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Abstract

In this paper we give a sub-supersolution method for nonlinear elliptic sin-
gular systems with quadratic gradient whose model system is the following

2

—Au+vﬁ|vuu’ = fi(z,u,v) in Q,
2

—Av + ut |VUS| = fo(z,u,v) in Q,

u=v=>0 on 0f,

where ) is a smooth bounded domain of R (N >3), 8,4 > 0,0 < a,v < 1
and regular fi, fo functions. Moreover, we apply it to prove existence of
solution for some systems, including the classical Lotka-Volterra models with
gradient terms. Specifically, we study the competition and the symbiotic
Lokta-Volterra systems.
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1. Introduction

The aim of this paper is to provide a sub-supersolution method for the
following nonlinear elliptic singular system with natural growth

¢ 2
—Au+ g;(v) ‘vu?:l = fi(z,u,v) in Q,
2 (1.1)
—Av + go(u) [Vl = fo(z,u,v) in Q,
u=v= on 89,

where ) is a smooth bounded domain of RY (N > 3), 0 < a,v < 1, the
functions gy, g» € C([0,+00)) and fi, fo € C(2x [0, +00) x [0, +00)) verifying
some general conditions detailed below.

Regarding the literature there are several papers about equations with
quadratic gradient terms. The existence of solutions of the equation

{ ~Au+ g(u)|Vul? = afz) in©, (1.2)

u=0 on 0f,

for every function a(z) in a given Lebesgue space has been systematically
studied in [5, [8, 9] and references therein (in fact, for a more general nonlinear
term H(x,u,Vu) instead of g(u)|Vul?). They consider in the lower order
term a continuous ¢ in IR which does not satisfy any growth restriction and
the sign condition g(s)s > 0 for every s € R is assumed. Thanks to the
presence of the lower order term the Dirichlet problem associated to the
equation is allowed to have finite energy weak solutions.

In [I5] and [4] some of the above results were extended to the case of
systems. Specifically, in [4] the authors study systems of elliptic equations
with quadratic gradient. They consider a general system

—Au; + Hi(x,u, Vu) = a;(z) in §,
u=20 ondf), 1=1,....n

where u = (u1,...,u,), a; € H'(Q) and the quadratic terms H;(z,u, Vu)
satisfy a more general one-side condition than the sign condition, but in
the case H;(x,u, Vu) = g;(u)|Vu|? this one-side hypothesis is equivalent to



the sign condition. In their case g; is continuous in R™ and they prove the
existence of solution in the Sobolev space.

In the last years, equation has attracted much attention by the
presence of singular terms in front of the gradient, see [I], 2, 6] and references
therein.

In [11] we proved that a sub-supersolution method works for equations of

the form ,
a0 e,
ue

u=2>0 on 0,

and we apply it to different models.

In this paper we focus our attention to systems with quadratic gradient
and singular terms as .

Let us mention that the sub-supersolution method is valid for semilinear
systems, see for instance [13] and [20]. In this case, when ¢g; = ¢go = 0, the
natural extension of the scalar definition of sub-supersolution depends on the
monotonicity of the functions f; and fy; with respect to v and u, respectively.
A general definition was given in [I3] and [20] where a pair of functions (u, v),
(w,v), u,u,v,v € H(Q) N L>*(Q) is called a sub-supersolution if

in €,

< v
0 <7 on 09,

<
0

|/\ IS
l/\ £l
I/\ S

and
_Aggfl(x7uvv>7 _Aﬂz.fl(x7ﬂ7v)7 Vo € [y7ﬁ]7

_AQSfQ('T7UJQ)7 —A@ng(x,u,ﬂ), \V/UG [Q)EL

where, given two ordered functions z < w, we have denoted

[z, w] = {g € L™(Q) : 2(x) < q(z) < w(z)}

(see also [19] where it is proved the validity of the method for singular semi-
linear systems). Assuming the existence of a sub-supersolution, (u,v), (@,7),
there exists a solution (u,v) € I = [u, ] X [v, 7] of the semilinear system (i.e.

([1.1) with g1 = g2 =0).
When the reaction terms depend on the gradient, i.e.,

—Au = fi(xz,u,v,Vu,Vv), —Av= fo(z,u,v,Vu, Vv)



and the functions f; and f; are regular verifying some hypotheses, the defi-
nition is (see [21])

_Agéfl(xaﬂ7,07v@7vv)7 _AEZ fl(ajaﬂafl}avaavv)a Vo €
_AQS fQ(:c,u,y,Vu,Vy), _A@Z f2<x7uaﬂavu7VU)a Vu €

RS

—

SR

Y

Assuming again the existence of a sub-supersolution, the existence of a solu-
tion (u,v) € I follows.

In this paper, we use the above definition of sub-supersolution, and taking
advantage of the form of equation, we overcome the singularities difficulty
of the system ((1.1)) with respect to v and v. Hence, for our system (|1.1]) we
define a couple of sub-super solution as follows

Vul? Vul?
~dut g < fe), a7+ > fi@a). el
Vo? B Vo2 B ~
—AQ+92(U) Y SfZ(xauag)v —AU+92(U) m Zf2(xau7/0)7 VUE[@,U]

Moreover, we apply this method to prove existence of positive solution for
some systems, including the classical Lotka-Volterra models confronted with
the Laplacian operator perturbed by a singular gradient term, that is, the
following systems

2
—Au + gl(v)’vu—z| =u(A—u—>bv) in Q,

2 1.3
_Av—l—gz(u)’vv—:}‘ =ov(p—v—cu) in , (1.3)
u=v = on aQ,

where A\, u € R and b-¢ > 0. Here, u(x) and v(z) denote the densities of two
species, A and p represent the growth rates of the species, b and ¢ measure
the interaction rates between both species; if b,c¢ > 0 they are competing
and if b, ¢ < 0 cooperating. Moreover, in a nonlinear convective term
is included with a singular term. This term is accompanied by a nonlinear
function depending on the other species. We give conditions on A and y that
assure the existence of a coexistence state of , that is, a solution with
both components positive.

The structure of the article is: in Section 2 we study an auxiliary scalar
equation that we use in Section 3 to prove the validity of the sub-supersolution
method for . Section 4 is devoted to applications of the method.

4



2. An auxiliary scalar equation

Freezing one of the unknown in each equation of (l.1) we are led to
consider the scalar boundary value problem

—Aw+m(:€)|vwl:| = f(z,w) in Q, (2.4)

w=0 on 0f),

for convenient functions m and f and a parameter 0 < # < 1. In order to use
monotone methods for (2.4), as was pointed out in [I1] for m(z) constant,
it is useful to consider a positive function g € C(0, 400) such that, denoting

= [\" g(s)ds, the function e~ belongs to L'(0,1) and we define also
\I/ by

Observe that if there exists M > 0 such that f(x,s) + Ms is nondecreasing
for a.e. z € Q then f(z,s) +MU(s)e® is also nondecreasing for a.e. x € Q.
Thus, adding the term MW (w)e®™) i it becomes

—Aw +m(x )'vw| (w)ef™ = f(x,w) + MU (w)e™ in Q,

w =10 on 0f).

Therefore, in order to study (2.4]) using sub-supersolution, we need to estab-
lish a comparison principle for the problem

—Aw + m(z )'Vw| (w)e®™) = fo(x) inQ, (2.5)

w=0 on 0,

where 0 < m(x) € L*(Q), 0 < 0 < 1 and 0 < fy(z) € LN/ N+2(Q), fy £ 0.
Observe that this problem is similar to that studied in [II] but here the
function g, from which are defined G and V¥, is arbitrary and non necessarily
related with the gradient lower order term. When M = 0, that is,

~Aw + mx >]wa|2 = folz) nQ,

u=20 on 012,

this problem has solution (see [6]) and it is unique (see [3]).
The concept of sub and super-solution for the problem ({2.5)) is the follow-
ing:



Definition 2.1. A sub-solution of is a function u € HY(Q) such that

2
[Vl , U(w)efw e LYQ) and for every ¢ € HL(Q) N

0 < u ae nf, 5
u

L>(Q), ¢ >0,

\V4 2

/vg-v¢+/m(x)’ %' ¢+M/\I'(g)eG(“)¢§/fg(a:)¢.
Q Q u Q Q
R _ o VP
Similarly w € H'(Q) such that 0 < U a.e. in Q, —,
u

and for every ¢ € Hy(Q) N L>(Q), ¢ >0,

U (@)ef™ € L)

/Q Vi Ve + /Q m<x>'vf'2¢+M /Q V(@)e™@e > /Q fo(x)¢,

u
1s called a super-solution of . We say that w € H} () is a solution of
if it is a sub and super-solution of .

We recall some classical results about the regularity of the equation ({2.5])
with fo(x) = f(x,w(zx)), that is the non-linear equation

[Vwl® G(w) .
—Aw + m(z) 7 + MU(w)e = f(z,w) in Q,

w=>0 on 0f2.

(2.6)

Concretely, the following two lemmas can be deduced from [22], summariz-
ing some known L>(Q)-estimates for sub-solutions of (2.6). The first one
deals with a subcritical function f, here the L>(2)-estimate follows from a
standard bootstrap argument.

Lemma 2.2. Assume that there exists C > 0 such that | f(x,s)| < C(1+4]s|?)
(g < (N+2)/(N—=2)) for every s > 0, a.e. x € Q, and that u is a sub-solution

of (2.6), then u € L>(Q).

Remark 2.3. Once we have proved that it is bounded, under the conditions
of the previous lemma, we have that any solution u is continuous in €2 arquing
as in [T]|] (see Remark 2.6 in [1] for a detailed proof). Moreover, since OS)
is smooth, u € C%%(Q) for some o € (0,1).

Lemma 2.4. Assume that there exists sy such that f(x,s) <0 a.e. = € Q
and for every s > sg. Assume also that u is a sub-solution of @, then
u € L>®(Q) and ||u]|s < So-



We can prove that problem (2.5 has a solution arguing as in Lemma 3.3
of [I1]. We include here a sketch of the proof in order to show how to deal
with the term m(z) € L>(92).

Lemma 2.5. Assume that g € L'(0,1). Then there exists a solution for
23,

Proof. We use an approximative scheme, namely

{ —Au, + By(x, uy, Vu,) = min{ fo(x),n} in £, 2.7)

Up =0 on 0f,

where the function B, (z, s, p) is given, for every (z,s,p) € 2 x R x R" and
n € N, by
+ st
M@fls g(t—&—%)dt e flt g(a-‘r%)dodt
m(z)s*|p|” 0
Bu(z,s,p) = i + pes .
(E +sT) 1+ ﬁ|p|2) 1+ %eflﬁ Q(Hi)dt/ e~ Ji9loti)do gy
0

Since B, (z,s,p)s > 0 and B,(z,s,p) < ||m|/pe@n(n’ + M), the ex-
istence of solution u, € Hg(S) of is deduced from [16]. Moreover,
since By (z,s,p) > 0 then —Au, < fo(x) and, using [22], the sequence u,, is
bounded in L*(f2), that is, there exists R > 0 such that

[unllLe (@) < R.

Moreover, taking wu, as test function we obtain that u, > 0. Similarly,
taking wu, as test function and using the positivity of the lower order term
we get that u, is bounded in H{ (). Even more, taking min{u,,c}/c as test
function and using Fatou Lemma, see [6], as ¢ — 0 yields that

/ B (2, tn, V) < || folh-
Q

Therefore u, weakly converges to u € H}(Q), Vu, — Vu ae. (see [T,
Theorem 2.1]) and using Fatou Lemma as n — oo,

Vul|?
m(x)%x{wo} € L'(Q) and \I/(u)eG(“)X{u>0} € LY(Q).



) is hounded

In particular, since g is integrable at zero, we have that W (u)
W e LY(Q).
it is essential to prove that u > 0. In order to do that we follow the ideas
1 .
0 =

t zero and thus, ¥(u)
’ﬁ’L —m [¥n
_ _9> o g =
un
R

In order to pass to the limit and to prove that u is the solution of .
in [6]. Given m > [|m||p~q) we take e Tty with 0 < ¢ € C(Q), as

test function in } and we obtain
/ —ii ] tedtvun-v¢+/ (Bn(:zz U, Vi)
Q
/ min{ fo(z), n}e ™" G > / min{ fo(x), 1}~ 1" %
Q

Q
We can use now that for 0 < s < R
(Bn(x,S,p) 9) — 7t < < m(x)—e_mhﬂz — Ity
s s
+Mefls<g(t+3l)_$)dt/ e fl o+ )do’dt
Jo
< e (t+;)—jg)dt/ o JLalotLydo g
s 0
< C/ e e gy,
0
(2.8)
The last inequality is due to the fact that
) s+
eff(g(t-l-%)—me)dt _ €f1+1 g(o)do— [} tedt . 1R+1 g(a)d0+f0 Z;dt
and
/ e fl UJF dadt / f1 %*9 ))da *mfl 9d‘7dt
0

S €1+1mdg+f0g(o'+ )do / mfl Qdet

J0
< f1R+1 m dg+f02 g(o)do / fnff c%‘)dadt.

N 0

Thus, we can take C' M 9@dot ]y fat S Fydot 5 g 9(9)do y1sing in
(2.8) and denoting W(s) = [*e ™/ 79 0t we get
. S 0 g
/V\Ifun V¢+C/ un¢>/m1n{f0 1}@ i dt¢
8



From now on the proof continues exactly as in [6]. Passing to the limit
in the previous inequality it follows that

VU(u) - Vo+C [ U(u)g > [ min{fy(z), 1}e ™ iy,
/. o= |

Thus, the strong maximum principle allows us to assure that 0 < ¥(u) <

1
elo ?d”u, in particular v > 0, and we can to pass to the limit in the approx-
imated problem to deduce that u € HJ(€) is a solution of (2.5)) arguing as
in [6]. O

With respect to uniqueness we prove below a comparison principle for this
equation that assures that this solution is unique. This comparison principle
is one of the keystones of the proof of our method. In the case M = 0 it
correspond to the comparison principle in [3, Corollary 3.5]. We include here,
for the convenience of the reader, the proof of that result with the new term
M \I/(u)eG(“) at the left-hand side of the equation, that is to say, we prove a
comparison principle for the problem ({2.5) although the proof follows with
no significant change that of Theorem 1.1 in [3].

Proposition 2.6. Assume that 0 < 6 < 1 and 0 < m(z) € L*(Q). Let
w,u € C(Q) be, respectively, a sub and a super-solution of . Suppose
also that g € C*(0, +00), e=¢® € L*(0,1), g > 0 and there exists T > 0 such
that for a.e. x € Q and for every 0 < s < max{||w|| r~q), ||| =@} we have

(00 -+ (<ot + ™) gt9)] = (ot + ")

(2.9)

Then u < u.

Proof. We will use the usual function G.(s) = (s — &)™ for every s € R. We
also define w = ¥(u) — ¥(u) and observe that G.(w) is bounded and has
compact support in Q. In particular, e"¢® e=¢®@ g(u), g(u) are bounded
on the support of G.(w). Thus, for n equal to the integer part of 7+ 1, we
can take e"“WG (w)™ as test function in the inequality satisfied by u and



e~ @G, (w)™ in the inequality satisfied by %. Subtracting we have

0z [ (“otw+ ") .o
- [ (otm + ") oI Gwr

+n/ Ge(w)" e WYy — e 9@VT) . Vuw,
0

where we have used that

/Q (W(w) — O (@))Ge(w)" > 0.

We denote s = U1 (tW¥(u) + (1 — )P (u)) and & =tV (u) + (1 — t)VI (1),
this means that

0> /{ Gy /0 1% ((—g(s) + %) eG“)\sP) dt+

>€
—l—n/ G.(w)" HVuw|.

{w>e}

Now we perform the derivative and we get
x)
+

0> [ weor [ (<o) - "07) ) are

o o [ (<ot + 50 gieeer are
+ /{ Gy /O 1 (—g(s)+%@) CO2¢ . Vndi+

+n G (w)" | Vuw/.
{w>e}

(
0

m
S
m

Multiplying by £ and taking into account that, by Young’s inequality,

\‘

m(x)

: \@(w)” (o) +

eGog . Vw‘ <
72 G (w)™ m(z)\> s
Z Gl + E (g + ) g,

IA

s?

10



it follows that

7'(1 )/w>€} )" Vw|?+
1
+/{w>e} 0 = ()[(_gl(s) - W;gﬂe) <

# (ot + 2 )<>|§|2 G () + ™) a2 0

The last inequality due to the fact that G.(w)/w < 1, M > 0 and (2.9)). We
deduce that the integrands are zero, which implies that G.(w) = 0 for every
e >0, ie., w" =0, concluding the proof. ]

Slﬂ

The following technical result plays an essential role in the further work,
and it was proved in [3, Corollary 3.5] (see condition (3.6) of that paper).

Lemma 2.7. Fixm € L>*(Q), m >0 in Q and v > 0. Then, there exist g €
C'(0,00)NLY(0,1), in particular e=¢® € LY(0,1), and T such that if u and @
are a sub and a supersolution of such that max{||u|| L@y, [T @)} <
v, g satisfies condition , and as consequence

u<u

In fact, g depends on ||m||L=() and 0, but neither v nor 7. Specifically, fizved
d,C,my with0<f<d<1,C>0 and

d—0
< mi
ml_mm{dCC’<1_9) },

for any m € L>(Q) with ||m||c < my we can choose g(s) = gpac(s) given

by
dC 1

s?’

Go,a.c(s) = do
Os+ (£)77 (1—6)

for every s > 0. Moreover, T is such that

dC +m, 2d (m220-0) +92) om? (1=0)207 4 22c?
C(l—d) (1—d)9 d(l—d)CQ (1_m(1__9)1—0)

T > max

11



3. The sub-supersolution method

Now, we are ready to state the method of sub and super-solutions in order
to get existence of solutions of (1.1]). In view of the results of the previous
section the concept of sub and super-solution for (1.1]) is the following.

Definition 3.1. A pair (u,u), (v,?) is a sub-supersolution of ifu,u,v,0 €
HY(Q)NCWQ), u,v € Hy(Q) such that
1. 0<u<u, 0 <wv <o almost everywhere in 2,
2 o2 2 |2
,, Vol Va9 9o o
u® u® VY v

3. for every ¢ € HOT(Q) NL>(Q), ¢ >0,

2
/Qw-vw/ggl(v)'w’ ¢—/Qf1<x,g,v>¢sog

ue
_ \Va]® _ _
< [vavor [ae)Sgo- [ A aoe Vel
(3.10)
4. for every ¢ € HJ () N L>®(Q), ¢ > 0,
2
[vevor [ e [ fwune<os
v—2
S/QVE-VgZ)—}-/QgQ(u)| ;j qb—/QfQ(x,u,U)d) Yu € [u, ).
(3.11)

Remark 3.2. Observe that any of the four inequalities in and is
verified if it is satisfied in the classical sense, for instance, the first inequality
in is satisfied if u is twice differentiable and

|Vu/?

ua

Theorem 3.3. Assume that (u,u), (v,) is pair of sub-supersolution of
and denote I := [u,u] x [v,7] C C(Q) x C(2). Assume also the following
conditions on fi1, fa, g1 and gs:

—Au + g1(v)

— filz,u,v) <0 ae z€QVve .

(F) There exists a constant M > 0 such that the maps s — fi(x,s,v) +
Ms and r — fo(z,u,r) + Mr are positive and increasing for (s,r) €
0, supg @] x [0,supg ] and for all (u,v) € I.

12



(G) g1, g2 are non-negative functions and g;(s) = 0 if and only if s =0 for
i=1,2.

Then, there exists a solution (u,v) of such that (u,v) € I.

Proof. Taking into account (G), there exits a positive number 0 < m; such
that
0 < g1(2(2)), go(w(@)) < ma, V(w, 2) € I.

Then, taking v = max{||T||r~), [|@| @)}, by Lemma there exist
hi,hy € CY(0,4+00) N LY(0,1) and 71,75 > 0 such that for a.e. x € , for
every 0 < s < v and for every (w, z) € I we have

| (e - 2EE) o (o) 2ED Y )]
> (—h + LY

SO[

and

T [(—h;(s) —~ —gQ(zg))O - <—h2(8) + M) hz(S)] >

We would like to remark again that neither h; nor 7; depend on (w, z), see
Lemma 2.7
Now we define

Gi(s) == / hi(t)dt, U,(s) = / e %t s >0, i=1,2
0 0
On the other hand, observe that, using (F), we get that the maps
s = fi(z,5,0) + MUy (5)e S s oz, u, ) + MUy(r)ef>")

are increasing for (s,r) € [0, supg @] x [0, supg ] for all (u,v) € I.
We define the operator

T:1+C(Q)xCQ), (w,2)— (u,v) :=T(w,z)

13



where (u,v) € H}(Q) x H}(Q) are solutions of

|VU|2 G1(u)
—Au+ g1 (2(7))——— + MUy (u)e™"™ = Fy(z),
u* (3.12)
|VU| Ga(v)
—Av + ga(w(x)) = + MUy (v)e™?") = Fy(x),
with
Fi(z) = fi(z,w,z) + M\Pl(w)eGl(w)
and

Fy(z) := folw,w, 2) + MUy(z)e%2).

Taking into account (F), we have that Fy, F5 > 0. Moreover, Fy, Fy €

L%(Q), in fact, Fi, Fy, € L>®(Q2). Hence, the existence of u and v can
be obtained from Lemma while the uniqueness from Proposition [2.6]
Therefore T' is well defined.

Now, we prove that T'(I) C I. Indeed, take (w,z) € I and consider
(u,v) = T(w,z), i.e. the unique solution to the problem (3.12). We are
going to show that (u,v) € I.

Indeed, using the definition of sub-super solution, it follows that

2
[Vl + MUy (u)e1 ™ = fi(x,w, z) + MU, (w)eS ™) >

u® o

Vul?
> fi(z,u,2) + MU (u)e® > —Ay + g1(2)| ul + MU, (u)eh W),
ua

—Au+ g1(2)

Proposition allows to assure that u > u. Analogously u <7 and v < v <
v.

Next we show that 7" maps bounded sets into relatively compact sets.
Indeed, given a bounded sequence (wy, z,) in I and denoting by (u,,v,) =
T (wy, z,) we have that u, and v, are bounded in H}(2). Even more, reg-
ularity arguments (see [22] and [14]) show that sequences w,,v, are also

bounded in C%%(Q) and the compact embedding of C*%(Q) in C(2) implies
that u, — u and v, — v strongly in C(Q).

Finally, in order to have that T"is compact, we prove that 7" is continuous.
In order to do that, we claim that if (w,,z,) — (w,z) strongly in I then
(u,v) = T(w,z) (observe that this in particular implies that not only a

subsequence but the whole sequence (u,, v,) strongly converges to T'(w, z) in

@) x C(Q)).

14



In order to prove the claim we observe that

2
[ Vo [ TEo s ar [ wgu)ec s -
Q

un

/ﬁwwww+M/WW0&W%

for every ¢ € H3(2) N L>=(€2). We recall that, as in the proof of Lemma [2.5]
the lower order term is bounded in L'(€) and we may assume that u, — u
weakly in Hj(Q), strongly in LP(Q) (p < 2*), u,(z) — u(z) and Vu,(z) —
Vu(z) a.e. x € Q. Even more, since u,, > u we have that u > u > 0. In
order to pass to the limit, arguing as in [6], we first consider ¢ > 0 and using
Lebesgue theorem as well as the weak convergence

/gl(zn ¢—>/f1 T, w z¢+M/ w)ef (W gp—

/vu w M/\I/l u)e® g,

Thus, using Fatou lemma

/ 1(2) ‘Vu‘2¢</f1 (2, w, 2) +M/ w)eG1)
/ Vu-Vé—M / w)e1 @) g,

Now we prove the reverse inequality. We take m > 0 such that m > g;(z)
for every z € [v,7]. We consider ¢ with compact support, therefore we can

take efun s%dsgé as test function in the equation satisfied by wu,, and we get

/ elun s%dSVun -Vo+ ﬁz/ efin sﬁadsgbﬂ -V, +

Q Q ue

+ / (MW (1) e — f (2w, 2) — My (w,,) e el 5y —
Q

m — gl(zn> |vu ‘26‘[1?71 S%ds¢

«a
Q Up,

We can pass to the limit in the left hand side of the previous inequality (using
Lebesgue theorem and the weak convergence) and then Fatou Lemma in the
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right hand side assures that

2
/Vu-ng—an/gbﬂ—F
Q Q u®

—{—/(Mllfl(u)eGl(“) — filz,w, z) — Mllfl(w)eGl(w))qb >
Q

m — g1(2) 2
Z/QTWM ¢

or equivalently

[vu-vor [ g u)eS1 0 >
Q Q
> /(fl(:v,w, 2) 4+ MUy (w)ef* ™).
Q
From both inequalities it yields that
Gl(u

/QVwV(b—i—/le(

= /Q(fl(x,w,z) + My (w)e® ™)g,

for every ¢ € H}(Q) N C.(R) and by density for every ¢ € HJ(2) N L=(Q).
Analogously v, — v with (u,v) = T'(w, 2).

Therefore, applying the Schauder Fixed Point Theorem we conclude the
proof. O

4. Applications

In this section we apply the sub-supersolution method to different sys-
tems. For that, we need some previous results.
Given ¢ € L>(2), we denote by A;(g) the principal eigenvalue of

—Au+q(z)u=Au in Q,
u=>0 on 2.

Recall that the map ¢ — A;(q) is increasing. For simplicity, we denote by
/\1 = )\1 (O)
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First consider the classical logistic equation

{ —Au=u(A+m(z) —u) inQ,

u=0 on 0. (4.13)

It is well known that there exists a unique positive solution of if and
only if A > Aj(—m). If we denote the unique positive solution by 6, we
have that

0/\+m S A + mpyr, (414)

where we have denoted m,; = supg m.
Now consider the logistic equation with a singular term and natural

growth
[Vul®

—Au+k o uAN+m(x) —u) in Q, (4.15)
u=20 on 0f),
where £ > 0,0 < a <1, A € R and m € L>(Q).

Equation (4.15) was studied in [II] when m = 0. We prove now the
following result.

Theorem 4.1. Any weak solution u of is bounded, in fact, u € C%%(Q)
and
u <Oy, in.

Moreover, there exists a positive solution of if and only if

Furthermore, in this case there exists a mazximal positive solution of ,
denoted by O im ak)-
Finally, A4m = Opym,ak @5 increasing and k — Opym ok 45 decreasing.

Proof. 1t is clear that if u is a solution of (4.15)), then u is bounded. So, it is
a bounded subsolution of (4.13) and hence

u S 9)\+m.

Assume that A < A\j(—m) and that there exists a positive solution of (4.15)).
Then multiplying (4.15]) by ¢1, a positive eigenfunction associated to A\;(—m),
we get a contradiction.
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Suppose from now on that A > A;(—m). We apply the sub-supersolution
method from [I1] to prove the existence of a positive solution. Let us remark
that although Theorem 3.5 (the sub-supersolution method) in [11] was proved
for functions f(A, u), it is easily extended for functions f(x,u).

Take

(v, @) = (e¢f, Orrm)
where € > 0, a > 0 and ¢ is a positive eigenfunction associated to A\;(—m),
that is, it satisfies

—Ap; —m(x)pr = A (—m)p; in
p1=20 on Of).

First, we recall that |Vu|?/u* € L'(Q), see for instance Lemma 2.5 in [11].
On the other hand, observe that

V(g}) = api™ 'V,
Ag}) = al(a — 1)¢i |V | + @i (—m(x) — A (—=m))).

Hence, |Vul?/u® € L}(Q) if a > 1/(2 — ).
Since A > A\;(—m), we can choose a > 1 and 0 < n < A — A\;(—m) such
that
A > A(—m)a+ (a—1)m(x) +n.

Then, u is subsolution of (4.15)) if
apy 2|V |? ((1 —a)+ kael_‘lgocf(lfa)) +ep! < A=A (—m)a — (a — 1)m(z).

Observe that the above inequality is true if

—a a(l—«
1 901( )

kae <a—1 and ep] <,

i.e., taking € small enough. Finally, by the strong maximum principle we
have that 00y.,,/0On < 0 on 0f2, where n is the outer unit normal. Thus,
taking e small ep} < )4, and so there exists a positive solution of
for A > A (—m).

We go a little further now. We want to prove the existence of maximal
solution of . Define the sequence u° = % and for n > 1

n|2
—Au™+k |(Vu)| + MU = o) + MU ) ) in Q,
un (e
u” =0 on 0f),
(4.16)
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where G(u) = [“ g(s)ds, ¥(s) := [5 e “Wdt, with g(u) = ku™*, and M >0
is such that f(z,s) + Ms is nondecreasing for a.e. = € €2, where

f(z,s) =s(A+m(x)—s), s € [O,S%pﬂ].

Then, {u"} is well-defined, and by Comparison Principle (see Lemma 3.2
in [I1]) we have that

u<. . <y <yt < <dt <d = (4.17)

Indeed, it is easy to show that @ is supersolution of the equation of u!, and

then u! <. Assume now that u < u” < u™!. Then, u" is supersolution of

the equation that verifies ©u"*!, and u is subsolution, and so u < u"*! < u".
Moreover, we can show that

u" = u* in Hy(Q),

with u* a positive solution of (4.15). We claim that u* is the maximal
solution. Indeed, take any positive solution u of (4.15). We know that
u < Oy = u, and then we can take as u = v in the above reasoning. Then,

by (4.17)) we obtain that

*

u<u.

This shows the claim.

Assume that p; +my < po+mo and gy > Aj(—my). Then, it is clear that
2 > Ai(—mz). Moreover, O, 1m, a,k is sub-solution of for A\ +m =
e +my and w = K, K > 0 is a supersolution for large K. Hence, there
exists a solution u of for A +m = ps + my such that

O +mi,ak] < u < K,
and so, since O, {m, ok is the maximal solution, it follows that

© [ +mr k] S o [n2+ma,ok] -

Using the same ideas it is easy to prove that the map k& — Opymap is
decreasing. O

Remark 4.2. 1. Observe that when k =0, O p\1m.a,0 = Orsm-
2. Observe that the existence result of does not depend on the value
of k> 0.
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4.1. Example 1

We consider the system

[Vul®
—Au+ ¢1(v) = \u®? in Q,
uQ{
2 4.18
—Av + go(u) |V:}| = pu"v® in €, (4.18)
v
u=v=>0 on 0,

where A\, u € R, p,q, 7,5 > 0, and g; and g, verify (G). The existence results
depend on the size of p + ¢ and r + s and the increase and decrease of the
functions ¢g; and gs.

First, it is clear that if A < 0 or p < 0, by the maximum principle
does not have positive solutions. So, we assume that A\, u > 0. It is clear
that in this case fi(x,u,v) = Au%? and fo(z,u,v) = pu"v® verify (F') for
any pair of sub-supersolution of .

Theorem 4.3. Assume that p+q <1 and r + s < 1. Then, there exists a
positive solution if and only if A\, u > 0.

Proof. Take
(ﬂ’ @) = <K67K6)’ (@? Q) = (590(117590(11)’

where e is the unique positive solution of

—Ae=1 in Q,
e=0 on 0,

1 is a positive principal eigenfunction associated to Ay, K and ¢ are positive
constants chosen large and small enough, respectively, and a > 1. Indeed,
item (1) of Definition [3.1|is trivially satisfied. Moreover, item (2) is a direct
consequence of Lemma 2.5 in [11] taking a > 5—. With respect to items (3)
and (4) we observe that for every v € [v, 7]

Vu)? Vel?
| ﬂa‘ — filz,w,v) = K+91(U)K2_a’€—a’

2
> K + gl(v)KQ*a—‘ve‘ — AKPtaePta > ),
eOé

—At+ g1(v) — AK %P >

The last inequality is due to g1 > 0, p 4+ ¢ < 1 and to the fact that we can
choose
K770 > Ale|l5.
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Similarly, in order to get

Vol

v

0 < —AT+ go(u) — fo(z,u,0)¢p Yu € [u,ul,

it is sufficient that
Kl r—s >N|| HH_S'

On the other hand,
|V |2

—Au + g1(v) — Ji(z,u,0)6 =

= —div(asp|” Vg01) + g1(v)a?e®~ ag02(a - V12 — Nelp{TvP <
< Magy] + a(l — a)ep|™ 2|V901|2 + g1(v)a 2g2~ a@? ! _m|V901|2 >\5q+p<ﬂ(1lq+ap-

a(p+q)

Extracting 7P we obtain that this quantity is negative if

/\1a€1—(p+q)gpa(1—(P+Q))+
Fast I (1 - 0+ gr(v)astplY) = A <0

for all v € [v,7]. But, since g; in continuous in [0,supg ], it follows the
existence of a positive constant R(u) such that g,(v) < R(p) for all v € [v, 7).
Thus, we can choose € such that

1—a+ g (v)ae "™ <0 and Ayae!~@Ho =D _\ .

Moreover, we can take € small and K large such that v < w. Similarly, we
can argue with v,v. O

Theorem 4.4. Assume thatp+q<1land 1 <r+s<2—7.

1. Assume that go is increasing, g2(0) > 0. Then, for each X > 0 there
exists K(X\) > 0 such that if A\ > 0 and p > K(X), system
possesses at least a positive solution.

2. Assume that gy is decreasing. Then, there exvists K > 0 such that if
A>0 and p > K system possesses at least a positive solution.

Proof. With the same notation of the previous proof we take on both cases

(u,v) = (Kie, Ko F),  (u,v) = (91, ¢1),
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where E(z) = o -2 + b for some o € RY with |o| > 0 and b > 0 such that
E(z) >n >0 for every x € 2. Thus, items (1) and (2) of Definition |3.1] are

satisfied. In order to verify the second inequality in (3.10]) and in (3.11]) it is
enough to take K| 777 > \|e|[PX? and

Ky(—AE) + go(u) K5~ - IVEL i B > pK5te"E°, Yu € [u,ul,

for which it suffices that

g(WEy o P 2 el MBI Vu € [u,dl.

oo

If g is increasing, then go(u) > ¢2(0) and so we need that 2 — v > r + s
and g2(0) > 0. Thus, in this case, K; and K, depend only on A and g,
respectively.

However, if g, is decreasing then go(u) > g2(K||€]|s) > 0 and, using that
2 —~ > r+ s we can choose K5 depending on K; (which depends on ) and
L.

On the other hand, the first inequality in (3.10]) is satisfied if ¢ is small
enough and is satisfied if

agi 2w [(1 - a) + g(wagt™ ] 4o <p vue [,

If go is increasing, then go(u) < go(Ki(N)e) < K3(A), and so the above
inequality is true for p > K(\) for some constant K(\) > 0.

If go is decreasing, then gs(u) < go(0) and so the above inequality is true
for p large and independent of A\. This completes the proof. n

Remark 4.5. 1. Similar results hold for the case 2 —a >p+q > 1 and
r4+s<1.
2. We could obtain results for any positive function go imposing more
restrictive conditions on A and .

Using similar arguments of the proofs of the above results, we can show
the following result.

Theorem 4.6. Assume that 1 <p+g<2—aand1 <r+s<2—-.

1. Assume that g1 and gy are increasing and g1(0), g2(0) > 0. Then, there
exist Ky1(p) and Ko(X) such that if X > Ki(u) and p > Ks(\) system
possesses at least a positive solution.
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2. Assume that gy is increasing, go decreasing and g,(0) > 0. Then, there
exist K1(u) and Ko such that if X\ > Ky (u) and p > K, system
possesses at least a positive solution.

3. Assume that g1 and go are decreasing. Then, there exist K1, Ko > 0
such that if X\ > K; and p > K, system possesses at least a
positive solution.

4.2. Example 2: competition Lotka-Volterra system

We consider the system

2
—Au+gl(v)|vu| =u(A—u—>bv) in Q,
ua
2 4.19
—Av—l—gz(u)’vv—:‘ =v(pp—v—cu) in€Q, (4.19)
u=uv= on 0f),

where A\, u € R, b,¢ > 0, and ¢; and go verify (G). When g; = go = 0 system
(4.19) is the classical competition Lotka-Volterra model, studied extensively
in the last years, see for instance [10].

First, it is clear that if A < A; or 4 < A then does not have positive
solution. So, assume that A, > A;. Again, it is clear that fi(z,u,v) =
u(A —u — bv) and fo(x,u,v) = v(p — v — cu) verify (F') for any pair of
sub-supersolution of .

Theorem 4.7. Assume that one of the following conditions holds:

1. g1 and go are increasing and (A, ) satisfies
A > X091 .00) and o> M (O a6 (0)); (4.20)
2. g1 and gy are decreasing and (A, i) satisfies
A> M09, 4.0007)  and > A (COpang (w)); (4.21)
3. g1 is increasing, gs is decreasing and (X, i) satisfies
A > M09,y .00000) and  pp > A (O ag:(u)])- (4.22)

Then possesses a least a positive solution.
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Remark 4.8. Observe that conditions ([{.20)), and define re-

gions in the plane (A, u) which could possibly be empty. For the semilinear
case, that is g1 = g2 = 0, it can be shown, see for example [18] and [17], that
these regions are not empty, imposing some conditions (b or ¢ small). The
study of these regions are out of the scope of this paper, but let us remark
some aspects. Observe that the map

A€ [A1,00) = M (Opag (o))

1s increasing. Hence, for example, the region defined by in not empty
if b or ¢ is small.

Proof. (1) Assume that g; and g, are increasing. Then, take

) = (Opa.0:0)) Oy 0))s
Q) G[A_b@[u,'y,gg(o)] 70"R} ) @[.L"_C@[A,a,gl (0)] ”775] ) Y

(a,
(u,
for some positive constants R and S to be chosen. Since w,v,u and v are
solutions of logistic equations as (4.17)), then items (1) and (2) of Definition
[B.1] are satisfied.

Using the equation of @, it can be shown that @ satisfies the second
inequality in (3.10) if

or equivalently,
|Val®

e

buv + (g1(v) — 91(0)) >0,

which is true because ¢; in increasing and v > 0.
For u, we need that

Take R > g1(7).
Observe that by the increase of the map A +m = Oy o, it follows
that
U < Opa,R < Opag (o) = U,

this last inequality because R > ¢ (0).
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(2) Assume that g, and g, are decreasing. Then, take

(@, ) = (Op 0] Qg
(4, 2) = (OP-b0y, .45 7)1 ) OO a5, ) 792 (0)])-

Indeed, observe that, with a similar argument to the used in the first para-
graph, w satisfies the second inequality in (3.10]) if

for what it is sufficient that

1(0) > g1 ().

But, from (4.14) we have that v < 6, < pu, and since g; is decreasing, it
follows that

91(0) > g1(p).
With respect to u, it can be proved that u satisfies the first inequality in

(3.10) because g;(v) < g1(0).

Again, it can be shown that u < u.
(3) Assume that ¢y is increasing and g is decreasing. Then, take in this

case o
(@,0) = (Opag 1 Olug())»
(u, ) = <@[>‘_b®[umgz(>\)]7a’R]’ @[H—C@[A,a,gl(w7%92(0)})'
O
4.8. Example 3: symbiotic Lotka-Volterra system
We consider the system
\V4 2
—Au + gl(v)| u =uA—u+bv) inQ,
uO[
Voul? 4.23
—Av—l—gg(u)| :| =v(p—v+cu) inQ, (4.23)
v
u=v=>0 on 0,

where A\, u € R, b,c > 0, g1 and go verify (G).
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Theorem 4.9. Assume that bc < 1 and (\, p) satisfies
A> A (=b0Opq5,) and  p> M (—cOpag,)) (4.24)

where g; = g;(0) when g; is decreasing and

_ p+ e o :
=9\ T e when g is increasing,

and

1—bc
Then possesses a least a positive solution.

Proof. First, recall that ©y, 7, < p, and then if A and p verify (4.24), we
have that

_ ()\ + b,u) o ,
G2 = 92 when gq 1s increasing.

A > Al(_b@[ﬂq%gz]) > /\1(—b,u) = )\1 — b,u,

and so A 4+ by > 0. Analogously, u + ¢\ > 0.
Now, take
(ﬂ’ 6) = (R7 S)

where R and S are large positive constants and
(4, 0) = (Opts0y,,, gy.0d1) OliteOpn oz, 18]
Indeed, R and S must verify
A—R+b5<0 and pu—S+cR<O0.
Since bc < 1, we can take

A+ bu S_,u+c)\
1 —bc’ 1 —be

On the other hand, u is subsolution provided of

R:

n(v) <Gy, Vv € [u,7].

Then, if g, is decreasing (respectively increasing) we can take g, = ¢1(0)

(respectively g, = ¢1(7) = 91(%))

Finally, observe that

A+ bu
1—bc

=u.

u= @[/\er@[ 1,091 <A+ b(@[umﬁz])M <A+bu <

77,92
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Remark 4.10. Observe again that condition could define an empty
region in the plane (A, ). As in Remark we point out that the maps

A € [A1,00) = A1 (—=CcOpa,0:(0))

and
1t € [A1,00) = At (0O 4 4(0))

are decreasing, and so the region defined by 15 non empty when g; and

g2 are decreasing, see also [12] for the semilinear case g1 = go = 0.
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