U))} .
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If (Z, ||l ;) is a normed operator ideal and f € (2" )12l define
TPV

Next result assures that the bounded holomorphic mappings belonging
to the bounded-holomorphic dual of an operator ideal Z are exactly those
that factorize through Z9'®!, The proof of this fact mimics the proofs of its
polynomial version [6, Theorem 2.2] and its Lipschitz version [1, Theorem 3.9].

Theorem 4.3. Let T be an operator ideal. Then the transpose ft of a bounded
holomorphic mapping f belongs to I if and only if f admits a factorization
f =T og where g is a bounded holomorphic mapping and the adjoint operator
T* of the bounded linear operator T belongs to I, that is,

(I’H‘”)dual — Idual o H™.
Moreover, if (Z,]|||7) is a normed operator ideal, then
11l zremyaen = 1Flzommanie
for all f € (Z7¢ )dual,
Proof. Let f € (Z77)3(U, F). Then f € H>®(U, F) and f* € Z(F*, H>®(U)).
By Theorem 1.1, there exists Ty € L(G>®(U), F) such that f = T} o gy. Since
(Ty)* = Ju o ft € Z(F*,G=(U)*), the ideal property of 7 yields that Ty €

Z4al(Ge°(U), F). Hence f € T o H> (U, F) with || f]| zaua © H*® = | T || aua
by Theorem 2.4, and this proves the inclusion

(I’Hoo)dual(U’ F) g Idual o HOO(U, F)
Furthermore, we have
11l zavatorgee = 1Tt Ml zawar = 1(TF) Nz = [[Jv 0 £
< Il 1y = [y = 1 ey -
Conversely, let f € 799! 6 H>°(U, F'). Then there are a complex Banach space
G, a mapping g € H>®(U,G) and an operator T € Z9(G, F) such that
f=Tog. Given y* € F*, we have
'y ) =(Tog)'(y )=y o(Tog)=(y oT)o
g=T"(y")og=g"(T"(y") = (g"  T")(y"),
and thus f' = g' o T*. Since T* € Z(F*,G*) and ¢' € L(G*, H>®(U)), we
obtain that f! € Z(F*, H>°(U)). Hence f € (Z7¢7 )42V, F) and this shows
that
Idual o r}_[C)O((]7 F) g (I’Hoe)dual(U’ F)
Moreover, we have
1z yaner = || ¥l = llg" 0 77|
< lg* (117" = lglloo Il zauen »
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and taking the infimum over all representations T o g of f, we conclude that

||f||(IH‘x’)dua1 S ||fHIdualoHoc .
U

Theorems 2.1, 2.2, 2.6 and 2.7 in [14] can be deduced from our preceding
results.

Corollary 4.4. Let T = F, F,IKC,W. Then a bounded holomorphic mapping be-
longs to HE (U, F) if and only if its transpose belongs to Z(F*, H>(U)).

Proof. We have
HE =T oH™ = gdual 5 gg00 _ (Iﬁw)dual

where the first equality follows from Proposition 3.3, the second from [19,
Proposition 4.4.7] and the third from Theorem 4.3. 0

With a proof similar to the above but replacing [19, Proposition 4.4.7] by
[11, Theorem 5.15], we obtain the following result on 1-integral holomorphic
mappings.

Corollary 4.5. A bounded holomorphic mapping belongs to Tt (U, F) if and
only if its transpose belongs to Iy (F*, H>®(U)). O

Regarding dual ideals, general representation theorems using topological
tensor products provide useful tools for the linear case, even for the Lipschitz
and multilinear cases. For future research, it would be interesting to study
a holomorphic analog for this kind of dual representations. It could provide
another point of view more in the direction of the Defant—Floret book [10]
focusing on tensor products, which could open the door to more general ap-
proaches.
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