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Abstract

In this paper we study the existence of positive solution u € H}(Q) for some
quasilinear elliptic equations, having lower order terms with quadratic growth
in the gradient and singularities, whose model is

[Vul®

At T

=P+ fo(z), z€Q0<y<5,0<p.

Using topological methods we obtain the existence of an unbounded continuum
of solutions. In the case u(x) constant we derive the existence of solution for
every A > 0if 1 < v < 2 for any 8 and p < 1. Even more for u € L>®(2) we
prove this result if § <1 and p < 2 — S.
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1. Introduction
We consider the following boundary value problem

—Au+ p(x)g(u) |Vul? = AP + fol(x)  in Q, (Py)
u=>0 on 0, A

where € is a smooth bounded and open subset of RV, N > 3, p > 0. The
functions p € L*°(2) and g € C1((0,400)) are nonnegative; notice that g can
become singular at zero. We are assume 0 5 fo € L?(Q2) for some g > N/2.
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By a subsolution (resp&zctively, supersolution) of problem we mean a
function v € H§(Q) N C(Q) with uw > 0 a.e. z € Q, g(u) |[Vul? € L(Q2) and
which satisfies the following inequality:

)
/VuV<p+/ w(@)g(u) [Vul*e < /(Aup+fo)<p,
Q Q Q

for every 0 < p € H}(Q) N L>(Q). A solution is a function which is both a
subsolution and a supersolution.

Problem involves a quasilinear elliptic differential operator with qua-
dratic gradient terms. This kind of differential operators with natural growth
were considered in [I, 2] and since then different associated boundary value
problems have been studied. A well known case is the existence of the solution
of (Py) when g is continuous at u = 0 (see for instance [3], [4] and [2]).

Alternatively, problem (FPp) for functions g with a singularity at zero, has
also been extensively studied in [5} 6] [7, 8]. Existence of solutions was discussed
in [9] in the case \/g € L*(0,1) by imposing the following condition

essinf{fo(z) : z €w} >0, YVw CC Q. (1)

Results concerning for A # 0 were obtained in [I0, [TI] in the case
g(s) = 1/s7 where the model problem is
|Vul? .
—Au + u(m)i’y =P + fo(r) inQ, (Ry)
u=20 on 02,

with u(x) as a constant function. More precisely, with v < 1 and v+ p < 2
(region I in Figure[I]below), the existence of a solution for each A > 0 was proved
in [I0] by means of topological methods and in [II] by using an approximative
scheme.
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Figure 1:

Notice that if v > 2 it makes no sense to search solutions of (R,). Indeed,
2
as it is proved in [12], Wu—Zl ¢ L1(Q).



However, the techniques employed in [10} 1] can not be applied in the case
1(x) not constant or where p < 1 <y < 2 (region II in Figure[l] above). In this
paper, we complete the previous results and we extend them for a more general
function ¢ in order to show the following: “the values of \ for which there exists
a solution of (Py) depends on the behavior of g at infinity”. In fact, in contrast
with the results when g = 0, in some cases we obtain solutions for every positive
A, that is, the gradient term produces a regularizing effect. We deal with for
a function g exhibiting a different behavior at zero and at infinity. In particular,
we are mainly interested in the case of functions g(s) = 1/(s” +s°) with y < B.
In this way, we consider the model problem

—AU + M($)m = )\’LL + fo(l‘) mn Q, (Q)\)

u=20 on 092,

as a natural extension of the problem . Observe that for A = 0, as was
mentioned above, problem (Qg) has been extensively studied. Our main goal is
to exploit this known case to obtain an unbounded continuum % of solutions of
(1Q»)), namely, a connected and closed subset of

{(\,u) € [0,+00) x C(€) : u is a solution of (@A)},

for suitable values of p,~v and [, which extend the previous existence results.
In particular, beginning with the case p(z) constant and v < 2, we prove in
Theorem [l the existence of an unbounded continuum ¥. In Theorem [2] we
deal with non-constant u(x) in the case § < 1.

Theorem 1.1. Assume p(x) = u is constant and that fo € L1(Q) with g > %
satisfies . Then:

i) If1 <~y <2and0 < p <1 then problem admits at least one solution
for every A > 0.

1) Ify <1< B andl < p, then there exists Ae, \* > 0 such that admits
no solution for X > \* and at least one solution for 0 < X < A,.

Moreover, there exists an unbounded continuum X of solutions of , such
that there exists uy solution of (Q.) with (A, uy) € ¥ for every A >0 (item 1))
or every 0 < X\ < A\, (item ii)).

We would like to stress that in the case of item i), it is not required assump-
tions on the parameter 3. This is because in order to H'ijﬁ be an integrable
function we only need the natural hypothesis v < 2 which is a condition at zero.
In other words, the behavior of g at infinity has not a role in the solutions set.
Conversely, item ii) shows that no regularizing effect take place since there is
no solution for all positive A.

Moreover, observe that this theorem improve the results of [10, [1I] since
item i) with v = (3 gives us existence results of the problem in the case
that (v, p) belongs to Region II of Figure [1| above.




Furthermore, our techniques also allow us to work with non-constant func-
tion u(x) when the parameter (v, p) belongs to the corresponding Region I of
the Figure [1] above. In fact, if we suppose that there exist positive constants
m, M such that

m < pu(x) <M, ae. x €, (2)

we prove the following theorem.

Theorem 1.2. Assume that 0 <y < <1,0<p<2-0, fo € LYQ) with
q> % and where M < 2 in the case v = 3 =1 and M > 0 otherwise. Then
there exists an unbounded continuum X of solutions of , such that there
exists uy solution of with (A\,uy) € ¥ for every A > 0.

Note that this theorem with v = § < 1 improves again the results of [10]
since we can consider non-constant function p(z). Furthermore, it improves also
[11] except regularity of fp; in this work the authors consider data fy belonging
to LIV (=7 ().

In addition, since we deal with v < 8 and the function g(s) = 1/(s" + s)
behaves at infinity as 1/s? do, we also show that the hypothesis p < 2 — 3 is a
restriction in the behavior of ¢ at infinity, rather than in the singularity at zero.

We obtain the existence of the continuum in the above two theorems by
using a double approach. Initially, for a convenient sequence of approximated
problems, we can derive the existence of ¥,, by means of Leray-Schauder degree
techniques and Rabinowitz continuation theorem as in [I0]. This requires the
uniqueness of the solution for the problem (P,), in order to set the problem as a
fixed point problem for a compact operator. This uniqueness result can not be
deduced from [6] if p is not a constant. Conditions to have uniqueness results
for (Py) were obtained in [13]. Secondly, we use a topological lemma to obtain
a continuum of solutions as the limit of this approximative scheme ¥,. It is
also important to note that condition becomes crucial when applying this
approach in Theorem (1.1

The rest of the paper is structured as follows, Section 2 presents the main
a priori estimates (this is essentially contained in [14] and [II]). Section 3 pro-
vides, for sequences of solutions of , compactness properties and continua
of solutions. Section 4 provides proofs of the main theorems. Finally the Ap-
pendix contains the proof of some a priori estimates and results related to the
uniqueness of solution of the problem (FP).

2. Preliminaries

In this section, according the values for p, we obtain L°° estimates for solu-
tions of problem (Py)).

As usual, for every s € R, we denote by s* = max{s,0}, s~ = s — sT,
T.(s) = smin{1,e/|s|} and G.(s) = s — T(s).

Next lemma is consequence of the classical Stampacchia method [14]. We
include the proof in the Appendix, by convenience of the reader, using the
Hartman-Stampacchia variant [I5] (see also [16]).



Lemma 2.1. Let A be a positive number. Assume that 0 < p < 1 and fy €
Li(Q) with ¢ > %, then there exists a positive constant C > 0 such that, for
every g > 0 and every solution u of (Py) with 0 < X <A, one has ||ul| o) <
C.

The next lemma shows that, for a convenient decay of g at infinity, the
previous result is true even for some cases where p > 1.

Lemma 2.2. Let A be a positive number. Assume and that fo € LI(QY) with
q> % Let go also be a nonnegative function in C((0,+00)) sastifying

. . ﬁ
htrgg.}ft go(t) > 0, (3)

where 1 < p < 2 — . Then there exists a positive constant C > 0 such that,
for every g > go and every solution u of (Py) with 0 < A < A, one has
[ull oo (@) < C.

Proof. We follow the arguments of [I1, Theorem 2.1] and we prove that the
right hand side of is (uniformly) bounded in L"(£2), for some r > &. Thus
the conclusion follows by the classical Stampacchia boundedness theorem and
by the positive sign on the quadratic gradient lower order term.

We claim that there exists a positive constant C > 0 and o > pN/2 such
that, for every g > go and every solution u of with 0 < XA < A, one has
lul| o (@) < C. Thus we can take 7 = min{q,o/p} to complete the proof.

In order to prove the claim we take o = (2 — 3)s™* for some s with

{ Np IN }
M 22 =81 p) 2N — B(N —2)

N

We observe that since % < s we have that (2—/)s** > pN/2. In

addition, assures that § = % > 1 and, for 0 < § < 1, we use (u +
§)20+68=2 _ §20+5-2 a5 test function taking into account [I0, Lemma 2.1].

We obtain, dropping negative terms,

/ V|2 (u + §)20+5-3 {(29 +8-=2)+m(u+9d)g(u)
? 20+4—2 2 AuP 204+-5—2 (5)
< M2 [ gVal? + [ [+ il 522,

Using we deduce the existence of a positive constant C' > 0 such that

RS

v

C,Vt>0.

Hence, since g > gg and § < 1, we have the inequality

L+tg(t) > Ot +6) P vt > 0.



Therefore, from we obtain, using also Sobolev inequality,

05(/9 [(u+3)° —69]2*>; < C’/Q|Vu|2(u+6)20’2

(6)
< M§2th=2 / g(u)|Vul® + / [AuP + fo] (u + 6)*0H072,
Q Q

where S is the Sobolev embedding constant. Letting ¢ tend to zero, we get

2

cs (/ u2*9)2 SC/ V20?02 SA/U29+B+p—2+/ fou2® 62 (1)
Q Q % Q

Thanks to the choice of 6, we have 2*0 = (20 + 8 — 2)s’ = (2 — §)s**. Thus,
using Hoélder inequality, and recalling that s**(2—8) > 2* >2>2— 3 > p, we

deduce
20+B+p—2

2 20+B+p—2
(/ u<2—ﬂ)s**>2 < C(/ u(Z—B)s**> e
+C HfOHLS(Q) (/Q u(2—9)s**)

Now we point out that 21 > 57 since s < %, and that 21 > %, since
2 — 8 > p. Therefore, from it follows the claim which allows to finish the

proof. U

=

3. Global continua of solutions

Let M be the solution set for , namely
M ={(\u) € [0,+00) x C(€) : u is a solution of (Py)}.

Continua of solutions in M are obtained in this section by using degree com-
putations and Rabinowitz continuation theorem. In this way, we set (P as a
fixed point problem for a compact operator.

Next result gives sufficient conditions to assure that solutions of are
uniformly bounded from below by a positive constant in compact subsets. In
fact, we can consider lower order terms of the form h(u)|Vu|? with

h € C((0,+00)) is a nonnegative function, nonincreasing 9)
in a neighborhood of zero with vk € L*(0,1),
and data fy satisfying

(F) If e” Ji )t ¢ L'(0,1) then fy is nonnegative and nontrivial. In other
case fo satisfies .



Lemma 3.1. Assume that h verifies () and fo € L*(2) satisfies (F). Then for
each w CC  there exists a positive constant ¢, such that z(z) > ¢, > 0 a.e.
T € w, for every 0 < z € H(2) N C(Q) supersolution of

~Az +h(2)|Vz> = fo inQ.

Proof. On the one hand, if fj satisfies (1) the proof can be found in [9, Propo-
sition 2.3]. On the other hand, if e~ /i " ¢ [1(0,1), then f; is a general
nonnegative and nontrivial function and we split the proof into two cases: when
h € L*(0,1) we conclude by [10, Proposition 2.4], while if h ¢ L'(0, 1) we follow
the arguments of [8, Theorem 3.1]. O

Remark 3.2. We notice that if we assume h(s) = < then e~ /i 04t € 11(0,1)
ifand only if y < 1orify=1and C < 1.

The following lemma ensures the compactness properties required later to
deal with our topological approach.

Lemma 3.3. Assume that 0 5 fo € LY(Q) with ¢ > & and p € L>(Q). Let
assume that 0 < u,, € H3 () N C(Q) satisfies

Uy, =0 on 012, (10)

{ _Aun + N(m)gn(un)‘vunF = Anwg + fO in Qu
with 0 < X\, bounded in R, 0 < w,, bounded in C(Q) and 0 < g,, a sequence of
functions in C((0,+00)). Then, up to a subsequence, wu,, is strongly convergent
in C(Q) tou € HY(Q)NC(Q). If in addition, N\, — X, w, — w in C(Q),
gn(s) = g(s) uniformly in C([a,b]) for every 0 < a < b < o0, gn(s) < h(s) for
some h verifying @D and fo satisfies (F), then u is a solution of problem

—Aut p(@)g(W)[Vult = v + folw)  in "
u=20 on 09).

Moreover, if the problem (L1 admits a unique solution then the whole sequence
u, converges strongly to u in C ().

Proof. Since the sequence f,, := A, wP + fo is bounded in L(2) for some ¢q >
N/2, we can deduce, as in the proof of Lemma or by using the Stampacchia
technique in [14] that [[uy|/z~@Q) < coo for some positive constant coo. In
addition, applying [I6, Theorem 6.1] we deduce that the sequence u,, is bounded
in C%(Q). Consequently, Ascoli-Arzeld Theorem assures that u, possesses a
subsequence converging in C'(Q2). This conclude the first part of the lemma.

In order to prove the second part we observe that, since the sequence u,
is bounded in H{(Q) (arguing again as in the proof of Lemma Step I) we
can assume that wu,, converges weakly to u in Hg(£2). Now we prove that u is
solution of problem (1)), i.e. u >0, g(u)|Vu|?> € L}(Q) and satisfies,

/Q VuVe + /Q (@)g(u) |Vul2o = /Q C? + fo)e, (12)



for every ¢ € H(2) N L>=(Q).

By Lemmagiven w CC  there exists ¢, > 0 such that u,(z) > ¢, a.e.
x € w for every n € N. In particular, using that w,, converges strongly to u in
C(2), we deduce u > 0 in . Even more, the strong convergence of g, to g in
C([cw, ¢so)) assures that g, (un,) — g(u) a.e. in .

Next, by the first part of the proof of Theorem 3.1 in [7] we have that
w(x)g(u)|Vul? € LY(Q). We include the proof by convenience of the reader.
Indeed, taking ¢ = % as test function in and dropping the positive
term coming from the principal part we get

Q € Q

Te(un).

Since /()\nwﬁ + fo) < C, we obtain
Q

[ @tV T <

The limit as e — 0 implies, using that liH(l) % =1,
€E—

/ () g (1) [Vt 2 < C .
Q

Furthermore, the results of [I7, Theorem 2.1] imply that (up to a subsequence)
Vu, — Vu strongly in (L9(Q))Y (1 < ¢ < 2), particularly, it converges almost
everywhere in 2. Then, the last inequality gives us after applying the Fatou
lemma that

/ H(@)g(w)|Vul? < C,
Q

which proves our claim.

To finish, following closely [7], we prove that u satisfies the equation .
Since ¢ = o+ + 7, it is enough to prove for every nonegative function
© € HE(Q) N L*(2). Furthermore, by density, it is sufficient to prove it when
0< e HHQNCAN).

We divide the proof into two steps.

Step I. The function u satisfies

Vavor [ u@g@lVaPo < [ xurot [ foo,

Q Q Q Q

for all0 < ¢ € HY(Q)NC.(Q). Indeed, since u()gn (tn)|Vun|* > 0, gn(u,) —
g(u) ae. z € Q, Vu, converges weakly in (L2(Q))" and a.e. = € Q to Vu
and wP converges to wP strongly in L?(2), then we obtain the result taking a
function 0 < ¢ € HY(Q) N C.(Q) as a test function in and applying Fatou
lemma.



Step II. The function u satisfies

VuVe + [ w@)gw)|Vul?e > | MPé+ [ foo,
Q Q Q Q

for all 0 < ¢ € HY Q)N C.(). We fix 0 < ¢ € HE () NC.(Q) and we define
the function

H(t) z/lch(s)ds,

where M = [|]| (). Let call w = supp ¢ and observe, thanks to Lemma
there exists a positive constants ¢, such that ¢, < u, in w for every n € N.
Moreover, the boundedness in L () of the sequence {u,} implies u, < Cx.
Therefore, for n big enough

Coo
|H(u) — H(uy,)| SM/ h(s)ds < M(coo — Cu) I[nax ]h(s) < 00,
Cw SE|Cw,Coo
a.e. * € w. In addition, one can similarly deduce, that

|H(u) — H(up)| < M|u—wu,| max h(s), a.e. z € w.

5€[Cw,Coo]

In particular, there exists a positive constant Cy (depending only on ¢) such
that
eH(u)—H(un)¢ < C¢'

Even more,

v (6H<u>—H(un>¢) _
eH0=Hun) (M ph(u)Vu — Mh(un)Vun + Vo) € L2(9).
Thus, taking ¢ = e (W=H@n) g a5 a test function in , we get
/ Vu, Ve W =Hun) 4y / h(u) VuVu, et =H ) g
Q Q

- / (A, + fo) (=g
Q

- / (M () — () g (t0n)) [Vn [P Hn) 5 (13)

Next, we want to pass to the limit in the above expression. Observe that, since
Vu, converges weakly in (L?(Q2))", we have

Vu, Vg elW=Hun) [ gyve.
Q Q

In addition, since the function ¢h(u) and the sequence A\, wP are bounded, we
obtain using the Lebesgue Theorem

/h(u)VuVuneH(“)*H(“")(b—)/h(u)|Vu|2¢,
Q o



and

[ Ot gy 10 6 [ )
Q Q
To finish, since Mh(u,) — p(x)gn(u,) > 0, we deduce the inequality desired
applying the Fatou Lemma in the right hand side of .
Summarizing Step I and Step IT we conclude the proof. O

As can be observed, uniqueness of solution for (FPy) plays a fundamental role.
In order to use the uniqueness result in [I3, Theorem 1.1] we have to assume
that the function g satisfies in addition that for every v > 0 there exists 6, > 0
and a nonnegative function § € C'((0,+00)) with e~/ 94 ¢ [1(0,1) such
that for every 0 < s < v and for a.e. x € Q

O, [(u(x)g'(s) = §'(s)) + 9(s)(u(x)g(s) — g(s))] (14)
> (u(z)g(s) — 9(s))* -

Remark 3.4. In the case u(x) = u for some positive constant u, we can use
the uniqueness result for problem (P) in [6] for functions g € L*(0,1). Observe
that, in that case, condition is also trivially satisfied with g(s) = pg(s).
On the other hand, for a non-constant function p(x), it is proved in [I3] that
condition is also satisfied in the case g(s) = 1/s7 with v < 1. Moreover, in
the case g(s) = 1/s, assuming in addition that M < 1, we can choose g( )=1¢/s
for some M < ¢ < 1 and we have that (14)) is Satlsﬁed with 6, > <. Others
particular cases that it will be used in the proof of Theorem [1.2] can be found
in the Appendix.

Finally, next result ensures existence of an unbounded, connected and closed
subset of M.

Theorem 3.5. Assume ([2)), g satisfies ([14), g(s) < h(s) for some function h
verifying (9) and fo € LU(Q) with ¢ > N/2 satisfies (F). Then there exists an
unbounded continuum X C M such that (0,ug) € X, where ug is the unique
solution of (Py).

Proof. Firstly, we observe the problem (P) admits a unique solution 0 < u €
H}(Q)NC(Q). Indeed, the existence is due to [7] and [8] if 0 £ fy and due to [9)
Theorem 1.1] if fo satisfies (1)). Alternatively, the uniqueness is deduced using
[13, Theorem 1.1].

Hence, we can define K : [0,1] x R x C(Q2) — C(2) by setting K (t,\,w) as
the unique solution 0 < u € C(Q2) of the problem

{ —Au+tu(z)g(u) |[Vul2 = AT (wt)P + fo in Q, (15)

u=20 on 012,

for every A € R, t € [0,1] and w € C(Q). With this notation problem (Py)) can
be rewritten as a fixed point problem, namely,



with K (u) = K(t,A\,u). Moreover, since g satisfies Lemma assures
that K is compact and we can use Leray-Schauder degree to study (P

The result follows, as in [I0], from the Rabinowitz’s Theorem [18, Theorem
3.2]. We only have to compute the index of the solution uy and show that it
is different from zero. Let us denote u; = K(1 — ¢,0,0) i.e., u; is the unique
positive solution in H}(2) N C(Q) of the problem

{ —Au+ (1= t)u(x)g(u) [Vul> = fo inQ,

u=20 on 0f).

Define the homotopy J : [0,1] x C(Q) — C(Q) by J(t,w) = u,; for every
t € [0,1] and w € C(Q). Observe that J(t,w) = K(1 —t,0,0) and thus,
using Lemma we have that J is compact. Moreover, J(0,w) = uy and
J(1,w) = (=A)"(fo(x)). Therefore

i(Ké?uO) = Z(J(07 ')aUO) = i(J<1’ ')’ul) = Z'((—A)_l(fo(a?)),’(“) =1

Consequently, since i(Kg,up) = 1, we conclude the proof by using Rabinowitz’s
theorem. O

4. Proof of the main results

In order to prove Theorem|[I.I]and Theorem[I.2] we recall, for the convenience
of the reader, the following definition and topological result (see [19]):

Definition 4.1. Let {S,} C X be any infinite collection of point sets, not
necessarily different. The set of all points x of our space X such that every
neighborhood of z contains points of infinitely many sets of {S,} is called the
superior limit. The set of all points y such that every neighborhood of y contains
points of all but a finite number of the sets of {S,,} is called the inferior limit.

From the definiton, we have at once for any system {S,}
liminf S,, C limsup S,

Lemma 4.2 ([I9] Whyburn). Let X be a metric space. If {S,} is a sequence
of connected subsets of X such that | S, is relatively compact and liminf S,, is
not empty, then the limsup S,, is connected.

The trick, in the proof of Theorem [I.1I]and Theorem [I.2]is to use Lemma
where .S, is a continuum of solutions of the following approximated problems

|Vul|? .
=P + fo(z), in Q,
(w+ )7+ (u+ 1) fole)

u=20, on 0,

At ) (Qn)

for n € N and v < S.
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Proof of Theorem[1.1] First we deal with item i). We consider, for n € N, the

approximated problems (@, ) and the idea is to use Theorem with h(s) =
ﬁ and fy satisfying (|1). We observe that, under the assumption p constant,

the function g,(s) = S+1/n)7i(s+l/n)ﬁ satisfies without restrictions in ~
and B (recall Remark . Now by Theorem there exists a continuum X,
in [0, +00) x C(Q) of positive solutions of uch that (0, u,) € X, with u,
solution of (Qn,0). One can observe that by Lemma 2.1} one has Projj .)Xn =
[0, c0).

For obtaining the existence of an unbounded continuum » of solutions of
Q) we apply the result of Lemma Indeed, for every A > 0 we take Sp A
the connected component of £, ([0, A] x C()) such that (0,u,) € Sy,a. Since
¥, is unbounded and Projj o)Xn = [0,00), we deduce that Proji zjSn,a =
[0,A]. Moreover, Lemma with A, = 0 assures that, up to (not relabeled)
subsequences, u,, converges strongly to u solution of (Qp), which implies (0,u) €
liminf S, A. Even more, given a sequence (A, um) € Uyey Sk,a We have that,
for some k,, € N

— Aty + () gr,, (W) [V |? = A, + fo(z) in Q,
Uy, = 0 on 9€,

with 0 < Ay, < A and [Jum||p=) < ca. As we can suppose that k,, — oo,
then the first part of Lemma with w,, = Uy, assures that (A, u,,) admits
a strongly convergent subsequence. In particular we deduce that (J,cy Sk,a
is relatively compact. We notice that if the sequence k,, is bounded then,
up to a sequence, (A, u,,) converges in UkeN Sk,a. Now we can use Lemma
to deduce that I'y = limsup S, o is a continuum which, using the second
part of Lemma [3.3] is contained in M. In fact, since for every n € N there
exists (A,up) € Sy A, then we have that Projj, ,)I'a = [0, A]. Furthermore, by
construction, I'y is increasing in A and we can take ¥ = (J,,cI'n. Observe
that since (0,u) € T, for every n € N then ¥ C M is a connected set in
[0, +00) x C(2). Moreover, Projjg o)X = U,enl[0, 7] = [0, 00).

Now we deal with the proof in the case of item ii). In this case, since p(z) is
constant and < 1, we have that g(s) = -+ verifies and ([9). Thus, the
unbounded continuum ¥ of solutions of is obtained from Theorem In
addition, the projection of ¥ to the A-axis has to be bounded, since we can use
[T0, Theorem 5.1] to deduce the existence of A*. Observe that g € L'(0, +oc0)
and

. sP . eJi (F-a(®))at . D »
Y, e gy = =g, = (5 - o(0)
1-8 _
I i _J L r=1
= s <p sv—5+1> { oo, p>1.
Therefore g verifies condition (1.6) in [10]. O

Proof of Theorem[I.4 We observe that, for every n € N fixed, the function
- satisfies for 5 < 1 and general p(x) (see Cases 1-

_ 1
9n(8) = P GTIm
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3 of Appendix). Thus by Theorem [3.5[there exists a continuum %, in [0, +00) x
C(€) of positive solutions of ((),, ) such that (0,u,) € X,, with u,, solution of

(Qno). We claim that P10j(g, 00y Xn = [0,00). Indeed, this is a consequence of
the bound on the norm, for A in bounded sets, of the solutions of . More
precisely, this bound is obtained by means of Lemma for p < 1 and Lemma
With go(s) = m for p > 1.

The existence of the unbounded continuum ¥ with Projj, ,y¥ = [0,00) is
deduced now arguing as in the proof of Theorem observe that Lemma |3.3]
with A, = 0 assures that, passing to subsequence, w,, converges strongly to u
solution of (Qp). To conclude, we note by Remark the need to consider
M < 2 in the case vy = = 1. O

Remark 4.3. Thanks to Case 4 of Appendix it is worth stressing that the
previous theorem could be extended to y=1< g if M < 1.

Remark 4.4. A simplest proof of Theorem[I.2]can be obtained in the particular
case v = < 1. Indeed, the function g(s) = 1/s” with v < 1 satisfies condition
and this condition is also satisfied in the case v = 1 if, in addition, we
assume that M < 1 (see Remark. Consequently applying directly Theorem
for v < 1 and Remark for v = 1 we can deduce the existence of an
unbounded continuum ¥ of solutions of . Moreover, using Lemma in
the case p < 1 or Lemma with 8 = v and go(s) = 1/s7, in the case p > 1,
we can assure that Projjy )3 = [0,00), concluding the claim.

Appendix

We devote this appendix to include the proof of Lemma [2.1| as well as the
proof of in some particular cases.

Proof of Lemma[2.1 We choose suitable test functions taking into account [10]
Lemma 2.1]. We divide the proof into two steps:
STEP 1. There ezists a positive constant C' such that, for every g > 0 and every
solution u of with 0 < A < A, one has ||lul|g1q) < C.

Indeed, take ¢ = u as a test function to obtain, dropping the positive term
given by the lower order term, that

/|Vu\2§/)\up+1+/fou.
Q Q Q

Since p + 1 < 2, we can use Holder and Sobolev inequalities in the right hand
side to conclude

/Q|VU\2 <ec ((/Q |vu|2>p;1 + </Q vu2>;> ,

for some positive constant ¢ depending only on A, 2, fo and p. This inequality
give us Step I with C the unique positive solution of the equation s? = ¢(sP*! +

s).

13



STEP II. There exists C' > 0 such that, for every g > 0 and every solution u of
with 0 < A < A, one has ||ul| o) < Cllullp1 ()

Given k > 1, we take ¢ = Gj(u) as a test function in (P,)). Hence, dropping
the positive lower order term and using Holder’s inequality in the right hand
side, we have

1
7

/Q|VG1¢(U)|2 S/Ak(/\Jrfo)U2 <X+ follzao </Ak Uzq/>q ; (16)

where Ay, = {x € Q : u(x) > k}. Throughout the proof, C' denotes different
positive constants depending only on A, fy, p and Q.

Firstly, we estimate the right hand side of using Holder and Sobolev
inequalities and the fact that u = Ty (u) + Gk (w). Thus,

A

</ u2ql>q S C <k2q/Ak|+/ Gk(u)gq')q
Ak Ak

1

1
(1/

IA

C( Gk(u)Qq’>q L O k2| Ay

1
a

Ak
=¢ ( Gl(u)? ) ARl + C R A7
Q
a_2 9 9 a
SCAgl 2 | [VGr(u)|” + Ck*|Ag] < .
Q
Consequently, from we have,

[ I9G @ < A+ folzaco (sz* / |vck<u>|2+k2Ak|q').
Q Q

Using Step I we have that k|Ay| < |jul|z1(q) < C and, since 2 — 2 > 0, we can

choose k big enough such that !
1
[ VG < O+ follagen Al
Q
Using Hélder and Sobolev inequalities and the above inequality we conclude

455 — 5%
Gr(u) < Ck|Ag| "2 27|
Ay

which gives us the result applying [I5] Lemma 7.2] (see also [I6, Lemma 5.1,

pag 71]).
Summarizing Step I and Step II, we conclude the proof. O
Now we prove ([[4) for g(s) = mand0<7§5§ 1 or
M<l=v<§5.

14



Proof of (14)). For every v > 0, we take G(s) = h(s)g(s) for a convenient func-
tion h € C*([0, +00)), such that, for some 6, > 0

0 () 55 = ) 5% = ) his) ) = o) )

26 el T )
> (u(a) - h(s)?, Vs <.

Observe that this inequality is trivially satisfied if h(s) = p(x) and h'(s) <0
while, in other case, it is equivalent to prove that the function

() — 1(s)) ((s) + ) - 2
(n(x) = h(s))*

is bounded from below by a positive constant. We point out that

F o) ()

Now we choose the function h(s) based on the different values of v and 5.
Case 1. vy < B < 1.
In this case we take h(s) = —g'(s)/g%(s) = v(s+ =)'+ B(s+ 1)L Thus

W) =2t - 1) s+ i) w351 (s+ ;)B <.

In particular, we have that o(z,s) is given by
(VA= s+ 1)+ 80-8) (5+ 1)) ((s+2) + (s+ 1))
() =7 (s + 2 =B s+ )
(W= s+ 1) 4 80-8) ((s+ 1) +1)
(@D )

We conclude by taking into account that this function (which may take infinite
values) only vanishes for s — +oc.
Case 2. y < =1.

In this case we take again h(s) = —g'(s)/g?(s ) v(s + )77 + 1. Thus

o(z,s) =




We conclude, as before, by taking into account that this function only vanishes
for s = +o0.
Case 8. y=p=1.

In this case we can choose h(s) =2+ ﬁ and we have

1 1 6n(s+1/n)
(n(x) —2 - 1+3ns) T5ans + (q+3"5)2b

2
(@) =2~ =)
—3—6ns 6n(s+1/n)
(1+3ns)? + (1+3ns)2 3

(1) —2— ) () =20+ 309) =17

o(x,s) =

We conclude again using that this function only vanishes for s — +o0.
Case 4. M <1=~<p.

In this case we can choose h(s) = 1 and, since Z;((Z)) =—1-B(s+ )71, we
have
1-1-8(s+1)f~1  p(s+1)5-1L 38
o(x,s) = n 2 5T
GRS = u@) = w11 p@)
0
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