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JOSE CARMONA, TOMMASO LEONORI, SALVADOR, LOPEZ-MARTINEZ, AND PEDRO J. MARTINEZ-APARICIO

ABsTrACT. We deal with singular quasilinear elliptic equations, namely

[Vul

—Au = du + p(x) + f(z) in Q,
ud—1

u >0 in Q,

u=20 on 09,

where Q is a bounded smooth domain of RY (N >3), A€R, 1< ¢<2,0< € L®(Q) and 0< f e LP(Q)
for some p > % We completely describe the set of values of the parameter A for which the problem admits
solution. Thus, we study existence, nonexistence and uniqueness of bounded weak solutions in both cases
f>0and f=0.

1. INTRODUCTION

The present paper is devoted to the study of the following quasilinear elliptic problem:

q
—Au = Au+ p(x) |Z;j|1 + f(z) in Q,
(Px) u>0 in Q,
u=0 on 0f,

where 2 is a bounded domain in RY (N > 3) with smooth boundary (say, of class C*!), A € R, 0 < pu € L=(Q),
0< feLr(Q) withp>2L and1<g<2.

Problem (Py) is a particular case of the following general model

—Au = dut p(@)g)|Vul + (@) in O,
(1.1) u>0 in Q,
u=20 on 0f),

for some nontrivial real function g. We first observe that, for y = 0, the equation above becomes linear. In
fact, it is an eigenvalue problem if f = 0 which admits solution if and only if A = A (the principal eigenvalue
of the Laplacian in 2 with zero Dirichlet boundary condition), while if f # 0, it is well known that there
exists a solution to (1.1) for any f if and only if A < A (and in such a case, the solution is also unique).
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The picture changes drastically if 4 # 0. Indeed, in such a case the equation becomes quasilinear and the
above results are no longer true. In fact, when the gradient term is considered, existence and/or uniqueness
of solutions may fail. For instance, the model problem, with p € L>(Q) and f € LP(Q2), p > N/2,

—Au = M+ p(z)|Vul* + f(x) in Q,
(1.2) u>0 in Q,
u=20 on 092,

eht_1) )

14

can be studied, for u(z) = p € RT, trough the Hopf-Cole transformation, and it is turned (v = into

the following semilinear problem

A
—Av = (uv+1) (f(x) + ; log(1 + ;w)) in Q,
v >0 in Q,
v=0 on 0f).

Thus it is clear that the existence and (possibly) the uniqueness of a solution depends on the sizes of p and
f. Furthermore the nature of the problem is essentially different from the one of the linear problem. Indeed,
it has been recently proved in [7] (see also [24]) that if problem (1.2) with p(x) > o > 0 admits a solution
with A = 0, then there exist at least two different solutions to (1.1) for 0 < A < A*, for a suitable value
0 <A <A

Our idea is that the threshold value \* is associated, in some sense, to the principal eigenvalue of the
nonlinear differential operator that appears in the equation in (1.1) (with f(z) = 0). Thus the lower order
term has necessarily to satisfy a 1-homogeneous condition, that leads to the choice of a singular term of the
form g(u) = 1/u?71 in (1.1) (see (Py)).

The study of singular Dirichlet problems with gradient terms having quadratic growth (¢ = 2) has raised
considerable interest in recent years. Let us quote the main references [1, 2, 3, 4, 11, 15, 18, 19, 20|, among
others, dealing with existence (and nonexistence) results for equations with singular lower order terms, while
we mention [5, 9, 14] for uniqueness results on this type of problems.

In contrast with the results of 7], when one considers a singular function as g(u) = 1/u in problem (1.1),
g =2 and f > 0, in [8] the authors prove the existence of solution for every A < m Moreover, if

A

T and in such a case, the

w(x) = p € (0,1), they prove that there exists a solution if and only if A <

solution is unique and ﬁ is a bifurcation point from infinity.

Surprisingly, this phenomenon, analogous to the one observed in the the linear case, is not only due to the
presence of a singularity at u = 0. Actually, the technique developed in [7] applies (with some small changes)
to problem (1.1) with pu(z) > po >0, ¢ =2, g(s) = 1/s%, 0 € (0,1) and consequently if there exists a solution
with A = 0, then multiplicity occurs for A > 0 small enough (as in the nonsingular case g(s) = 1).

In the present paper we aim to provide a general method to deal with problem (P) in the general framework
1 < g < 2, depending only on the quasilinear nature of the problem and allowing the complete description
of the set of values of the parameter A such that (P,) admits a solution. Of course, the main difficulties
in order to study such a problem are due to the superlinearity of the lower order term and the singularity
as u approaches 0. In fact, we will notice that the key point is not (only) the singularity by itself, but the
homogeneity that the singularity gives to the lower order term which allows us to look at (Py) through the
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following eigenvalue problem

q
—Au = Au+ pu(x) |V1f‘ n Q,
ud—1
(Ex) u>0 in Q,
u =0 on 0f).

We provide this kind of eigenvalue existence result for problem (E)) making use of a precise characterization
of the principal eigenvalue:

(1.3) A* =sup {/\ eR

there exists a supersolution v to (E))
such that v > ¢ in 2 for some ¢ > 0

(the precise meaning of supersolution used in (1.3) is specified in Section 2 below). This characterization
has been inspired by the seminal paper [10] and allows us to study the (nonvariational) eigenvalue problem
(E\) since it requires only working with supersolutions, but does not involve any variational structure of the
problem.

However, the definition (1.3) will be useful only if we can compare subsolutions and supersolutions to
problem (FE)) that are appropriately ordered on the boundary of the domain. Indeed, we will be able to
derive the required Comparison Principle (see Theorem 3.1 below) by adapting the ideas contained in [6].

Let us stress that, at least formally, the change of unknown v = —log(u) turns the solutions to (F)) into
solutions to
~ —Av+ Vo2 + u(z)|[ Vo] + A =0  inQ,
(Ex)
v = +00 on 0f.

Quasilinear problems whose solutions blow-up at the boundary of the domain (known in literature as large
solutions) have been widely studied (see for instance [26], [27], [29]). A particular feature of (Ey) is that it
is invariant under transformations of the type v — v + ¢ for all ¢ € R. For problems of this class it has been
proved in [26] [27] that there is a unique value of the parameter A\ (the so called ergodic constant) for which
the problem into consideration admits a (unique, up to additive constants) large solution.

We state now our first theorem about problem (E} ), in which we show by an approximation and compact-
ness argument that, in fact, A* is the principal eigenvalue to (E}).

Theorem 1.1. Assume that1 < q <2 and 0 < p € L>®(Q), with ||p||L= ) < 1if g =2. Then \* € (0,A] and
problem (Ey) admits a solution if and only if X = X*. Moreover such a solution is unique up to multiplication
by positive constants.

As far as (Py) is concerned, some parts of the main result will require stronger hypotheses on the datum
f, that we list here:

(fo) YwCCQ Fe, >0: f(z) >c, ae z€w;
1 .
(f1) I e 571 ,C1r>0: f>Crpy in (Y
1
i AC1 >0: f>Cip] inQ, wherey= —————.
() ' e L+ [|pll Lo ()

Now we state our main result.
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Theorem 1.2. Assume that 1 < ¢ < 2, 0 < p € L>®(Q), with |||~ < 1ifqg =2, and 0 < f €
LP(QQ) with p > % Then (Pyx) has a unique solution if X < 0, has at least a solution if X < X\*, and has
no solution if X\ > X\*. If, in addition, f satisfies condition (fo), then (Py) has a unique solution for every
A < X*. Finally, if f satisfies condition (f1) for 1 < g < 2 and (f2) for ¢ = 2, then (P\) has no solution
for any A > X* and moreover the set X := {(\,uy) : uy is a solution to (Px)} is an unbounded continuum in

R x C(Q) which bifurcates from infinity at \* to the left.

We stress that the previous theorem improves the existence result contained in [8] for 4 nonconstant and
g = 2. In fact, we determine that the set of A € R where problem (Py) admits a solution is either (—oo, \*)
or possibly its closure. Moreover, we consider the whole range 1 < ¢ < 2. The critical problem corresponding
to A = \*, and also the uniqueness for A > 0, exhibit some difficulties. Nonetheless, we overcome them by
imposing stronger hypothesis on f. Doing so, we prove that the interval (—oo, A*) is optimal for the existence
of solution, and we even prove uniqueness in this interval.

It is worth to stress that one of the main contribution of this paper is the comparison principle. In fact
it is not obvious, an indeed the literature on this topic is extremely poor, that a comparison principle holds
true when we deal with positive values of A in (1.2).

The plan of the paper is the following: we devote Section 2 to introduce the definitions of solution,
supersolution and bifurcation point from infinity, and we also prove some regularity properties of the solutions;
in Section 3 we state and prove some comparison principles and a uniqueness result to problem (P)); section 4
is devoted to prove that \* is well defined and positive, to give some alternative characterizations of it, and to
prove some nonexistence results; in Section 5 we introduce the approximate problems, we prove some a priori
estimates and a compactness result, and we give several existence and bifurcation results, and in Section 6
we collect the proofs of Theorem 1.1 and Theorem 1.2. Finally, in Appendix A we show that problem (P))
possesses two equivalent formulations and we also prove the regularity of the solution.

2. DEFINITIONS AND PRELIMINARY RESULTS

In this section we make precise some definitions and we prove some results that we will use in the rest of
the paper.

First of all we specify the meaning of solution to problem (P)), as well as the concept of supersolution used
n (1.3).

Definition 2.1. For every A € R, we say that u € H}(Q) N L*°(Q) is a solution to (Py) if u > 0 a.e. in €,
Vul® ¢ L1.(2) and it holds

loc

(2.1) /Vuws A/u¢+/ W |q¢+/f Vo € Hi(Q) N L>®(Q).

Similarly, we say that u € H'(2) N L>(Q) is a supersolution to (Py) if u > 0 a.e. in €, ‘vulq €L,
the following inequality holds

(2.2) /Vuv¢>)\/uqb+/ W |q¢+/f Vo € HY(Q)NL®(Q), ¢>0.

(©) and

Some remarks on about the formulation are in order.

Remark 2.2. Let us observe that since the lower order term it is only locally integrable in 2, there is a term
above that, a priori, might not make sense. Actually, applying some density arguments we can show that, in
spite of the presence of a singular lower order term, the above formulations are equivalent to the ones in which
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the test functions belong to C(Q) both in (2.1) and (2.2). We collect the proof of such an equivalence in the
Appendiz.

Remark 2.3. In the model case ¢ = 2 and p constant, it is clear that the condition p < 1 is in fact necessary
for the existence of solutions to problem (P\) with A\ > 0. Indeed we can use u as test function in (2.1),
so that we obtain [, |Vul* = X [ u® + p [ [Vul* + [, f(z)u. Therefore, since Au® > 0 in Q, we have that

(1—p) JoIVul* > 0.
The following three lemmata provide some properties of the solutions to (Py) which will be useful later.

Lemma 2.4. Let 1 < ¢ <2,0< p € L®(Q), with ||| =@ <1 ifqg=2,0< f € LP(Q) withp > &, and
let u be a solution to (Py) for some A € R. Then u € C%*(Q) N WL (Q) for some a € (0,1).

loc

The proof of the above lemma is given in its details in the Appendix. Anyway, we observe here that for the
interior regularity we exploit that the solutions are strictly positive, as a consequence of the Strong Maximum
Principle.

As far as the Holder continuity up to the boundary is concerned, we need to strongly use the techniques
developed in [25]: let us observe that since the singularity has the order of 1/u?~! with ¢ < 2 (in the case
g = 2 it is also used that u(x) is small), then it represents, in some sense, a “mild” singularity.

The Sobolev interior regularity is proved via an interpolation and bootstrap argument.

Remark 2.5. Notice that Lemma 2.4 provides as much information about the regularity of the solutions to
(Py\) as the knowledge that one has about the regularity of the data. For instance, under the hypotheses of
Lemma 2.4, we have in particular that any solution u to (E\) satisfies that —Au € L} _(Q) for any r < oo.

loc

Hence, u € W2T(Q) for any r < co. Even more, if p € W.2>°(Q), we easily deduce that —Au € W (Q) for
any r < 0o, and thus, w € W2 (Q) for any r < oo (see [22, Theorem 9.19]). We may continue the bootstrap in
this way so that, if 1 € Wk’oo(Q) for some k > 1, then u € Wk+2’r(Q) for any r < co. Thus, if u € C*(Q),

loc loc
then u € C*(Q).

Lemma 2.6. Let 1 < ¢ <2,0<p€ L), with ||p|pe@) <1ifq=2,0< f € LP(Q) withp > 5, and
let u be a solution to (Py) for some X € R. Then u” € HE(Q) for every v > vo(q), given by

1

- if 1<q<2,
2

L+ |lpll Lo o) if q=2

2

Proof. We follow here the arguments of Theorem 3.1 in [8], which in turn come from the ideas of [3]. We
claim that

Vul|?
(2.3) /Q ‘ulf‘ﬁ <oo, VB E (Bola)1],
where
ol {0 if 1<qg<2,
o\q) = i
llloe @y if ¢ =2.

Indeed, given 3 € (Bo(q), 1], observe that the function (u+e¢)? —e? € HE(Q)NL>(Q) for any ¢ € (0, 1]. Using
it as test function in (P)) we obtain that

[Vul?
<C+ oo
5/9 wt e P = [l L= () ;

|Vul?

1

F((U +e)f —&f)
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for some constant C' > 0, independent of ¢, whose value may vary from line to line. Next, in the case 1 < ¢ < 2,
using Young’s inequality conveniently we easily derive that

B[ IVuP (1-pyg (ute)’ —P\ T
/u+51/3 C 1+/Q (u+e) ) )

It is straightforward to check that the function (s,t) — (s+t)(1 %)% % is continuous in [0, |Jul| g ()] X
[0, 1], which implies that

ﬂ \VU\Q
(2.4) w17 = <C.

On the other hand, if ¢ = 2 and ||u||Loo(Q) < 17 we observe that

|Vul|? s sy Vul (u4 &) B((u+e)? —eP)
wi—1 ((ute)’ =) = (u+e)l-8 U
_ |Vul? <1+€5 gl=h — (u+s)15> < |Vu|?
(u+e)t-8 u (u+e)l-8
in € for any € € (0, 1]. Hence, we deduce that
2
(25 (5~ Wellme) [ iz <

Finally, we apply Fatou’s Lemma with respect to ¢ in (2.4) and in (2.5) to obtain (2.3). The Lemma follows
by choosing v = % O

Lemma 2.7. Let 1 < ¢ <2,0< pue L>Q), with ||pl|lpe@ <1ifqg=2,0< fe L'(Q) withr > N, and
let u be a solution to (Py) for some A € R. Then, if 1 < q < 2, it holds that

1
Yy € (2,1> AC>0: u<Cp] nQ.
Moreover, if ¢ =2, then

1 1
AC>0: u<Cyp] inQ, wherev—e(,l).
! L+ |l zoe () 2

Proof. Let v € (%, 1). First of all observe that, if ¢ < 2, we can use Young’s inequality in such a way that

(2.6) —Au < (i - 1) ‘V;”Q +(Cy 4+ Nu+ f(z)

for some Cy > 0 large enough. If ¢ = 2, we arrive to the same inequality directly with v = and
cy,=0.

Let now g = % ((Cy + Nu+ f). Clearly, 0 < g € L™(2), so there exists 0 < z € H} (2) N L>°(Q) a solution

to
{—Az =g(z) inQ,

1
I+{lpll Loo ()

z=0 on 0f).

Since r > N, it is well-known that z € C'(Q). This implies, by using Hopf’s Lemma, that there is a constant
C > 0 such that

z<C¢p; in Q.
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On the other hand, for every k > 0, the function v = (kz)7 € H} () N L>() satisfies

TR

1_
If we choose k = ”ZHE"";Q)’ then

(2.7) ~Av > <i - 1) @ +g(z) = (i - 1) |V:|2 +(Cy+ Nu+ f(a).

Therefore, by (2.6) and (2.7), we can use Theorem 3.2 (see next section) and conclude that

u<wv=(kz)" <Cy].

We conclude this section by recalling the concept of bifurcation point from infinity.

Definition 2.8. A bifurcation point from infinity to problem (Py) is said to be a real number A for which
there exists a sequence {(An,u,)}nen contained in the set

Y = {(\u) : uis a solution to (Py)},

such that A, = A and [|uy, || (@) — 00 as n — oco.
We say that the bifurcation occurs to the left if there exist ¢ > 0 and M > 0 such that for any (A, u) € ¥
with A € (A — &, A +¢) and ||ul[ (o) > M, it holds that X < A.

3. COMPARISON PRINCIPLES

In this section we prove a Comparison Principle which allows us to compare suitable subsolutions and
supersolutions to the equation
IV I“

—Au—)\u+g() +h(z) inQ

that are well ordered on the boundary.

Theorem 3.1. Let 1 < ¢<2, A€ER, g€ L>®(Q),0< he L}

L (Q) and assume that u,v € C(Q) N WEN (Q)
are such that u,v > 0 in Q and they satisfy

(3.1) lini}sup :}Lg; <1 Vzqe€09Q,
(3.2) /VUV¢</\/U¢+/ \Vu|‘1¢+/h Vo € Hy ()N L>®(Q), ¢ >0, supp (¢) C Q
(3.3) /VUV¢>)\/U¢+/ = 1¢+/h Vo € Hy(Q) N L™(Q), ¢ > 0, supp (¢) C Q.

Then v < wv in Q.

Proof. We follow the ideas contained in [6, Lemma 2.2] (see also the references therein). Let u; = log(u),
= log(v), and denote w = u; — v1. Observe that, using (3.1), we have that for every k > 0, the function
(w — k)T has compact support in Q and, in consequence, it belongs to Hg(£2) N L°(2). This fact, together
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with the continuity of w and v (which implies that « and v are locally bounded away from zero), allows us to
take (w_k)+ as test function in (3.2) and M in (3.3), obtaining

2
(3.4) |V7:j| / U (w - k)t <)\/(w — k)t
Q u Q
Vul?
+ [ s [ Mgy
Q ud Q
and
2
(3.5) —/ o o iyt [ Y90 -yt 2 [ -yt
Q v Qv Q
|[Vu|? / h(x) n
k —k)".
+ [ oS w -+ [ 2wk
Consider now the set
Ay ={zcQ:w(x) >k} ={rcQ:ulx)>crv(x)}.
Notice that supp(w — k)t C Ay and h (1 - 1> < 0 in Ay. Hence, subtracting (3.4) from (3.5) and using
u v
the definition of uq,v; we have that
(3.6) / VuV(w— k)T < / (9(z) (|Vui]? = [Vor|?) + [V [* = [Vor |?) (w — k)T
Q Ag

For every j € R, let us denote Q; = {x € Q : |w(z)| = j}, and consider also the set J = {j € R : |Q3;| # 0}.
Since || < oo, then J is at most countable, which implies that the set | J..; Q; is measurable, and we also
have that

jeJ

Vw=0 in [JQ = [Vu|=|Ve| in [JO
jeJ JjeJ

Hence, if we define the set Z = Q\ U, ; 2, and denote & = tVu; + (1 — t)Vvq, with 0 < ¢t < 1, we deduce

from (3.6) that
/ VuV(w— k)t < / (g(x) (IVuq|? = |V ]9) + \Vu1|2 — |Vv1|2) (w—k)*
Q AxNZ

-/ Z ([ St + e -

Taking into account that uy,v; € Wb (Q) and A, CC Q, we have that
&) < |Vur| + [V | +1=n e LY (AN Z).

jeJ

(3.7)

Hence, from (3.7) we derive that

1
0= 0" By < [ ([ @i+ 2609wdr) (w1
AxNZ 0
<[ (lglum@an™ +20) [Vulw -0 <C [ V= blw-H*
AxNZ AxNZ
< C||77HLN Az 1w = E) gy o) [ (w — k)Tl 2 ) < C||77||LN (Apnnz)ll(w — k)+||H1

(3.8)
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Assume in order to achieve a contradiction that w # 0. For some ko € (0, [|w™ | 1 (q)), let us define the
function F' : [ko, [|w™ || L ()] = R by

F(k) = [y aenzy = IVur] + Vo | + 1 v anzy, Yk € [ko, “w+‘|L°°(Q))a

and F(||w"||g~(q)) = 0. It is clear that F' is nonincreasing and continuous in [0, [|w™ || (q)]-

Thus, choosing k close enough to [|w™|| L (q), we deduce from (3.8) that (w — k)™ = 0. That is to say,
w < k in Q. But this is not possible since k < [[w™ || o () = supg (w).

In conclusion, we have proved that w™ = 0, i.e., w < 0 in Q. O

The previous comparison principle does not guarantee uniqueness of C(€2) N W5 () solution to (Py)

unless it is assured that any pair of such solutions satisfy (3.1). However, stronger hypotheses on h and g
allow us to weaken (3.1) and derive another comparison result that provides uniqueness for (Py).

Theorem 3.2. Let 1 < ¢ <2, A€ R, 0< g € L®(Q) and 0 < h € L. (Q). Assume that u,v €

loc

cQ)n WLN(Q), with u,v > 0 in §, and satisfy (3.2) and (3.3) respectively. Suppose also that, for every

loc

e > 0, the following boundary condition holds:
(3.9) lim sup (u(x)) <1 Vzoe€ .
T—To 'U(l') + e
Furthermore, if X > 0, assume also that h satisfies condition (fo). Then, u < v in Q.

Proof. For every € > 0, let us consider the function

lo Y
W, = .
B g vte

We claim that w? = 0 for any € > 0. Suppose by contradiction that there exists g > 0 such that wjo = 0.
Let us fix ko € (0, |wd [[L=(q)) and € € (0,&¢), the latter to be chosen small enough later. It is clear that
we, < we in Q, so wl # 0, too.

For k € [ko, [[wZ || o ()], let us denote

Ap={rcQ:w.(z) >k} ={z € Q:u(x) > e"(v(x) +e)}
Notice that supp(w — k)™ C Ag. By hypothesis, we also have that limsup w,(x) < 0 for all zg € 99, which

Tr—rTo

implies that A, CC Q. Then, the function (w. — k)" has compact support, and in particular, (w. — k)T €

HY(Q) N L>(Q). Therefore, we may take % as test function in (3.2), and (wfjllzﬁ in (3.3), obtaining
2
/EQV@g—M*g/wzgﬁ%—kﬁ+A/0%—kﬁ
(3.10) Q u Yl o u . W) Q .
+ oo St - o+ [ M k)

and, using that g > 0,

Vo v — k) |Vo|? v — k) VR
/Qv—i-ev( e k) é/g(v—&-s)g( e k) ZA/QU—&-E( e k)
+/M@ il (@)

(we — k)+ +
Q
[Vo|?
Z/Q (ws—k)++)\/(w€—k)+—

(3.11)

vi~ (v +¢) QU+e
(U+6)2 Q QU+E

Q (U+5)qw QUvte
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Moreover, it is clear that

1 1 Ae
3.12 h{-- <0 in Ay f k € [ko, |wl || Lo
(312) (3-532) + e =0 in Au o every b € [ o o)
whenever A < 0. We claim that this is also true if A > 0, h satisfies (fy) and ¢ is small enough.

Indeed, let w CC Q2 be an open set such that Ag, C w. Since Ay C Ay, for all k > kg, there exists ¢, > 0
such that h > ¢, in Ay, for all k > kg. If we choose now

. 1 — e Ho
£ < min Eo,f Cw [

we deduce easily that (3.12) holds.
Therefore, subtracting (3.10) and (3.11), and taking into account that u,v € W,-¥ (Q) and also (3.12), we
may argue as in the proof of Theorem 3.1 and achieve a contradiction taking k close enough to [[wf || f(q)-
In conclusion, necessarily w} = 0 for any £ > 0, i.e., u < v+¢ in § for any € > 0. Letting € — 0 it follows

that © < v in Q. [l

4. THE PRINCIPAL EIGENVALUE AND NONEXISTENCE RESULTS

We devote this section to give some properties of \* defined by (1.3). In particular, we show that A* is the
only possible value of the parameter A for which (E)) admits a solution. This is a crucial fact on which are
based the proofs of our main results, that exploit the existence of the principal eigenvalue associated to the
nonlinear operator —Au — pu(z) Iuqufllq (see Theorem 1.1). For the sake of clarity we collected such proofs in
the last section.

Let us recall that A* = sup I*, where

I {)\ cR ‘ there exists a supersolution v to (E})) }

such that v > ¢ in € for some ¢ > 0

Firstly we point out some useful characterizations of A* as the supremum of the following sets:

n-lier there exists a supersolution v to (E})
te such that v — ¢ € Hg(Q2) for some ¢ >0 |’
and
L-lier there exists a supersolution v to (E))
27 such that v? € HY(Q) ¥y > 7o for some vy < 1

Proposition 4.1. Assume that 1 < ¢ <2 and 0 < p € L*®(Q). Then, the sets I*, I and Iy are nonempty
intervals, unbounded from below and they satisfy

(4.1) I =1,

(4.2) A" =sup Io.

||wH%11(Q)

Moreover, \* > 0 and we have that \* < A = in +
weH W0} [[w][72(q)

Proof. We first observe that the sets under consideration are intervals. Moreover, taking ¢ = ¢ for any
constant ¢ > 0 in the definitions of I*, I; and I, we deduce that (—oo0,0] C I* N 11 N I5.

We split the rest of the proof into several steps.
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Step 1. We first prove (4.1). In order to prove that Iy C I* we take A € I; and assume, without loss of
generality, that A\ > 0. Hence, there exist 0 < ¢ € H'(Q)NL>®(Q2) and ¢ > 0 with ¢ > 01in Q, ¢ —c € H;(9),
and

v
—A(p—c) = —Dp > Ao+ p(z )|(p ol

>0 in .

Therefore, the maximum principle yields to ¢ > ¢ in 2, and so A € I, too.

Reciprocally, assume that 0 < A € I*, and let ¢ € H(Q) N L>(Q) and ¢ > 0 with ¢ > c and —Ap >
g + p(x )lvq—w1 in Q. Clearly, thanks to Remark 2.2 we have that ¥y = ¢ — ¢ > 0 is an H*(Q) N L>(9)
supersolutlon to the nonsingular problem

V q
—AY =M+ M(m)wﬂq_l

=0 on 0f.
On the other hand, ¢ = 0 is obviously a subsolution. Therefore, [13, Théoréme 3.1] (see also [23]) implies that

there exists a solution ¢ € HE(Q) N L>®(Q) to (4.3) satisfying that 0 < ¢ < ¢ — ¢ in Q. Thus, the function
¥ + c satisfies: (¥ +¢) € HY(Q)NL>®(Q), ¥ +¢>0in Q, (¢ +¢) —c € HF(Q) and

V@ +o
(¥ + )t

(4.3) +AXe  in Q,

—AWp+c) = A1 +¢) + p(z) n Q.

This proves that A € I4.

Step 2. We deduce now (4.2). Let {A\;}neny C Iz be an increasing sequence of real numbers such that
An < sup I for any n, satisfying A, — sup I. In particular, for every n there exists u,, € H(Q) N L>(£2)
and 7, € (0,1) satisfying
. |Vu,|? 1 ~
up >01in Q,  —Au, > Aty + p(x)—— in Q, w) € H(Q) Yy >7,.

uh

Let ¢1 > 0 be the principal eigenfunction (normalized in L*°(€2)) to the —A operator in Q with zero Dirichlet
boundary conditions. Let us fix n > 1, and consider ¢ = ¢, > 0 (to be chosen small enough later) and

n—1

Y= € (max{2,'yn, e } ,1). Since v > % and v > 7,, we have, using Lemma 2.6, that the function

Y =e(p] +1)+u) € HY(Q) N L>®(Q)

and, clearly, 1, > ¢ in Q.
Let ¢ € HE(2) N L>=(Q) be such that ¢ > 0 in Q and has compact support. Observe that the function
vl 7l € HE () N L (1), so it may be chosen as test function in

—Ap1 =Ap1  inf,
p1 =0 on 0f.

Similarly, yu) ¢ € HL(Q) N L>(Q) and has compact support, so it may be taken as test function in the
inequality satisfied by u,. Therefore, direct computations yield to

(4.4) JRGAETE 7)/Q|Zso1|2¢+ [ et

1

and

|vun‘2 |vun|q
(4.5) /QWZWSZW(l—v)/Q = ¢>+7An/ﬂu2¢+w/ﬂu($) R

n n
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Recalling that
/Vz/)nv¢—5/ V! Vc/)+/ VulVe,
using both (4.4) and (4.5) we easily deduce that

\V4 2
(4.6) < €/ <_"/(1 =) |SD;017 + (An—1 — 'VA)SDY + An—1 | O+
Q 1

2 q q
A(—v(l—v)'jﬁj — (VA = An—1)up, — yp(x )|ZU"J +u(x)vz/}f1|> o

n

Since 7 < 1 < g, there exists a constant C; > 0 (that depends only on ¢ and ) such that

Vipn|? 1 1
el < (VeI + v
[V{eeDI? | IV(u))|? Vil [Vun|?
4.7 <C =Ci¢e +
( ) =1 eq—1 (’YU/ )(q 1) ! So(ll(l_’)’) v ’LLqL v
in 2. Hence, combining (4.6) and (4.7) we deduce that
|Vw7b| 0
_van(b + )\n—lwn(b + /1'( ) ¢ ( n - An—l) un¢+
(4 8) Q ) n Q
‘ v Vip1]?
[ (0= 2+ =260+ s+ im0 2
Q Y1 ¥P1

Denoting d(z) = dist(x, 9), since p; € C1(Q), Hopf’s Lemma yields that there exist two constants dg, Co > 0
such that [V¢i|? > Cy in the set Q5 = {x € Q : d(z) < &} for every § € (0,50). Hence, using now that

1 € C(Q) and ; = 0 on 99, we have that, for every x > 0, there exists § € (0, ) such that W“’ll >k in

Qs. Using also that yA,, — An—1 > 0 and ¢(1 — ) < 2 — v, we choose ¢ sufficiently small, but 1ndependent of
€, such that
V]2 Ve
(19) < (—7(1 B A S ||u||Loo(Q>cl'M) <0< (P = A1)
o1

$1

in 5. Consequently, we take £ small enough in order to have

Vi |? V|1
(4.10) . <—7(1 L s )T+ e+ ey o q(‘fiL>>
¥ Y1

<eCs < (YAn — An—1) Ql{lé () < (VA = An—1)uy

5

in Q\ Qs, where C5 > 0 is a constant independent of €. Gathering (4.8), (4.9) and (4.10) together we conclude

that
/QV¢nV¢ZAn—1/an¢+/Qu( )vanl "

In short, we have proved that \,,_; € I"* for any n > 1, and thus, \,,_1 S A* for any n > 1. Therefore, letting
n — oo we get that sup I, < A*. Finally, the reverse inequality is trivial since I* C I5.
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Step 3. We show now that A* > 0. Indeed, given the constants ¢, d >, let us consider the problem

—Au = p@) [Vul?+6  in Q,
ca—1

(4.11)
u=0 on 0f.
If ¢ < 2, by using Young’s inequality, we obtain that
() q\ [9\ 75 ||M||L°°(Q)
ERler +o<u@lel+ (1- ) (4)™ =2+

¢ 2a
for a.e. x € Q and for every ¢ € RY. Then, taking c large enough and & small enough, [17, Theorem 3.4]
implies that there exists a solution u € H}(Q) N L>(Q) to (4.11). If ¢ = 2, then the same result provides a
solution u € Hg(2) N L () if § is small enough. In both cases, by the Maximum Principle, v > 0 in €.

Let v=u+c€ HY Q)N L>®(Q). It is clear that v > ¢ in  and, for some \ > 0,

u(x qu
—Av=—Au= %\Vu\q +6> /«L(fﬂ)(uuc;q_l +9
Voul? Vo
:M(x)‘vqjl + M+ (6= M) > p(x )lv Y + (6 = AllvllL=(@))-

Taking now A sufficiently small, we conclude that v is a supersolution to (Fy). This means that 0 < A < A*,
as we wished to prove.

Step 4 We prove here that A* < A. Let 0 < XA € I* = I;. We already know, from Step 1, that there exists a
solution ¢ > 0 to (4.3) for some ¢ > 0. Then, taking ¢ as test function in (4 3) we have

A ow= [ Vervu=a [ vo+ [ >(w'fw)'q cor e [ o

V|4
(A — A/Wﬁl / )(¢|+ ) 1801+c)\/9901>0.
Thus, necessarily A < A, which implies that \* < A. (]

In particular

Remark 4.2. We point out that in Step 1 of the previous proof it has been shown that one can equivalently
define Iy in terms of solutions instead of supersolutions. That is to say,
-lier there exists a solution v to the equation in (E)
e such that v — c € H}(Q) for some ¢ > 0

In order to prove that A\* is the only possible eigenvalue to (F)) we need to use the comparison principle
proved in the previous section. Indeed, it allows us to prove nonexistence of solutions to (E)) when A < A*.
On the other hand, we use the characterization of A* given by (4.2) to prove nonexistence for A > A*; this
latter nonexistence result is valid for (Py), even with f > 0. Summarizing, we have the following result.

Proposition 4.3. Assume that 1 < ¢ < 2, 0 < p € L*(Q), with ||p|[p=~@) < 1ifq¢=2, and 0 < f €
LP(Q) with p > §. Then, there is no solution to (Py) for any A > X\*. Moreover, there is no solution to (Ey)
for any X #£ \*.

Proof. Arguing by contradiction, assume that there exists a solution u to (Py) for some A > A\*. Then, it is
in particular a supersolution to (E)), and Lemma 2.6 implies that u” € H* () for every v > 70(q). Since
Y (q) < 1, then this contradicts (4.2) in Proposition 4.1. In conclusion, there is no solution to (Py) for any
A > A\*. Observe that, in particular, we have nonexistence of solutions to (E)) for A > \*.
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On the other hand, assume now that there exists a solution u to (E)) for some A < A\*. By virtue of
Proposition 4.1 we have that A € I, so there exist ¢ > 0 and ¢ € H*(Q)NL>(12) satisfying that p—c € Hj(Q2)
and (see also Remark 4.2) —Ap = Ap + u(x) Vel®

pa—1
v € COQ) NN (Q).

Observe also that tu is also a solution to (FE)) for every ¢ > 0. Then, Lemma 2.4 implies that tu €
C@) NnwWLN(Q), and in particular,
4 t
lim sup u(@) = lim u(@)
s P(E)  wmw0 ()
Consequently, using also that tu and ¢ satisfy respectively (3.2) and (3.3) with the choices ¢ = p and h = 0,

an application of Theorem 3.1 gives that tu < ¢ in . But this is impossible if ¢ is taken large enough.
Therefore, there is no solution to (Ey) for any A < A*. O

in . Hence, arguing as in Lemma 2.4 we deduce that

=0<1 Ve, Vt>0.

5. EXISTENCE AND BIFURCATION RESULTS

We turn now to the problem of finding sufficient conditions on A for the existence of solutions to (Py).
The proofs of our results are based on an approximation procedure and make use of the main results of the
previous sections.

Consider for every n € N the family of approximate problems

q
Dy = Mg ) T (@) e
Uy =0 on 01},
where T),(s) = min{n, max{—n, s}} for s € R. The following result is devoted to show that, below A*, the
approximate problems (@, ) admit a positive solution for any n. We also prove that such a sequence of
solutions is locally bounded away from zero. Finally, we prove that an a priori bound in L*°(2) implies
compactness of the approximate sequence.

Lemma 5.1. Assume that 1 < ¢ < 2, 0 < p € L*(Q), with |[u|p=@) < 1ifq =2, and 0 < [ €
LP(Q) with p > & and let X < X*. Then there exists a solution u,, € H}(Q) N L>(Q) to (Qn) for any n. In
addition, the following local lower bound, uniform with respect to n, holds:

(5.1) VwCcCQ3de, >0: u, >c¢, in w, Vn.

Moreover, if the sequence {up }nen is bounded in L™= (), there exists a function 0 < u € H}(Q)NL>®(Q) such
that, passing to a subsequence, u, — u weakly in H}(Q) and u,, — u uniformly in Q.

Proof. Let us fix n € N, and let A € I* be such that A\ < A < A*. Then, there exist a constant ¢ > 0 and a
function ¢ € H'(Q) N L>°(Q) satisfying ¢ > c in Q and —Ap > g + ,u(ac)M in Q. Taking M > 0 large

_ it
enough, the function ¢ := My turns out to be an H'(Q) N L>(Q2) supersolution for (Q,,), since
_ _ Ve _

Clearly, ¢ = 0 is a subsolution to (Q,) and 1 = 0 <+ in Q. Therefore, [13, Théoréme 3.1] (see also [23])
implies that there exists a solution u, to (Q,) such that 0 < u,, < 2 in Q.

In order to prove (5.1), we use an argument by comparison. Indeed, we first observe that
—Aup, > Auy, + T1(f) in Q,
Un, =0 on 0f).
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Since A < A* < A, then the operator —(A + \) verifies the maximum principle, so that we compare u,, with
the solution ¢ to the problem

SAC=NATI() i
¢=0 on 012,

and thus, we obtain that u,, > ¢ in . Now, since f > 0 in €2, the strong maximum principle (which holds
since ) is connected and, again, because A < A, see [22]) implies that ¢ satisfies (5.1), and then, so does uy,.

In order to prove the compactness of the sequence {u,}n,en, we choose now u,, as test function in (Q,),
and using that T,,(f) < f in Q for any n together with the L>°(Q2) bound, we easily deduce that {u,}nen is
bounded in H}(€). This implies that there exists a function u € H{(£2) such that, passing to a subsequence,
un, — u weakly in Hg (). Using that, in particular, u,, — u a.e. in Q, we deduce that v > 0 and u € L>().

On the other hand, by Lemma A.8 we deduce that {u,},en is uniformly bounded in C%%(Q2) for some
a € (0,1). Hence, the compact embedding C*%(Q) — C(Q) yields that u,, — u uniformly in Q. O

Using the compactness provided by the previous result, we prove now the existence of a solution to (Py)
for f > 0 and for every A < A\*.

Proposition 5.2. Assume that 1 < ¢ < 2,0 < p € L>®(Q), with ||p|lp~@) <1 ifqg =2, and 0 < f €
LP(Q) with p > &. Then, there ezists a solution to (Py) for every A < \*.

Proof. Consider the sequence {uy, }nen of solutions to (@) given by Lemma 5.1. We claim that {u,}nen is
bounded in L% (). Indeed, arguing by contradiction, assume that it is unbounded in L>°(Q)), and take a
(not relabelled) subsequence such that |[u,[|zeq) — 0o. Then, we have that the function z, = MT(Q) €

HE(2) N L>(Q) satisfies, for every n, that

n

|V 2|9 T (f(2))
(5.2) (Z + m) e
. =0 on Of).

)

Since ||zp||Le(q) = 1 for any n, then {z,}nen is clearly bounded in L>°(£2), so following the arguments
of the proof of Lemma 5.1 we deduce that there exists 0 < 2z € Hg(Q) N L>(Q2) such that, passing to a
subsequence, z, — z weakly in H}(Q2) and z, — z uniformly in Q. However, we can not argue as in Lemma
5.1 to prove neither the local lower bound to the sequence {z,}nen, nor that the limit z > 0 in , since

one does not have a lower bound for {M} independent of n. Hence, we need to use a different
nliLee neN

argument.
Indeed, observe first that the uniform convergence implies that ||z||p~q) = 1, so z > 0 in Q. Fix now

0<¢e HYH Q) NL®(Q). We know by the weak H} () convergence that

ngrfw Vz,Vo — )\/znqS:/Vquﬁ—)\/qu

and, since / Vz,V¢ — )\/ zn@® > 0 for any n, we have that / VzVe¢ — )\/ z¢ > 0, too.

On the other hand, since A < A* < A, the strong maximum principle holds for the operator —(A + A).
Thus, since (2 is connected and z is not constant (the only constant in H} () is the null function), the strong
maximum principle implies that, for every w CC €2, there exists a constant ¢,, > 0 such that z > ¢, in w for
any n (in particular, z > 0 in © and lvz‘ € L. (). Furthermore, the uniform convergence yields that z,

loc
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satisfies 2z, > ¢, > 0, Vw CC €, Vn € N. This implies that {—Az, },ey is bounded in L} (), that combined
with the H' bound implies that

Vzn, — Vz strongly in L™(Q)Y for any r < 2

(see [12]). The local lower bound and the convergence of the gradients will allow us to pass to the limit in
(5.2).

Indeed, assume first that 1 < ¢ < 2, and let ¢ € C}(Q2). We know that there exists a function h € L1(€)
such that, passing to a subsequence if necessary, |Vz,|? < h(z) in ©, and we also have that |Vz,|? — |[Vz|?
a.e. in €. Therefore, choosing an open set w CC Q such that supp(¢) C w, we have that

p@IValto _p@h(0s o

1 ~ag—1 ’
[ S q ca
n ”HunHme)

€ L'(©2). On the other hand, we also have that

h
where i (/)1
e

(@) |Vzn| ¢ _, M@)[Vz|Té

—1 _
. 1 q 29-1
" nflunll Lo ()

Hence, we may pass to the limit in the second term of the right hand side of the equation in (5.2). It is
straightforward to verify that the rest of the terms also converge, so that we conclude that z is a solution (see
Lemma A.5 in the Appendix below) to (E)), but this is a contradiction with Theorem 4.3 since A < A*.

On the other hand, assume now that ¢ = 2 and ||z[| =) < 1, and let ¢ € C}(2). We may assume without
loss of generality that ¢ > 0 in Q. In this case we argue as in [3] (see also [8]). Thus, using that

a.e. in Q asn— +oo.

Z, — 2z a.e. in Q, weakly in Hj(Q), strongly in L*(1),
Vz, - Vz a.e. inQ,

we obtain, by virtue of Fatou’s Lemma, the inequality

2
/Vzv¢>/\/z¢+/ |V|
Q Q

In order to prove the reverse inequality, let us take —gb € Hy(Q)NL>®(Q) as test function in (5.2). It follows
that
/ |vzn|2¢ . @V V2 + V Vb =\ ¢ N(x)|vzn|23n¢ n T (f(2))zno
Q

z o 22 Q Q % Q(z,+——=~1—)2 Q ||un||L°°(Q)Z
nHu7LHL°°(Q)

Since ||ut| () < 1, we deduce that
Veld (@) Vel o
z <2n+

therefore, Fatou’s Lemma yields to

[0 [T e ([ ey [ vewe i [ 520 [ ESS).

Finally, using that z,, — z weakly in H}(Q) and z,, — 2 strongly in L?(2), we obtain

/VZV¢<)\/Z¢+/ |V |2

>0 ae. in§,

1 ) 5
nHunHL‘X’(Q)
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In conclusion, z is a solution (see again Lemma A.5) to problem (E)), so that we get again a contradiction.

Thus, we have proved that the sequence {up}nen is bounded in L®(§2). We conclude the proof of the
result by applying Lemma 5.1 and passing to the limit in (Q,,) as we did for {2, } nen, with the only difference
that this time the local lower bound for {u, }nen is provided directly by (5.1) in Lemma 5.1. O

We are ready now to prove our bifurcation result.

Proposition 5.3. Assume that 1 < ¢ < 2,0 < p € L>®(Q), with ||pllp~@) < 1ifqg=2, and 0 < f €
LP(Q) with p > % Then, if A € R is a bifurcation point from infinity of (Py), necessarily A = \*. Moreover,
if [ satisfies condition (fy), then the set

Y= {(\uy) € R x C(Q) : uy is a solution to (Py)}

18 a continuum.
If in addition (Py) has no solution for X = N\*, then the continuum is unbounded and it bifurcates from
infinity at \* to the left.

Proof. Assume that A € R is a bifurcation point from infinity to (Py), i.e., there exists a sequence of real
numbers {A, }nen with A, — A such that there exists a solution u,, to (P, ) for any n satisfying [|u,|| 1) —
00. Proceeding as in the proof of Proposition 5.2, we may pass to the limit in the equation satisfied by
Zn = ”un”“#(m, so that we obtain a solution z to problem (E)). Therefore, by virtue of Proposition 4.3, we
have necessarily that A = \*.

Assume now that f satisfies (fy). We will prove that the set ¥ is a continuum. In other words, we will

show that the function
(=00, \*) = C(Q2)
A= U

is continuous, where u) denotes the unique solution to (P)) given by Proposition 5.2 (the uniqueness of
uy € C(Q) follows from Lemma 2.4 and Theorem 3.2). Indeed, let us fix A € (—oo, A*), and choose a sequence
{An}nen C (=00, A*) such that A, — A as n diverges. Arguing again as in the proof of Proposition 5.2, if one
assumes that {uy, }nen is unbounded in L*°(€2), then a solution to problem (E)) can be found, but this is
impossible because A < A\*. Thus, necessarily {uy, }nen is bounded in L>°(2), so that we deduce as in Lemma
5.1 that uy, — uy uniformly in Q, i.e., in the space C(Q).

To conclude we prove that the continuum is unbounded by showing that A* is a bifurcation point from
infinity to the left of the axis A = A*. Indeed, assuming that {uy, }nen is bounded in L>°(Q) for some sequence
{An}nen C (=00, A*) with A,, — A* as n diverges, we can pass to the limit in (Py,) and we find a solution to
(Px~), but this is a contradiction.

In conclusion, A* is a bifurcation point from infinity to the left of A = A\*. O

6. PROOFS OF THE MAIN RESULTS AND FINAL REMARKS

Proof of Theorem 1.2. We deduce from Proposition 5.2 the existence of at least one solution to (Py) if A < A*.
Moreover, the nonexistence for A > A\* in deduced by Proposition 4.3.

As far as uniqueness is concerned, we observe that if u, v are two solutions to (Py), then Lemma 2.4 implies
that u,v € C(Q) N VVé’CN(Q). In particular, using the continuity up to the boundary of u,v and the fact that
u(xg) = 0 for any x¢ € 99, we have that u, v satisfy (3.9) for any € > 0. Moreover, they obviously satisfy
(3.2) and (3.3) respectively. Therefore, Theorem 3.2 implies that u < v in . The reverse inequality follows

by interchanging the roles of u and v.
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We give now a proof for the nonexistence of solutions to (Py-). Thus, assume by contradiction that there
exists a solution u to (Py«). Then, we can find a solution v to

Vold
—Av = Xv+ p(x) |U‘11i|1 +Cy¢] in Q,
(6.1) v>0 in €,
v=20 on 0f.

The proof of this fact follows basically the same steps as Proposition 5.2: the only difference is the way of
proving the L*° estimate, which does not work in this case. However, since we are assuming that there is
a solution u to (Py+), then, by comparison, any solution to the approximate problems (@) is smaller than
l|lu|l o< (), Which gives the a priori estimate.

Furthermore, using Lemma 2.7 we deduce that for € > 0 small enough, the following holds:

Crp] —ev > (C1 —e0))p] > 0.

Therefore,
|Vl [Vl

pa—1’

—Av=(\"+¢e)v+ u(x)

+ (Crp] —ev) > (A" + &)v + p(x)

pa—1

That is to say, v is a supersolution to (Ey«;.). Moreover, by Proposition 2.6, v € HE(Q) for every n € (o, 1)
for some 1y < 1. This is a contradiction with the characterization (4.2) in Proposition 4.1. So we have proved
the nonexistence result.
Finally, the claim about bifurcation follows from Proposition 5.3.
d

Proof of Theorem 1.1. We have shown in Proposition 4.1 that A\* € (0,A]. Moreover, as a consequence of
Proposition 4.3, if (E)) admits a solution then A = A\*. Thus, for the first part of the theorem it only remains
to prove the existence of solution to (E)) for A = A*. In order to do that, by virtue of Proposition 5.3, we
may choose A, — A* such that ||uy, ||r=) — oo, where uy, denotes, for any n, the unique solution to the
problem

[Vul? :
—Au = Au+ p(x) gy +1 inQ,
u >0 in €,
u=0 on Jf).

Hence, arguing again as in Proposition 5.2, we may pass to the limit in the equation satisfied by z, =
using that ||z, || L~(q) = 1 for any n, concluding that the limit z is a solution to (Ex-).

[ux, L= @)
Regarding the uniqueness of the solution up to multiplicative constants, it follows by adapting the unique-
ness result proved in [26] to v; = log(u;), i = 1,2, being u; and uy two solutions to (Ex+). O

We conclude the section with some remarks concerning the principal eigenvalue and some possible extensions
of our results.

Remark 6.1. Let us remark that the global behavior of the continuum in Proposition 5.3 corresponds to the
one obtained in [8] for ¢ = 2. That is to say, A\* > 0 is the only possible bifurcation point from infinity.
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However, as it was pointed out in the introduction, there are similar singular problems that exhibit a
completely different behavior. For instance, whenever bifurcation occurs for the problem

2
—Au = du+ u|vuz| + f(z) inQ,
u >0 in Q,
u=20 on 0X,

with 0 € [0,1), it is possible to prove (see [7]) that A = 0 is the only possible bifurcation point from infinity.
Hence the qualitative behavior of the continuum of solutions is different if the problem above possesses or not
a solution for A\ = 0.

Remark 6.2. We show here that, in the case ¢ = 2, there exists 0 < p € L*(Q) with ||| =) < 1 such

A
that \* > ———————. This proves that, if u is not a constant, then the condition A < ———— s

1l Lo 0y + 17 [l Lo @) + 1
not necessary in general for the existence of solutions to (Py).

Indeed, by contradiction, assume that \* = ——————
[l Lo () + 1
Fiz a point xg € Q, and consider a sequence of balls {B1(xp)}neny C Q. For any n, let us define in Q the

for any 0 < p € L>(Q) with ||pllL-@) < 1.

functions
1
Mn(x) = §XB%(10)

Since [|fn | L) = 1/2 < 1 for any n, we may consider a solution u, to

A V|2
—Auypy = —-u, + un(x)u mn ),
||,LLnHL°°(Q) +1 Un,
Up > 0 in €,
Uy =0 on 0f).

A 2A
Observe that — for any n, and that p, — 0 a.e. in Q.

lpnlloe +1 3
If we choose uy, so that ||uy||L~) =1 for any n, then, arguing as in the proof of Proposition 5.2, we may
pass to the limit and find a solution u to

2A
—Au = ?u imn €,

2
But this is a contradiction since 3 < A.

Remark 6.3. It is worth to highlight that we can prove the strict inequality \* < A provided p > 0 in Q.
Indeed, let u be a solution to (Ex«). Then, taking 1 as test function in (Ex+), we obtain

. Vul?
(A=A )/Qusm = /Qu(w) |uq,|1 p1>0,

which clearly implies what we claimed.

Remark 6.4. We also point out that Theorem 1.1 yields to
I"=1=(—00,\") and Iy=(—00,\"].
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Indeed, if u is a solution to (Ex-+), then it follows trivially from Lemma 2.6 that \* € Is. On the other hand,
assume by contradiction that \* € I*. Then, there exists a supersolution ¢ € H*() N L>®(Q) to (Ex~) with
@ > c in Q for some ¢ > 0. Hence, we may argue as in Proposition 4.3 to obtain that tu < ¢ in Q for every
t > 0, which is obviously impossible.

Remark 6.5. In the whole paper we have confined ourselves to the case ¢ > 1 in order to deal with the
singular problems (Py) and (E)). Nevertheless, our results hold true also for ¢ = 1 by following the same
approach (with some small difference in the proof of the positivity of \*).

Remark 6.6. The hypotheses made on the smoothness of 0S) deserve also some comments. For the sake of
clarity we have assumed in the whole paper that the boundary is of class C%'. Actually, such a regularity
of the boundary is needed only in order to obtain C'(Q) regularity of solutions to linear problems (which is
provided by Calderon-Zygmund regularity theory).

Apart from those results, it suffices to impose a weaker reqularity assumption on OS2 in order to prove the
rest of our results. Indeed, one needs to suppose that Q) satisfies the following condition:

Let  C R be an open set and suppose that there exist ro, 8y > 0 such that if x € 00 and

(6.2) 0 <r <rg, then |Q] < (1 —46y) |B.(z)|, for every connected component ,. of QN B.(x).

Such a condition is specifically needed to prove C%%(Q) regularity (and also uniform estimates in this space)
of the solutions.

APPENDIX A

This section consists of five lemmata that prove that the formulation given in Definition 2.1 is totally
meaningful and actually can be changed into an equivalent one in which the test functions have compact
support.

Lemma A.l. Let ¢ € HL(Q) N L>®(Q) be such that supp(¢) C Q. Then, there exist an open set w CC
and a sequence {¢n}nen C CH(Q) such that it is bounded in L>(S)), supp(¢,) C w for any n, and ¢, — ¢
strongly in HE ().

Proof. Take an open set w such that supp(¢) C w CC Q. Then, ¢ € H}(w) N L®(w). Let ¥, € CL(w) be
such that 1,, — ¢ strongly in H{ (w), then
Yp — ¢ a.e. in Vi, = V¢ a.e in Q,

Consider now a function G : R — R satisfying the following properties:

(i) G € CL(R) N WL>(R),

(i) G(s) =5 Vs € [~]|8llLo(), 18]l L= (w)]-
Clearly, we have that {G(1,)}nen C CL(w), it is bounded in L°°(w) and, in addition,

VG(y) = G () Vb, = G'(¢)Ve = VG(¢) = Vo  a.e. in w.
Moreover,
IVG(¥n) = VoI* < [VG(Wn)? + V] + 2| VG(¥n)|| V|

and therefore, the Vitali’s Theorem yields that G(¢,,) — ¢ strongly in Hg (w).
For any n, let us define the function ¢,, in by

_ | G(n) n w,
On = 0 in Q\ w.
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Thus, we have that {¢, }nen C CL(Q), it is bounded in L*(Q), ¢,, — ¢ strongly in H}(Q) and, in addition,
supp(¢n) C w for any n. O

Lemma A.2. Let ¢ € HE () be such that ¢ > 0 a.e. in Q, and let {¢n}nen be a sequence in CH(Q) such
that ¢, — ¢ strongly in H} (). Then, ¢;7 — ¢ strongly in H}(Q).

Proof. We know, passing to a subsequence, that
¢n — ¢ ae. in Q, and V¢, - V¢ a.e. in .
Observe that

NI a2 N — 2
(A1) /Q V6t - ) /Q V(e — )2 +2 /Q V6V /Q Vérl
V(o —O)>+2 | Vo,V
g/ﬁ\ (60— D) + /Q omV
for any n.

Now, by continuity we deduce that ¢, — ¢~ = 0 a.e. in Q. Therefore, passing to a new subsequence,
we infer that {¢, },en weakly converges in Hi(£2) to some limit v, and then ¢, — ¢ a.e. in Q. Hence,
necessarily ¢ = 0, that is to say, ¢, — 0 weakly in H}(Q).

Finally, from (A.1) we conclude that ¢ — ¢ strongly in H}(Q), where {¢, }nen is a subsequence of the
original sequence. Actually we have prove that any subsequence of {¢, }nen admits a subsequence such that
¢ — ¢ strongly in H}(2). Then we have necessarily that, indeed, the positive part of the original sequence
strongly converges to ¢ in Hg (). O

Lemma A.3. Let ¢ € H}(Q) be such that ¢ >0 a.e. in Q. Then, there exists a sequence {¢n }nen C Hg(2)
such that supp(¢n) C Q for any n, 0 < ¢, < ¢ a.e. in Q for any n, and ¢, — ¢ strongly in HE (). In
particular, if ¢ € L>(Q), then {¢n tnen is bounded in L>(Q).

Proof. Let {tn}nen C CH(2) be such that ¢, — ¢ strongly in H}(Q). By virtue of Lemma A.2, we have
that ;7 — ¢ strongly in H}(2). For any n, let us define now the function ¢,, = ¢ + (¢;7 — ¢)~ in Q. Clearly,
bn € H}(Q) and 0 < ¢, < ¢ a.e. in ) for any n. Observe also that, for any n, it holds that ¢, < ¢ a.e. in
Q and ¥, =0 a.e. in Q\supp(¢;), so ¢, = 0 a.e. in Q\supp(+,"). Hence, by the definition of the essential
support of ¢,,, we have that Q\supp(x,;") C Q\supp(¢,,), and thus, supp(¢,) C supp(¥;) C Q.

Finally, we have that
V(o 2 v+ —2 V(i 2

and therefore, ¢, — ¢ strongly in H} (). O

Lemma A.4. Assume that 1 < ¢ < 2,0 < p € L®(Q), 0 < f € LP(Q) withp > & and X € R. Let
u € H(Q) N L>®(Q) be such that u > 0 a.e. in Q, W“lq €L} (Q) and satisfies

[wto= [ [T [ s

for any ¢ € CH(Q2). Then, the same equality holds for every ¢ € HO( ) N L2 () with compact support.
Proof. Let ¢ € HE(2) N L% () be such that supp(¢) C €2, and let w and {¢,, },en be the open set and the
sequence given by Lemma A.1, respectively. This lemma gives also that

|Vu| |Vu|q
u(z ) Y | Pnll Lo (@) <

oVl

ud— 1

¢n = ”H”LOC



22 J. CARMONA, T. LEONORI, S. LOPEZ-MARTINEZ, AND P. J. MARTINEZ-APARICIO

a.e. in , where C' > 0 is a constant independent of n. Therefore, since \x@l € L,
Lebesgue’s Theorem to derive

Vul? Vul? Vul? Vul?
L@ 6, = [ eS8, — [ w0~ [ 5o

The conclusion of the lemma is now straightforward. O

(), we can use the

Lemma A.5. Assume that 1 < ¢ < 2,0 < p € L®(Q), 0 < f € LP(Q) withp > & and X € R. Let
u € HHQ) N L>®(Q) be such that u > 0 a.e. in Vul® ¢ (Q) and satisfies

7 a1 loc

/ww )\/u¢+/ Wu‘ ¢+/f

for any ¢ € CL(Q2). Then, u is a solution to (Py) in the sense of Definition 2.1.
Similarly, if u € H*(Q) N L*°(Q) is such that u > 0 a.e. in Q, |Vu\q € LY _(Q) and satisfies

loc
\V \

VuVeo >\ | ug +/ f@)o
Q Q

Q
for any 0 < ¢ € HE(Q) N L>®(Q) with compact support, then u is a supersolution to (Py) in the sense of
Definition 2.1.

Proof. Let ¢ € HE(Q) N L>®(Q), and let {¢y, }nen be the sequence in H}(Q) N L°() given by Lemma A.3
such that ¢,, — ¢ strongly in H(Q). By virtue of Lemma A.4, we have that

(A.2) /Qu( )lvu‘qun—/Vquﬁan/uqﬁn /f ¢n VYneN.

ua—1

Hence, by Fatou’s Lemma and by the weak convergence ¢,, — ¢* in HZ(£2), we obtain that

Vul? + + +
W) ——r¢" < [ VuVe" — A [ up” — [ f(z)¢
Q ut Q Q Q
Vu
That means that [Vu[* gz5+ € L'(Q). This fact allows us to pass to the limit in (A.2) by using the Lebesgue’s

Theorem for the left hand side (recall that ¢, < ¢T for any n), and again the weak convergence for the right
hand side, so that we obtain

[ n@ S8 = [ vuwor <a [ ot - [ ot

An analogous procedure provides us the same identity but replacing ¢ by ¢~. The proof of the first part of
the lemma concludes by simply adding both identities.
The last part of the lemma about supersolutions can be proved in a similar way. O

REGULARITY OF THE SOLUTIONS

Proof of Lemma 2.4: Hélder regularity.

Here we prove that any HE(Q) N L°°(Q) solution to (Py) actually belongs to C%<(Q) for some «a € (0, 1).
For this purpose, we make use of the regularity theory developed by Ladyzenskaya and Ural’tseva in [25].

We denote an open ball with radius p > 0 as B,, and for v: 2 — R, k € R, we also write

A p,(v) ={x € QN B, : v(z) > k}.
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Definition A.6 ([25], p. 90). Let Q C RY be an open domain, and let M,~,6 > 0, r € (N, +oc], m > 1.
We say that a function u : € — R belongs to the class B, (57 M,~, 4, %) if u € Whm(Q) N L>(Q) with

llull Lo (@) < M, and the following holds for v = u and also for v = —u:

r

1 m
A3 / Vol <y | ——F——=lv — k|7~ oy 1] Ak, (),
(A-3) Ak,p,w(u)| | (Umpm<1_N) [o = Kl Zee (4, (1) > Ak, ()]

for any p > 0 and all B, such that Q N B, # 0, for all ¢ € (0,1) and for all & > k,, where k, =

max < sup (v) — 4, sup (v) p if 92N B, # 0, while k, = supg (v) — § otherwise.
QnB, 20NB, i

We will use the following result (see [25, Theorem 7.1, p. 91]).

Theorem A.7. Let Q C RY be a C*' domain and let M,~,6 >0, r € (N,+oo], m > 1, 8 € (0,1), L > 0.
Then, there exist « € (0,1) and K > 0 such that, if u € B, (ﬁ, M,~, 0, %) satisfies

A4 sup (u) — inf (u) < Lp?
(A4) S ()= ot ) < L

for every B, centered at 0Q with 0 < p < ag, then u € C%*(Q) and, moreover, ||u||CO,Q(§) <K.

Thus the core of our result is proving that any solution of (P)) belongs to B, (57 M,~,0, %)

Lemma A.8. Let Q@ C RN be a C domain, N € R, 1< ¢<2,0< pe L), with ||p|| L) < 1 if ¢ =2,
and 0 < f € LP(Q) forp > % Then, for every M > 0, there exist « € (0,1) and K > 0 such that every
solution u to (Py) satisfying ||u|| 1) < M belongs to C%*(Q) with ullco.o @ < K-

Remark A.9. The condition on the regularity of the boundary can be relaxed, assuming that OS) satisfies
(6.2).

Proof of Lemma A.8. Let M > 0 and let u be a solution to (Py) such that ||u||zq) < M. We will show that
u € By (ﬁ,M,*y,M, %) for some v > 0.

Indeed, fix p > 0 and B, such that QN B, # 0, fix also o € (0,1), and consider a function ¢ € C(RY),
compactly supported in B, satisfying that 0 < ¢ < 1in B,, ¢ = 1 in the concentric ball B,_,,, and |V(| < Uip
in B, for some constant a > 0 independent of p,s. We start by showing that inequality (A.3) is satisfied for
v =u.

Thus, let k > k,. If 90N B, # 0, then k, = 0 (since v = 0 on 9N), so (v — k)t € HI(Q) N L>=(R),
and in particular (*(v — k)T € H}(Q) N L>®(2). On the other hand, if B, C Q, then ¢ € C2°(Q2), so again
C(v—k)T € HY Q)N L>®(Q). In both cases, we can take (?(v — k)t € HE(2) N L>(Q) as test function in
the weak formulation of (P)), so that we obtain

/ <2|W|2s2/ c<vfk>|v<\|w+|x|/ o(v— k)
Ak, p(v) Ag,p(v) Ag,p(v)

v—k
(A5) = [ GVl [ @b,
1o (©) v Aro(v)

P
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By the definition of k,,, it is clear that v — k < M in Ak,p(v). Using also that v < M, we deduce that

/ Vo2 <2 / C(0 — k)[VC]| Vo] + [AM2| Ay (o)
Ak, p(v) Ak, p(v)

@ [ @wupram [ )
Ag,p(v) Ag,p(v)

If ¢ < 2 we use Young’s inequality conveniently in the first and the third terms of the right hand side of the
last inequality, so we derive

1
= GIVul* < (1A + C)M?| A p(v)]
CJar,w

+ M| fllze @) Ar,p ()7 +C o )(U — k)*|V¢I,
k,p(V

for some C' = C(q, 1) > 0 large enough. Similarly, if ¢ = 2 and |||/ (o) < 1, we arrive at the same inequality
in a similar way, but Young’s inequality is not needed in the second term of the right hand side.
Noticing that

1

[ Ao (V)] = [Ak,p(0)[77 [ Ao (V)7 < A, p(0) 7" C(N, p)p7,

3|z

and recalling the properties of (, we finally arrive at

=

1
(A.6) /Ak » [Vol? <~ (0202_];“) — kT () + 1) [A,p (V)]
c,p—op

for some v > 0 which depends on M but not on v, k, p, 0.
Let us now prove that (A.3) holds for v = —u. First of all, notice that v satisfies

(A7)

—Av<Xv in Q,
v=20 on 0.

Let k > k,; if, on the contrary, 9Q N B, # 0, then k, =0, so A ,(v) = 0 and (A.3) is trivially satisfied.

On the other hand, if B, C Q, then (*(v — k)T € HJ(2) N L>(Q), and it can be used as test function in
(A.7). In particular, (A.5) also holds, so the same computations above can be reproduced up to (A.6), and
the proof of our claim is done.

In conclusion, we have proved that u € By (ﬁ, M,~, M, ﬁ) Since (A.4) is satisfied being u = 0 on 052,

then Theorem A.7 implies that u € C%(Q) for some a € (0, 1), and, in addition, [ullco.a @) < K, where K, o

are positive constants independent of w.
O

Proof of Lemma 2.4: Local Sobolev reqularity. As far as the local Sobolev regularity is concerned, we use a
classical bootstrap argument (see [16] for more details). We first observe that since u > 0, by virtue of the
strong maximum principle we have that u > inf,,(u) > 0 in w for every smooth open set w CC €. Hence, we
may apply [21, Chapter V, Proposition 2.1] to derive that u € W1 (w) for some tq > 2, and by standard
regularity theory we have that u € WQ*%O(w). Now, since u € C%%(w) N V[/Q’%O(w)7 then [28, Teorema IV]

too0_q)—
implies that u € Wb (w), where t; = Z@ma)ma to.

11—«
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We may continue the bootstrap argument as in [6, Lemma 2.1] to obtain that v € Wi (w) as long as
tn_1 < 2p, where

trn—
P Gl Al VR
" 1—a '

Observe that the sequence {t, }nen is increasing. Assume by contradiction that ¢, < 2p for any n. Then the
sequence {t,}nen is convergent, and ¢, — 2. But this contradicts the fact that to > 2. Hence, necessarily
t, > 2p for some n, and the proof is done. O
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