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ABSTRACT. In this paper we consider the homogenization problem for quasi-
linear elliptic equations with singularities in the gradient, whose model is the
following
|Vus|?
—Au® +
(us)?

uf = on 0Q°,

= f(z) inQF,

where  is an open bounded set of RY, § € (0, 1) and f is positive function that
belongs to a certain Lebesgue’s space. The homogenization of these equations
is posed in a sequence of domains 2° obtained by removing many small holes
from a fixed domain Q2. We also give a corrector result.

1. Introduction. We study a homogenization problem for a singular quasilinear
elliptic problem with quadratic gradient, specifically

—Auf 4 g(u®)|Vus|* = f(x) in QF

(1)
u® =0 on 0)°,

where ¢ is a sequence of open sets which are included in a fixed bounded open set
Qof RN, N >3, g € C(0,400) N L(0,1) is a positive function and f € L%+ (),
f=0,f#0.

We study the asymptotic behaviour, as € goes to zero, of a sequence of problems
posed in domains ¢ obtained by removing many small holes from a fixed domain
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Q, in the framework of [11] for the linear case. In such paper it has been shown
(see also [21] or [12] for a more general framework) that for every f € L%(Q), the
(unique) solution u® of

2
u® =0 on 09°, @

satisfies that, with @¢ denoting the extension of u® by zero in @\ Q°, 4° — w in
H}(Q), where u is the (unique) solution of

w € Hy(Q) N L*(Q dp),
/VWer/usodu:/f% Vo € Hy(Q) N L2 (Qdp), ¢ >0,
Q Q Q

{Au6 = f(z) in°,

(3)

with p is a nonnegative finite Radon measure depending only on the holes. In [11]
there is an example of holes for which u is a positive constant and u satisfies

—Au+ pu = f(z) inQ,
u=0 on Jf).

It is widely remarked the presence of the “strange term” pu (which is the asymptotic
memory of the fact that u¢ was zero on the holes) appearing in the limit equation

In [12] the authors deal with the homogenization problem in a general framework.
In that paper it is not essential to have an a priori control of the set where the weak
limit of @° vanishes. However, since we are dealing with a singularity at v = 0
we adopt the framework of [11] as in references [16, 17, 18] in which is studied the
existence of solution and homogenization of the problem

—div A(z)Du® = /(@) in QF,
u
u® =0 on 00°,

where A € L*(Q)V*¥ is a coercive matrix and v > 0, and [7] which deals with
homogenization of this problem in varying matrices.

In [10] was studied problem (1) in the case g(s) = —vy where 7 is a real constant.
The author used a suitable change of unknown function, z° = €’ — 1, and he
obtains a new problem

2£=0 on 0€°.
A careful analysis of this semilinear homogenization problem allows the author to
pass to the limit as in the linear case. Undoing the change of variable he proved
that, as in the linear case, a new term appears in the equation that satisfies u, but
in this case the new term (e — 1)u/(~ve™) is nonlinear (p is the same measure).
Specifically the homogenized problem is

e —1 9 .
Ve = f(a) in @

u=20 on 012,

{Aze = fve’™  in QF,

—Au+

or equivalently, in the case where i is a Radon measure, the solution u satisfies

u e HY(Q) N LA dp),
yu ]
/VUW>+/6 - wdu+7/|W|Q<ﬁ=/f¢7
Q o e Q Q
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for every p € H}(Q) N L?(Q;du), ¢ > 0.

The difference is that the “new equation” is no more linear. As the author
remarked, this means that the perturbation of the linear problem (2) by a nonlinear
term, namely v|Vu©|?, changes the structure of the new term in the limit equation.
Moreover, a corrector result was proved, is that to say, a representation of Vu®
in the strong topology of L?(Q)". Similar results were proved in [9] in which the
nonlinear perturbation of (2) is a general function of the form H(z,u, Vu), where
H has a (at most) natural growth in the gradient.

We remark that in all the cases the lower order term is bounded respect to u
and, up to our knowledge, the singular problem (1) has not been considered yet. In
[15] there a is first homogenization result for a singular quasilinear equation (but
with the nonlinearity on the right-hand side) for a fixed domain with oscillating
coefficients.

In the present paper, inspired by [10], we consider singular functions g, using the
results in [1, 4, 6] we have the existence of solution u® € H}(QF), in the sense of
distributions, to problem (1) and in [5] it has been proved the uniqueness. In [19]
the authors prove the existence of solution for f bounded and a general lower order
term.

Observe that g(s) > 0 for every s > 0, thus it is easy to prove that u¢ is bounded
in H}(92°) and in L>°(Q°) following [20] and [22] respectively. Moreover we can prove
that u© is a bounded sequence in Hg (2) N L>°(Q). Therefore, up to a subsequence,
we get that u converges to some u weakly in H}(Q). The general questions we are
concerned with are the following. Do the solutions u® converge to a limit v when
the parameter € tends to zero? If this limit exists, can it be characterized? Will
the result be the same result as in the non singular case? In principle the answer
is not obvious at all since, as € tends to zero, the number of holes becomes greater
and greater and the singular set for the right-hand side (which includes at least the
holes’ boundary) tends to “invade” the entire Q.

In our case, the function g may presents a singularity at u = 0. Our main result
is to prove that for every f € 1'113752(9)7 f >0, f £ 0, the unique solution u® to
problem (1) satisfies u¢ — w in H(Q), where u is the (unique) solution of problem

—Aut g(w)|Vul + pB()e® = f@) i Q
u =20 on 01},

in the case yu constant, where G(s) = [ g(t)dt and W(s) = [; e~ dt for every
s > 0, or of the problem, in the case where p is a Radon measure,

u € Hy() N L*(Q;dp),

/ VuVe + / () dy + / o(u)|Vul?p = / fo.
Q Q Qn{u>0} Q

for every ¢ € H} () N L*(Q;du), ¢ > 0.

In [8] the authors prove the existence and uniqueness of solution of the previous
problem in the case where p is a constant and the proof of the uniqueness can be
adapted in the case where p is a Radon measure.

Observe that we can not guarantee that the solution of the previous problem
satisfies u > 0 in Q. The proof of this fact is usually based on a change of variables
to obtain a semilinear problem where the strong maximum principle is satisfied. In
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our case, this procedure leads to a problem of the form
—Az+4pz=fi(x) >0 in Q,
z=0 on 09,

and in [18] the authors give an explicit counterexample which shows that in general
the strong maximum principle fails in the case where the operator involves a zeroth-
order term pz when u € My(Q2), u > 0. Therefore, we do not impose 0 < € in
the notion of solution of the singular problem (1) and we proceed here with the
notion of solution in Definition 2.1. Although we prove that both concepts are
equivalents for g integrable at zero we think that Definition 2.1 is more appropriate
if g ¢ L*(0,1). In addition, the techniques used to prove existence of solution in
this sense are important in order to deal with the homogenization of the singular
problem (1).
The plan of the paper is the following. We firstly prove that the problem

—Au+ g(u)|Vul* = f(x) in "
u =0 on 0f2.

has solution in a suitable sense that we will detail in Section 2. In Section 3 we
give the precise assumptions of the perforated domains, following the framework of
[11], and we prove our homogenization result for the singular quasilinear problem
(1). The last part of Section 3 is devoted to prove the corrector result.

Let us explicitly state that we have chosen to present the results and to perform
the proofs in the case N > 3. However, all the results hold true also in the case
N = 2 provided we replace the assumption f € L%+ (Q) with f € LP(£2) for some
p> 1.

Notation: As usual, we consider the positive and negative part functions defined
on R by s = max{s,0} and s~ = min{s, 0}, respectively.

For any £ > 0 and s > 0 we set Ti(s) = min{k, s}, Gr(s) = s — Tx(s) and
Sk(s) = min{1/k, max{k, s}}.

Forany 1 <p < N, p* = NN—_I’p is the Sobolev conjugate exponent of p. As usual,
S denotes the best Sobolev constant, i.e.,

S= sup HU||L2*(Q)~

=1
Hu”Hé(Q)

We denote by D(Q) the space of the functions C*°(€2) whose support is compact
and included on Q, by D’(Q2) the space of distributions on £ and M;(€2) denotes
the space of the finite Radon measures.

For [ : Q@ — [0, 4+00] a measurable function we denote

{I=0}={zeQ:l(z)=0}, {{>0}={ze:(z) >0}

and for some a < b, {a <l <b}={r e Q:a<(z) <b}.

2. Framework of the quasilinear problem. Let 2 be an open and bounded
subset of RY (N > 3) and f € L% (), f >0, f #0. We consider the boundary

value problem (4) with ¢ a continuous function in (0, 4+00).
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Definition 2.1. We say that u € HJ () is a positive solution for (4) if u(x) > 0
for a.e. € Q, g(u)|Vul? € L'({z € Q : u(z) > 0}) and

[vuves [ gwivate= [ fwe,
Q {u>0} Q
for every ¢ € H}(2) N L>(Q).

Remark 1. Arguing as in [2, Lemma 2.1] it is equivalent to consider test functions
not necessarily bounded. More precisely, if u € H} () with u(z) > 0 for a.e. x € Q
and g(u)|Vul* € L*({x € Q : u(x) > 0}) satisfies

[vuves [ g@IVaPe < [ flae v0< o e BQ)NLZ®),

Q {u>0} Q

(i.e. w is a sub-solution of (4)) then u satisfies this inequality for every 0 < ¢ €
H(Q). O

Remark 2. Observe that in [6] it is proved the existence of u € H}(Q) such that
u(z) > 0 for a.e. x € Q, g(u)|Vu* € L*(Q) and

/QVuVap—i—/Qg(u)\VuFap:/Qf(ﬂﬁ)%

for every ¢ € Hg(2) N L>(£). In particular, u is solution in the sense of Definition
2.1. (See also [1] where a stronger hypothesis on f allows to consider more general
functions g). O

The next result is a direct consequence of the Stampacchia method [22], we
include here only a sketch of the proof.

Lemma 2.2. There exists a positive constant Crq such that for every g > 0 and
every sub-solution u € H}(Q) of (4) we have that

lull i) < Cro-
If, in addition, f € L1(Y) for some ¢ > N/2 then v € L>() and
[ull =) < Cra.

Proof. Taking u as test function (see Remark (1)) and neglecting the positive lower
order term we have that

||u||H3(Q) < S”fHLZN/(NJr?)(Q)a

where [[w][L2+ () < Sllwl (o) for every w € H}(Q). Moreover, if f € LI(S) for
some ¢ > N/2, neglecting again the lower order term, the standard Stampaccchia
method gives us the existence of C' > 0, depending only on f and €2, such that

[ull oo () < C.
This concludes the proof. O

Remark 3. Observe that if ; C 5 are open and bounded and f € L?(Q) for
some ¢ > N/2 then we can take Cy o, < Cra,. O

We recall that, for every s > 0, the function Ss(s) = min{6~!, max{d, s}}, G(s) =
[ g(t)dt and W(s) = [ e~ Wt

Lemma 2.3. Assume that u is a solution of (4) in the sense of Definition 2.1.
Then
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1. If g & L'(0,1) then f(x) > 0 for a.e. x € Q implies that u(zx) > 0 for a.e.

x e Q.
2. If g € L'(0,1) then f > 0 and f # 0 implies that u(z) > 0 for a.e. z € Q.
Moreover,
[ eemvuvo— [ feos voe m@NLT®, 020 ()
Q Q

Even more, for every w CC Q there exists ¢, > 0 such that u > ¢, a.e. in
w. The constant c,, does not depend on u if, in addition, g € L*(1,+00) or
f e L) for some g > N/2.

Remark 4. In the present paper we do not consider the case in which g can be
not integrable at zero. However, we prove in (i) of the previous Lemma a result
that improves a hypothesis used in [1], that is that we do not impose here f to be
greater than a positive constant in compact subsets of €. O

Proof. Let ¢ € H}(Q) N L>® () with ¢ > 0. First we observe that, for 0 < § < 1,
we can take ¢ = e~ %(55(¥)) ¢ ag test function in (4) and we obtain that

/e‘G(S5(“))VuV¢+/ g(u)|Vu|2e_G(5)¢
Q

{0<u<s}

b gwlvape o = [ gecison,
{u>6-1} Q
Multiplying by €% we deduce

/ (GO~ )Ty Th 1 / 9(w)|Vul2¢
Q {0<u<s}

+/ g(u)|vu|26G(6)—G(6*1)¢:/feG(é)—G(S(;(u))(ﬁ.
{u>6-1} Q

Now we pass to the limit as § tends to zero. Since G is increasing and 6 < Ss(u)
we have that e(9)~G(5:(w)) <1 in particular, using Lebesgue theorem

lim [ e“@)-CEs)gyve = / eCO-CITy Ve = CO=CITy Ve,
0—0 Jo Q {u>0}

Analogously, passing to the limit as ¢ tends to zero

lim / feG)=GEsw) g — / feCO—-Cu) g — Fo+ / FeG(0)=Gw) .
@ Q {u=0} {u>0}

—0

Moreover, since g(u)|Vu|? € L*({z € Q : u(x) > 0}) we have that
lim g(u)|Vul*¢ =0
6=0 Jro<u<s}

and

lim g(u)|Vu\2eG(5)*G(5_l)¢ =0.
§—0 {u>6-1}

Summarizing we obtain that

/ CO-CWyyve = fo+ / feGO-CGwy (6)
{u>0} {u=0} {u>0}
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In the case of item (1) we have that G(0) = —oc since g ¢ L'(0,1). In this case,
from (6) we deduce that
| o=
{u=0}

which implies that either u(xz) > 0 for a.e. x € Q or f(x) =0 for a.e. x € {u =0},
which conclude the proof in this case.

In the case of item (2), i.e. g € L'(0,1) then —co < G(0) < 0 and from (6) we
obtain directly (5). Moreover ¥(u) € H}(Q) and fixing L > 0 it follows that

_ [ oo ~G(w) ~G(L)
A VU (u)Ve /Qfe o> /{ fe ¢ > /QfX{u<L}€ ®,

for every 0 < ¢ € H}(Q) (see Remark (1)). Therefore, the comparison principle
assures that W(u) > 2z € H}(Q) N C(Q) the unique solution of

—Az = fxpuerye 9P, 2 € Hy(Q).

Since fX{u<r}y # 0, the strong maximum principle guarantee that z > 0 for every
z € Q and we can take ¢, = inf,¢, 2(x) > 0 for every w CC Q. Moreover, the
function z (and then the constant ¢,,) does not depend on u if either L = 400 with
g € L*(1,+00) or L = Cy g in the case f € LY(Q) for some ¢ > N/2 and Cq given
by Lemma (2.2). O

u<L}

Remark 5. Taking into account Lemma 2.3 we have sufficient conditions to have
(5) satisfied. This is the key point to prove the uniqueness result in [5] which, under
these conditions, it is also true for solutions in the sense of Definition 2.1. Using
then Remark 2 we have that both concepts of solution are equivalent in the cases
where uniqueness of solution holds. This is the case when ¢ is integrable at zero
(in [3] it is proved a uniqueness result, in the case g(s) = ¢/s with ¢ < 1 if 9Q
is smooth, whose proof cannot be adapted for solutions in the sense of Definition
2.1). O

We include now the proof of the existence of solution in the sense of Definition 2.1.

Theorem 2.4. Assume that g € C((0,00)) N L'(0,1) such that limsup,_,, g(s)s <

400 and f € L%(Q), f >0, f#£0. Then there exists a solution of (4) in the
sense of Definition 2.1.

Proof. For every n € N, there exists u,, € H}(Q)NL>(Q), u,(z) > 0 for a.e. x € Q,
solution of

—Auy + g(un +1/0)[Vu, |* = To(f(2))  in @, @

U, =0 on f).
Since g(s + 1/n) > 0 for every s > 0 we can use Lemma 2.2 and

[unll 10y < Cra-
Therefore, there exists u € Hg(£2) such that, up to a subsequence, u,, converges
to u, weakly in H}(Q), strongly in LP(Q2) with p < 2* and u,(z) — u(z) for a.e.
x e
We define Z5(s) = T1((2 — s/5)™) for every § > 0 and

s+%
Guls) = / o(t)dt

+1
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for every n € N. Observe that for ¢ € H () N L>®(Q) with ¢ > 0, we can take
¢ = e~ 9(n) Z5(u,, )¢ as test function in (7) and using that f > 0 we obtain

1
/ e_g"(“")Zg(un)VunV¢ > |Vun|26_g"(“")¢ >
Q 0 J{s<u, <25}

. e~9n(1) 9 1 9
(up <25 < 1isused ) > [Vug,|“¢ = — [V, <.
0 Jis<uns2s) 0 Js<un<asy

Now we pass to the limit as n — oo. Observe that, since g € L'(0,1) then
Gn(uy) — G(u) and, since e~9»(4n) Z5(u,,) is bounded, Lebesgue’s Theorem allows
to deduce that e=9(%n) Z;(u,,)V¢ strongly converges in L(Q) to e=¢ Zs(u)V¢.
Therefore, using the weak convergence of u, in H}(2) we can pass to the limit in
the left hand side

/ e~ Z5(u)VuVe > lim SUP1 Vun| 6.
Q

n—oo 0 J{5<u, <26}
Using that Z5(s) — 0 as § — 0 we obtain, passing to the limit as § — 0, that
1
lim sup lim sup — |Vu,|?¢ = 0. (8)
§—0 n—00 0 {6<u, <26}

Now we take ¢ = Zs(u,)¢ with ¢ € HL(Q) N L>®(Q), ¢ > 0, as test function in
(7) and we obtain that

/ Zs (1) Vit Vb + / 9(tin + 1/1)|Vaun[26 <
Q

{ungé}

<

/ (14 glutn + 1/n)un) [Vin 26 + / £ Zs(un)é <
{6<u, <28} Q

1+
< C/ |Vun\2<z>+/ £ Zs(un),
(6<un <26} Q

where ¢ is a positive constant such that limsup,_,, g(s)s < c.
Taking limits as n — oo and then as § — 0 we obtain, using (8) that

SR

6—0 n— 00

lim sup lim sup/ 9(un +1/n)|Vu,|*¢ = 0.
{un <8}
Finally taking ¢ € H}(Q) N L>(Q), with ¢ > 0, as test function in (7) we have

Vu, Vo + / 9tn + 1/n)| V|26
Q {un<5}

+/ g(un +1/0)|Vu,[*¢ = / T,.(f)o.
{6<un} Q
Now we claim that
lim on + 1| Vunfo = [ glw)Vul’o,
e {6<un} {6<u}

This can be proved as in [1] writing, for every k > 0, Gs(u,) = Tx(Gs(uy)) +
G1(Gs(uy)) and taking into account that, fixed k, d, T (Gs(uy)) strongly converges
to Ty (Gs(u)) in Hg(Q) and [|[VGr(Gs(un))| r2)~ tends to 0 uniformly in n as
k — oo.
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Therefore, as n — oo,
[ vavertmon [ gtun+1miGulor [ gwivao= [ fo
Q n—+oo J{u,<s} {o<u} Q

and taking limit as § — 0

/Q VuVe + /{ o IV = /Q 16,

and v is a solution of (4). O

3. Homogenization for the problem (1).

3.1. The perforated domains.

In this Section, we describe the geometry of the domains, following [11], in which
we study our homogenization result.

Let 2 be an open and bounded set of RY (N > 2). Consider for every e, where &
takes its values in a sequence of positive numbers which tends to zero, some closed
subsets 1} of RV 1<i< n(e), which are the holes. The domain Q¢ is defined by
removing the holes 77 from €2, that is

n(e)

o =0- 17
=1

Hypotheses on the holes. We suppose that the sequence of domains €2° is
such that there exist a sequence of functions w®, a distribution p € D'(2) and two
sequences of distributions u® € D'(Q) and A® € D'(Q) such that

w® € HY(Q) N L>®(Q), (9)

0<w®<1lae z€q, (10)

Vip € HY (Q) N L>®(Q), w € Hy(QF), (11)

w® — 11in H'(Q) weakly, in L*°(Q) weakly-star and a.e. in €, (12)
pe H (), (13)

—Aw® = pf — X in D'(Q),
with pf € H-1(Q), \* € H71(Q),
ue > 0in D'(Q), (14)
ps — pin H1(Q) strongly,
(A%, 28) p-1(@).mi) = 0 V2° € Hy(Q°).
The meaning of assumption (11) is that
n(e)
w*=0on | JT7, (15)
i=1
while the meaning of the last statement of (14) is that the distribution A\° only acts
on the holes T, i =1,...,n(e), since taking z° € D(°) implies that
—Aw® = p° in D'(QF).
Taking 2° = w®¢, with ¢ € D(Q), ¢ > 0, as test function in (14) we have

/Q PV |® + /Q w VWV = (1, W P) r-1(0), 11 ()
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from which we easily deduce that
/Q¢5|VU’E|2 = (s O)r—1(),m1(0) V¢ € D(), ¢ >0,

and therefore that > 0. The distribution u € H1(£) is therefore also a nonneg-
ative measure. Moreover, since

Vb € D(Q).6 >0,
/Q¢dﬂ = (1, B r-1(0),m1(Q) < 1imsup/ﬂq§|Vw€|2 <
£
< (1]l o () limm sup / Ve < Cllélloca).
£ Q

the measure y is a finite Radon measure, or in other terms pu € M;(Q).

It is then (well) known (see e.g. [13] Section 1 and [14] Section 2.2 for more de-
tails) that if z € H{(£2), then z (or more exactly its quasi-continuous representative
for the H} () capacity) satisfies

z € LY dp) with (1, 2) g-1(0),m1(0) = /QZCZH;

moreover if 2 € Hg(2) N L (), then z satisfies
z e LOO(Q,d‘LL) with ||Z||L<x>(Q;dH) = ||Z||Loc(Q),

therefore when 2 € Hg(Q) N L>(£2), then z belongs to L*(Q;du) N L>°(Q; du) and
therefore to LP(€); du) for every p, 1 < p < +o0.

3.2. The homogenization result for the singular quasilinear problem (1).

In the case g € C(0,+00) N L(0, 1), for every f € L%(Q), f >0, f#£0, there
exists a unique solution u® € H}(€QF) in the sense of Definition 2.1 of the problem
(1). This is consequence of Theorem 2.4 and Remark 5 (see also [1], [4] and [6] for
the existence and [5] for the uniqueness in the usual sense).

Moreover, using Lemma 2.3, uf(z) > 0 for a.e. x € Q°, g(u®)|Vus|* € L' (QF)
and for every ¢ € H}(Q°) N L>®(QF), ¢° > 0, we have

/ VUEVgoeJr/ g(u€)|Vu5|2 E:/ fo©. (16)
€ Qs Qs

Remark 6. From item (i7) of Lemma 2.3 we also deduce that, for every w® CC QF,
there exists ¢, > 0 such that u® > ¢, a.e. in w®. This fact will be used in the
proof of Theorem 3.2. O

In order to deal with the main result in the case where no estimate in L (2°) is
known we need to impose a convenient behavior of ¢ at infinity in the sense of the
following definition.

Definition 3.1. We say that condition (F'G) is satisfied if one of the following
assumptions is satisfied

1. f e Li(Q) for some g > N/2 or,

2. fe L%(Q), g € L'(1,+00) and limsup,_, , ., g(s) < +o0.
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Theorem 3.2. Assume that g € C((0,00)) N LY(0,1) is a positive function such
that limsup,_, g(s)s < +oo and condition (FG), in Definition 3.1, is satisfied.
Assume also that the sequence of perforated domains Q° satisfies (9), (10), (11),
(12), (13) and (14). Then there exists a subsequence, still labelled by e, such that
for this subsequence the solution u® to problem (1) in the sense of Definition 2.1,
satisfies 4 weakly converges to u € HE () the unique solution of the problem

—Au+ g(u)|Vul® + p¥(u)e™ = f(z) in Q,
(17)
u=0 on 09,

in the sense that u € HE(Q)NL2(Q;du), u >0, g(u)|Vul? € L*({x € Q : u(z) > 0})
and for every ¢ € HY(Q) N L*(Q;dp), ¢ > 0 we have

G(u) 2.,
/Q VuVe + /Q () S iy + /{M}g(uww /Q f@)e,  (18)

where G(s) = [} g(t)dt and V(s) = [ e~ G® gy,

Proof. We deal with the proof in the case of item (2) of condition (F'G) in Definition
3.1. Observe that in the case of item (1) we can argue even easier since, by Lemma
2.2 and Remark 3 we have that |[u®||pe(ey < Cra. In fact, we can consider
g € C((0,00)) such that g(s) = g(s) for s < Cfq and §(s) =0 for s > Cy o+ 1 and
argue with g instead of g.

Step 1. Observe that [|4°|g1(q) = [[u®[|g1(es)- Thus, since g > 0, we can use
Lemma 2.2 and Remark 3 to deduce a uniform estimate of [|a°||1(q). As a con-
sequence there exists u € Hg () such that @ — u weakly in Hg(Q), strongly in
L1(Q) (¢ < 2*) and a.e. in Q.

Step 2. For every ¢f € H}(QF) N L>(QF) we have that

/ g(u)eG(u)—G(uE)goavuvus_i_/ eG(Hé(u))_G(UE)VU,EV(pE
Q=n{u>4s} e (19)
_ [ Ot ) =G u) e
QE

where Hs(s) = Gs(s) + 6 = max{s,0}. Indeed, there exists ¢., € C°(Q°) with
e — ¢° in HJ(QF) as n — +oo and, using condition (FG) (see Definition 3.1)
and taking into account Remark 6, we have that

U =GN gy € L) and (g(u)xqussy Vu — g(u)Vu) e € LH(Q).

Thus we can take eG(HE(“))_G(“E)@E’n as test function in (16) and we get
/ g(u)eG(u)—G(uE)sOE’nvuvug +/ GG(Hé(u))_G(uE)V’LLEVQDg,n —
Q=n{u>s} e

= feC(Hs(w)=G(u%)
0e

Pe,n-

Now, using that g € L'(0,+0oc) and it is bounded at infinity, we can pass to the
limit in n obtaining the desired result.

Step 3. u € H}(Q) is solution of (17). As usual the idea of the proof is to
take, for ¢ € HL(Q) N L>®(Q) with ¢ > 0, ¢. = w¢ as test function in (19) and
then pass to the limit as €,6 — 0 (observe that (9), (10) and (11) imply that
wee € HE(OQF) N L>®(QF) for every ¢ € HE () N L>(Q)).
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Therefore, denoting . 5 = e&(Hs(W)=G(@) 24

/ Q(U)Sﬁs,(sVuVueJr/ GHs () =C ") 4742 Ve
Qen{u>s} €

+/ CH =G e TV = [ foes.
£ Qe
Observe that, since w® = 0 in Q\ Q° (see (15)) this is equivalent to

/eG(Hg(u))fG(ﬂE)wsvﬂqus_’_/eG(Hé(u))fG(ﬁs)stﬂavwe_’_
Q Q (20)

+/ g(u)@5,6VUVﬂ8 :/fec(Ha(u))_G(ﬂz)we¢.
Qn{u>s} o

Observe that in view of (14) one has

/ G(Hs () =G(@) 75 Vs /vwv( (Hs (u)) ¢/ S)ds>
Q Q

G(s) ds) v (BG(HJ(U))(b)

AV
Q 0
:<Ms,eG<HJ(u))¢/u e_G(S)d3>

0 H=1(Q),HE(Q)

_/ / e~60ds | Vury (G0s0)g)
Q 0

therefore we can write (20) in the following sense

/ G(Hs(u))—G(a%) EVUEV¢+<IJ e H5(u))¢/ S)d8>
Q H-1(Q),H}(Q)

AV

S)ds> VwEV< H5(“))<;5) +/Q - g(u)pe s VuVu©
n{u>

G(Hs(u))—G(a%),, e

= fe w .
Q

(eG(Hs () —G(a®

Using Lebesgue theorem W)E — X{u>s} T eG(‘;)’G(")X{uS(;} a.e
and it is dominated in L'(), for every fixed §) we have that

lim lim [ fe@Ho(u)=Ga) e — / 16,
Q

§—=0e—0 Jq

Moreover, since @° — u weakly in Hg(£2), (11) and (12) we have that

lim lim G (W) =G o7 7eV ¢ = / VuV,
—0e—0 Q Q

lim 9(u)pe VUV = / 9(w)| V%6

=0 Jon{u>s} Qn{u>s}

i v —G(s) € (Hs(u))
i%ﬂ(/@ e d)VwV( qzﬁ)

and
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On the other hand, using again that @° — u weakly in H}(Q), (11), (12) and (14),
it follows that

i G(H(w)) / e—G)g _ (G W) (o _
i <u (CUHs () ) O 1) .

1), Hg(Q)

Observe that e“Us(W)gp(u) < Cu € L'(;du) and Lebesgue theorem allows to
assure that

lim eG(H‘S(“))(;S\IJ(u)du:/eG(“)gb\I/(u)du
Q

6—0 Q

Thus, taking now limits in all the terms as § — 0 we have that g(u)|Vu|?¢ €
L'({u > 0}) and

G(u) 24 =
/Q Vuve + /Q SN ()b dpt + /Q gy I /Q fo. (1)

for every ¢ € H}(Q) N L>(Q), ¢ > 0.

Step 4. Uniqueness of the solution of (17) follows using the ideas contained in
Theorem 2.7 in [5] (see also [8]). Assume that problem (17) admits two solutions
uy,ug € HF(Q) N L3(Q;dp). For e < 1 we take e~ G5 Ty (W(uy) — W(ug))t) €
H () N L*°(Q) as test function in (21) for u = u; and we take the test function
e G2 T ((WU(uy) — U(ug))T) € HE(Q) N L¥(Q) for u = ug, where we recall
that S.(s) = min{max{e, s}, 1/e}, for every s > 0. Subtracting and taking into
account that W(s) is strictly increasing and e~%(*) is strictly decreasing we have

/Q e~ GS(w))gy, . VT, (( (uy) — \I'(ug)ﬁ) +

+ /{e>u1}u{u1>1/g} e~ GS() g (uy) Vg [*Th (T (ur) — P(u2)) ™) +
—&-/Qe—G(Ss(ul))eG(ul)qz(ul)Tk ((W(ur) — @(uz))t) du—

_ /Q e~ G5y, . VT, ((W(u1) — U(ug))¥) —

- /{€>u2}u{u2>1/g} e G5(12)) g (1) [V [P Ty, (¥ (1) — U(uz)) ") —

_/ _G(SE(uQ))eG(uQ)\I/(U2)Tk ((\p(ul) — \Il(uz))+) dp =

/ F@)(emCS(m)) _ o=G(Se)y T (W (uy) — W(us)) ™) <0,

Observe that functions e=G(=(u1)) and ¢=G(5:(42)) are bounded and thus we can
pass to the limit as £ goes to zero and we obtain that

0</ VT, (( — U(uy))t) |2
+ [ () = W) T () = ¥(2))) e <0

Thus (¥(u;)—V(ug))™ = 0 and consequently u; < us (since 9 is strictly increasing).
Interchanging u; and uy we get the reverse inequality.
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Step 5. Let us finally prove that u € L*(€;dp), g(u)|Vul*X{us0y € L'(€2) and
that (18) holds true.
Taking ¢ = T (u) € HL(Q) N L>(Q) in (21) we obtain

/eG(“)\Il(u)Tk(u) dug/fu,
Q Q

and using Fatou Lemma we infer that eG(“)\I/(u)u € LY(Q;du). Moreover, taking
into account that e“(*)¢(s) > s, for every s > 0 it follows that u € L?(€; du).
. T: (u)
Taking —=—
that

as test function in (21) and using Fatou Lemma as ¢ — 0 yields

9(w)|Vul* X us0y € LH().
Finally, given ¢ € H () NL2(Q;du), with ¢ > 0, we take Ty () as test function
in (21) and we get that (18) is satisfied taking limit as k goes to infinity. O

3.3. Corrector result.
In order to prove that the solution given by Theorem 3.2 is strictly positive we
assume that the measure p is such that

— Aw + pw verifies the strong maximum principle. (22)

Theorem 3.3. Assume that hypotheses of Theorem 3.2 are satisfied. Suppose also
that p satisfies (22). Then

= U Hw U (u) + r°)
with ¢ — 0 strongly in H}(Q).

Remark 7. Observe that, due to the presence of ¥~! and ¥, this is not a standard
corrector result. The change arises from the nonlinear nature of the lower order
term. O

Proof. We take e~ (") with o € C®(Q°), ¢ > 0. Then we have that
/ e*G(UE)vusng: A fefG(uE)gO'

This equality is true, by density, for every 0 < ¢ € H}(QF). We choose ¢ = ¥(uf)
and we have that

/672G(ﬂ5)|vﬁ5|2:/fefG(ﬂs)\Ij(ae).
Q Q

Using Lebesgue theorem we obtain that

lim e‘2G(ﬁ5)|fo|2:/fe_G(“)\IJ(u).
e—=0 Jo Q

Observe that, for Hs(s) defined as before by Hs(s) = max{d, s}, we can take
e"CHs (W) with ¢ € HL(Q) N L®(Q), ¢ > 0, as test function in the equation
(18) and we obtain

/e—G(Hg(u»WWﬂr/ \I,(U)ec:(u)—e(m(u))quw/ g(u)| Vuf2e=CHs )
Q Q {0<u<s}

:/f(x)e—G(Hs(u))¢>/fe—ff“g(t)dt(b.
Q Ja
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Now, since Hs(u) > u, we have that

/\If(u)gbduZ/\P(u)ec(“)fG(H‘S(“))quu.
Q Q

Moreover, we can pass to the limit in § to obtain that

lim [ e CHs TV = / VU (u)Vo
d—0 Q Q

and, since g(u)|Vul? € L*({x € Q : u(x) > 0}), that

lim g(w)|Vul?e=¢@)p = 0.
6—0 {0<u<s}

Hence, we deduce that

7‘[1‘” (t)dt
/Q V)V + /Q U(w)pdu > /Q fer I oy,

Thus, using (22) for w = ¥(u), the strong maximum principle allow us to assure
that 0 < ¥(u). In particular, since VU is increasing, for every w CC €2 there exists
¢o > 0 such that u > ¢, a.e. in w. Thus, we can take e ¢y with ¢ € D(Q),
@ > 0, as test function in the equation satisfied by u and we obtain that

/Qefa(u)v’uv@ + (1 (W) r-1(0), 11 () = /QfefG(u)s&

In particular, by density, for ¢ = U(u) we have

lim 672G(’~‘5)|fo|2:/672G(")|VUI2+<M,\I’(u)2>H71(Q),Hé(Q)~ (23)
e—0 Q Q

On the other hand, using (14) we know that
/ e CEIVEEV (0 (u))
Q

:/e_G(ﬁE)\I'(u)fosz—i—/e_G(ﬁE)e_G(”)wEfoVu
Q Q

=(u", U(a*) ¥ (u) g-1(0), 11 () —/Qe_G(u)‘I’(ﬁE)VUVWE
—I—/ e~ G =G eV V.
Q
Taking into account that, up to a subsequence, W(a)¥(u) — ¥(u)? weakly in
Hy(Q)
E“i%(lfa \IJ(U%)\I](U»H*%Q),H%(Q) = (1, \P(u)2>H*1(Q),H§(Q)~
Moreover, the weak convergence in L?(Q)™ of Vw. to V1 (see (11)) and the
strong convergence in L?(Q2) of e~ (4°)Vu to e~ (u)Vu implies that

lim [ e W (%) VuVw = 0.
e—0 Q

Even more, the weak convergence in L?(Q)" of Vi, to Vu and the strong con-

vergence of e~ (@) e=C( Wy to e 24V in L2(Q) implies that

lim e_G(ﬂE)e_G(")wEVQEVu:/e_QG(u)|Vu|2.
=0 Jo Q
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Consequently

lim 6’G(ﬁ€)VﬂEV(wE‘I’(U)):/6726(“)|VUI2+<M,W(U)2>H71<Q) Hi@)- (24)
e—0 Q Q »41o

Finally we have that, taking into account (14)
/V(wa\IJ(u))V(wE\II(u)) =
Q

= / U (u)V(w ¥ (u)) Vs + / we” YWV (WU (1) Vu =
Q Q

= (15, 0" (u)®) -1 (), ma () — /Q w W (u) VI (u) Vo + /Q we” “W (u) Ve Vu+

+/ (w€)2672G(“)|Vu|2.
Q

Arguing as above, using that w®W¥(u)? weakly converges to ¥(u)? in Hi(Q), that
we~ WU (u)Vu is strongly convergent in L?(2)Y and Lebesgue theorem, we ob-
tain

tim | V() Vot w) = / €200 T 4 (1, W(w)2) 110y prs )+ (25)

Using (23), (24) and (25) we deduce that ¢ strongly converges to zero in H} ().
O
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