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1. INTRODUCTION
Let us consider the following (p, r)-system
—div ((a + [Vu|P7?)Vu) = D, F(z,u,v) z €
(1.1) —div ((a + |[Vo[""?)Vv) = Dy F(z,u,v) €
u=v=0 x € 00
where € is a smooth bounded domain of R, p, r are real numbers larger than 2,

a >0 and N > max{p?,7?}. We assume that F(z,-,-) € C?(R x R) a.e. x € (,
F(-,u,v) € C}(Q) and that there exists ¢ > 0 such that

12 D (o, 0)] < ¢ (o2 + ol 5 1),

(13)  DunF(w,u,0)], [DouF(wu,0)] < e (Julr =5 4 o 7175 +1),

(1.4) Do F(w,u,0)] < e (Jul” 57 4+ o2 41,
where p* and r* denote respectively the conjugate Sobolev exponents of p and r
(s* =sN/(N —s),s < N). It is not restrictive to suppose also that F(z,0,0) =0
for each = € Q.

We notice that (1.2), (1.3), (1.4) imply that there exists C' > 0, such that

(1.5) D F(z,u,v)| < C (luvﬁ_l A 1) |
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(1.6) D, F(x, u,v)] §0<|u|p*% +|’U|T*_1+1>
and
(L7) |F (@, u,0)] < C(lul”” + [u] + [o] + [o]).

For example, one can consider F(x,u,v) = ]%|u\p + Lol + ﬁmmﬂﬁ where
7>2&nd6>2satisfyp%+%:1.

Systems involving quasilinear operators of p-laplacian type model some phenom-
ena in non-Newtonian mechanics, nonlinear elasticity and glaciology, combustion
theory, population biology; see [16, 20, 22, 23]. Existence, nonexistence and regu-
larity results for such quasilinear elliptic systems are obtained by various authors,
see for instance [5, 6, 15, 17, 32].

In the present paper we are interested to develop Morse index estimates for the
weak solutions of the (p,r)-system (1.1).

Let us define the space X := W, (Q) x Wy (Q) endowed with the norm

z[F = llellp + lloll,

where z = (u,v) € X. In what follows we shall denote respectively by || - ||s and
|- |l1.s the usual norms in L*(Q) and W, *(Q).

Weak solutions of problem (1.1) correspond to critical points of the Euler func-
tional J, on X defined by setting

Jo(2) = Jo(u,v) :]13/9 (o + |Vu(x)|2)% dx + %/Q (o + [Vo(2)[?)

[Mb]

dx

—/ F(z,u(z),v(x)) dz, z = (u,v) € X.
Q

By assumptions (1.2), (1.3) and (1.4), it follows that J, is C? on X and for any
2o = (ug,v9) € X, z = (u,v) € X it results

(J! (20), 2) :/Q(oz + |Vu0|2)¥Vz0Vu + /Q(a + [Vol?) T VoV
— /Q(DUF(JJ, o, Vo)t + Dy F (2, ug, vo)v)dx.
Moreover for any z; = (u1,v1) € X, 22 = (ug,v2) € X, we have
(I (20)1, 22) :/Q<(a + [Vl =2/ (Vg [ V)

+ (1= 2)(a + [Vuo 2) P=/2(Tug|Vur ) (V20| Viz) ) d
+ /Q((a + |V [) =D/ (Vo [Vo,)

+ (1 = 2)(a+ [Too2) " /2(Tug | Vr) (Vo | Vo) ) de
- /Q(DZuF(l‘, ug, vo)ur Uy + D2, F(x,ug, vo)vivs

+ D2 F(x,uq,v0)u1ve + D2, F(x, u, ’Uo)UQvl) dx.

We stress that every critical point zg € X of J,, is degenerate in the usual sense,
since, in general, X is not isomorphic to its dual space, so that the classical Morse
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lemma does not hold. Moreover J//(zg) is not even a Fredholm operator, so we can
not use the Gromoll-Meyer splitting theorem and the perturbation results in [24].

In the literature some authors have introduced the definition of a weakly nonde-
generate critical point, which coincides with the classical one in a Hilbert space (see
[7, 30]). This notion of weakly nondegeneracy is stronger than the mere injectivity
of the second derivative at the critical point in a Banach (not Hilbert) space and,
in particular, it requires that the critical point is isolated.

Recently, in [10, 11] (see also [8]), for the scalar case and o > 0, the authors
have proved that the injectivity of the second derivative in a critical point is enough
for developing Morse index estimates. The fact that the mere injectivity of the
second derivative at the critical point could sometimes be the reasonable notion of
nondegeneracy, was conjectured by Smale in an unpublished article, as mentioned
by Uhlenbeck in [30].

In the framework of the (p,r)-systems, we begin by giving the following defini-
tion:

e a critical point zg of J, is said to be nondegenerate if J!!(z9) : X — X* is
injective.

The aim of this paper is to develop a local Morse theory for the functional J,,
extending the results of [11] to the quasilinear critical system (1.1). The strategy is
to perform a finite dimensional reduction, introducing an auxiliary Hilbert space,
where the linearized operator at the critical point becomes a Fredholm operator.
This approach strongly relies on the C'-regularity up to the boundary of the weak
solutions of (1.1).

As far as we know, there are no C'-regularity results for critical (p,r)-systems.
For subcritical quasilinear systems, we quote [5, 6, 32]. In the scalar (critical)
case, this regularity was proved in [18], but, due to the mixed critical growth of
D,F, D,F, the extension to critical systems it is not straightforward, at least for
the cases p = r # 2 or p # r. In section 2 we establish the following regularity
result:

Theorem 1.1. Assume that z = (u,v) € X is a solution of (1.1) with a > 0 and
F satisfying (1.5) and (1.6). Then u,v € C1(Q), for some 0 < n < 1. Moreover,
for every bounded set A C X, there exists a positive constant K, independent of a,
such that [[ull g1 < K and [[v]|cr @) < K, for every solution (u,v) € A.

A local Morse theory for the functional J, requires a result correlating the Morse
index with the critical groups of the functional at a critical point. We recall the
definition of these concepts from Morse theory.

Definition 1.2. The Morse index m(J,,20) of J, at a critical point 2y is the
supremum of the dimensions of the subspaces where J”(zy) is negative definite.
The large Morse index m*(Jy, 2¢) is the sum of m(J,, z9) and the dimension of the
kernel of JY(zo).

Definition 1.3. The g-th critical group of J, at a critical point 2y, denoted by
Cq(Ja, 20) is given by

C'q(Ja,zo):Hq(JgﬂU,(Jé\{u})ﬂU), q:031327"-5
where U is a neighborhood of zy, ¢ = Ju(20), JS = {z € X : Juo(2) < ¢} and

H9(A, B) stands for the ¢-th Alexander-Spanier cohomology group of the pair
(A, B) with coefficients in a field K.
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The critical group computations for J, rely on some local compactness at every
level set. Due to the critical exponents involved in (1.1), we are led to investigate
the local Palais-Smale condition around the critical points. We devote section 3
to the study of the local properties of the functional. In section 4 we perform a
finite dimensional reduction and we introduce a reduction map ¢. In section 5 we
establish that ¢ is C2. The proof looks very technical, since we can not apply the
Implicit Function Theorem directly.

Finally in section 5 we derive the following main result:

Theorem 1.4. Let a > 0 and zy be a critical point of the functional J, such that
J!(z0) is ingective from X to X* (nondegenerate). Then m(Jy,zo) is finite and

Ci(Ja,20) =K, if j =m(Ja,20),

Cj(Ja,ZQ) = {O}, if j 7é m(Ja,Zo).

Moreover, if J!!(zo) is not injective, then m(Jy, z0) and m*(Jy, 20) are finite and
Cj(Jas20) = {0}
for any j < m(Ja,20) — 1 and for any j > m*(Ja, 20) + 1.

We remark that the first part of Theorem 1.4 extends a classical result in Hilbert
spaces for nondegenerate critical points (cf. Theorem 4.1 in [7]), showing that the
critical groups of J, in zg depend only on its Morse index. Conversely the second
part establishes a finiteness result for critical groups when the critical point is
degenerate.

In the last section, we apply the critical group estimates in Theorem 1.4 to obtain
multiplicity results of solutions for the potential p-laplacian system

—Apu = Au|?u + 2% [u| " Pufpl’ in Q
—Apv = plv]T %0 + 2pﬁ*|u\7|v\5’zv in Q
u>0, v>0 in Q
u=v=0 on 0f)

(1.8)

where  is a smooth domain, N > p?, 2 <p<gq <p*, A >0, p > 0 and v > 2,
B > 2 satisfy v + 8 = p*.

Using an entrance map and a barycenter map, we can correlate the topological
properties of the domain with the number of solutions, counted with their multi-
plicities, of the p-laplacian system (1.8), for small values of A, u. However, it is
not clear what multiplicity means in the Banach setting X. Indeed, in our setting
we cannot apply the Marino-Prodi perturbation result in [24], based on the infinite
dimensional version of Sard’s Lemma, due to Smale. Nevertheless, we overcome the
lack of Fredholm properties of the second derivative of the Euler functional thanks
to the C2-regularity of the reduction map . Indeed we apply the finite dimensional
Sard’s Lemma to the reduction map ¢ and we are able to give an interpretation of
the multiplicity in terms of distinct solutions of approximating differential systems.
Hence, we derive a quantitative result for the p-laplacian system (1.8).

In order to state it, we recall the following topological notion.
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Definition 1.5. For any A, B C RY, we denote by P;(A, B) the Poincaré polyno-
mial of the topological pair (A4, B), namely
+o00
Pi(A,B) = dim HI(A, B)t".
q=0
The Poincaré polynomial of A, denoted by P(A), is the Poincaré polynomial of the
topological pair (4, ).

Theorem 1.6. Assume that 02 satisfies the interior sphere condition and that
2 <p<qg<p',N>p*andy > 2, B > 2 with v+ B = p*. There exist
A* > 0,u* > 0 such that, for any A € (0,\*) and p € (0,u*), either the system
(1.8) has at least P1(Y) distinct solutions or, if not, for any sequence (o), with
an > 0, ap, — 0, there exist two sequences (f,) and (g,) in C*(Q), such that
[ fallcr@y = 0, lgnllcr@y — O and problem

1.9

( )div((an + |Vu?)P=2/2vy) = Au|72u + 2% ul V" 2ulv)® + £, in Q
—div((a, + |V[?)P=2/2V0) = plo|120 + 2£|u\7|v\5’2v +gn Q)
u>0,v>0 in Q)
u=v=0 on 0)

has at least P1(Q) distinct solutions, for n large enough.

An existence result for a p-laplacian system involving homogeneous nonlinearities
with critical Sobolev exponent degrees has been proved in [15]. A multiplicity result
has been studied in [17], using Ljusternik—Schnirelman category.

We remark that Morse theory yields better results than Ljusternik—Schnirelman
theory for topologically rich domains. For example if €2 is obtained by an open
contractible domain cutting off k£ holes, we derive that the number of solutions of
(1.8) is affected by k, even if the category of 2 is 2 (see [4]). For the scalar case, a
multiplicity result of positive solutions has been proved in [13] via Morse theory.

2. REGULARITY

In this section we prove the C1+"-regularity up to the boundary for X-solutions of
(1.1). This result has been proved for the scalar case in [18], however the extension
to systems is not straightforward due to the coupling of u with v. Here, inspired
by [18], we prove Theorem 1.1.

Proof of Theorem 1.1. First we prove that u,v € L*(2) for every t > 1.
For every v > 2 and ¢ > 0 we define

b (s) =4 S sl < &
BT vk s 4 sign(s) (1 — kY |s| > k,

Bjor(5) = /0 |l ()|

Observe that hy ., and @ ;. are C'-functions with bounded derivative. Thus
Dy s (u) € WyP(Q) and @y (v) € W, (Q). Moreover, for every ¢ > v, there
exists a positive constant C independent on k, such that

t_ t 1 y=1
(2.1) 817 Dren ()] < Clhny ()]7 and [ @ ()] < Clhg ()| 7T,



6 S. CINGOLANI, J. CARMONA, P. J. MARTINEZ-APARICIO, AND G. VANNELLA

We choose @y ~p.~(u) as test function in the first equation of (1.1), for some
~v > 1. Using Sobolev inequality, we obtain

So ([ ot )" < [ = [ wuping
Q Q Q

: /(a+ [ VulP=2)[Vul? | b, . (uw)[? :/(a+|VU|’”’2)W'V¢%,W,W(U)
Q Q

:/DuF(x,U,U)‘I)kﬁpry(“)
Q

where S, is the best Sobolev constant of the embedding of WP (Q) into LP" ()
defined by

Sp - 1inf —W.
ueWwg @0} ([, )

Thus, using (1.5), we have

(2.2)
&(/Vmwmwﬁ < [+ D@yl +e [ bl
Q Q Q

For a fixed o > 1, to be determined later, we denote Qy ., = {x € Q: |w(z)| >
c}. Therefore, using (2.1) and, if necessary, redefining the positive constant C
independent on k, we get

X

YPYY (u)].

P D@ (0] £ 1) [ B ()
+c/‘|wppmww¢m@<ﬂ

<O [ I 07 e [ s

Using Hélder inequality we deduce
p_ aptl—p

A(|U|p*71 + 1)@ yp o (u) <C </Q e (1) p*) Z aptl

P -p| P
(23) T PO N

*
~_
S
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We deal with the second integral in (2.2) and similarly, using (2.1) and that
®y. ¢, is non decreasing, we yield

p ypt+l—p

prpiol p* p* P
ol 7 @kp (W] S C L [k (u)]
Q Q
ypt+l—p

+C/ |U|;7*(p*_p)|v|;7*(p_l)|(I’kﬁp,"/(u)|
Qo0
ve [ g, P
Q

_p_
«\ PF
<c ( [ st ) -
Q o {0 P7 <|ul}

R o\ P
—|—C/ - |U|p* (™ —p) (hk7’y(|v|p* ))
Qo wN{|v] P >|ul}

p_ aptl—p

L\ PF P
<c ([ heatir)
Q
% P —p p* P

P, o ([ eatar)
PR N A
i i

P 0 (L (ael))7)

Observe that there exists a positive constant C, independent on k, such that

+Cl(lv

(2.4) + (v

*
T

(2.5) [ (1el5)| < |n

(lvl)

o
k¥ vy

Taking into account (2.3), (2.4), (2.5), and using Young inequality (%;_p < 1),

we obtain from (2.2) that
Sp h p* ,%<C C Ze\p —p h r* G
2 ([ o@r)” <cwenFr iy (e or)
p*)p*_

p"—p % p"—p
(L PP (s G B [ N
%)P**P”Lﬂ < 22 we deduce

SP

(lv P (Qu.) — 80
L*
«\ P

Choosing ¢ such that [Ju?” *p||Lu
p

% ([ i)

In particular, we get

@ |

LN —p .
F ( [ @

p*>” <C+0|(v

(2.6) / |y ()P < C+ Cl(Jo] )" 7P| Ty / h ez ()"

Q L7 (Qow) Jo k777
Analogously, we choose ®, -, ~(v) as test function in the second equation of (1.1)
and it follows that

r*
=

2.7 /h vT*SC—i—C u%:T*_T N /hﬁ w)|P".
en) [ o) =) e o W @)



8 S. CINGOLANT, J. CARMONA, P. J. MARTINEZ-APARICIO, AND G. VANNELLA
. J,
Using (2.7) for k= in (2.6) we have

[ s <+l
Q

jal
P

N /um wI” <C
L? () Jo kT

e

ok jl - * .

+ C||(Jv]»7 )P 7P| * <C’—|—C’ ul =) /h £ px up>.
L S (R (s it e AP O
Taking o in order to get ||(Jv]7 )P 7| 7y and ||(Ju %)T*’THTT‘N @ small

L7 (D, L7 (Qu

enough we deduce
[ st <c.
Q

Reasoning analogously we also have / \hk,,y(v)v* <C.

Thus, we can use Fatou Lemma and passing to the limit for k — 400 we get

(2.8) / " / W[ < €
Q Q

Since v is any arbitrary number with v > 1 we have that u,v € L"7(Q) for any n > 1.
In particular, using (1.5) and (1.6) we derive that D, F(z,u,v), D F(z,u,v) €
L7 () for some 7 > max{N/p, N/r} and

[DuF(x,u,v)|[, Do F (2, u,0)[l; < Ch,

for some constant C; depending continuously on 2, p,r and |lu
using Stampacchia method it follows that u,v € L>(§2) and

[tlloos [[0]lee < Co,

|v||p+. Thus,

p*>

for some constant Cy depending continuously on Q, p,r and the L7(£2) norm of
D, F(z,u,v) and D, F(z,u,v). Finally, using the regularity result in [28, 29] we
deduce that u,v € C1(Q), for some 0 < n < 1 and

”uHClm(ﬁ)v ||UHcl,n(§) < Cs,

for some constant C5 depending continuously on Q, p, 7, |||l and ||v||ec. Moreover
(4, and consequently Cy and C3, may be chosen independent on (u,v) in a bounded
set A C X. Thus, for every bounded set A C X there exists a positive constant K
such that |ull 1@y < K and [[v]| g1, @) < K, for every solution (u,v) € A. O

Remark 2.1. We point out that the above proof still works for the quasilinear
problem

—div ((a + [Vu|P=2)Vu) = G (z,u,v) + g1(z) z€Q

—div ((a + [Vo["72)Vv) = Ga(z,u,v) + g2(z) 2 €Q

u=v=0 x € 00

for any functions G1, G € C(2 x R x R), satisfying
p*—1

|G1(z,u,v)] < C (‘u|p*—1 S 1) |

Gala,u,0)] < € (Jul”™ 7+ o1 4 1)),

and for any bounded functions gi,g2 € C(2). Moreover, for any bounded set
A C C(Q), the constant K may be chosen independent on g1, g2 € A.
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3. LOCAL PROPERTIES OF J,

In this section we prove that J, is locally weakly lower semicontinuous and
locally satisfies (P.S.) condition. In what follows, it will be useful the following
inequality obtained in [14].

Lemma 3.1. For any o >0, p > 2 and z,y € RY

ly — x|’

(- [y*)?2 > (ot [2*)P72 + pla+ o) =22 (aly — 2) + gy

O

Lemma 3.2. Assume that G(z,u,v) € C1(Q x R x R) satisfies (1.5) and (1.6).
Let z, = (upn,vy) be a bounded sequence in X which weakly converges to z = (u,v)
in X, then, up to subsequences,

/ (G(z,un,vp) — G(z,u,v))de = / G(z,up — u, v, —v)dz + o(1).
Q Q

Proof. From Fubini Theorem we have

/ (G(xa Un, vn)fG(xa Up — U, Up — ’U))dlL’
Q

:/Q (/01 %G(x,un + (t— Du, v, + (t — 1)v)dt> dx
_ /01 (/Q DG (st + (£ — D, vy + (£ — 1)v)udm> dt

+ /01 (/ﬂ DG, + ( — L)ty v + (t — l)v)vdaj> dt.

As up(z) = u(x) and v, (z) = v(z) a.e. in Q, u, and v, are bounded respectively
in LP"(Q) and L™ (), taking account of (1.5) and (1.6), by Lebesgue Theorem, up
to subsequences we get

lim | (G(x,un,vn) — G(x, Uy — u, v, — v))dx
n—oo o)

1
:/ (/ D.G(z,tu,tv)u + D, G(x, tu, tv)vdx) dt = / G(z,u,v)dz.
o \Ja Q

|
Proposition 3.3. There exists R > 0 such that, for any fized o > 0 and any
z0 € X, the functional J, is weakly lower semicontinuous in Bgr(z9) = {w €

X|llw =zl < R}.

Proof. Let R > 0, zp € X and z, a sequence in X such that ||z, — 2| < R. Assume
that z, weakly converges to z = (u,v). We will show that J,(z) < liminf,, J,(z,),
if R is chosen small enough. First we observe that there is a subsequence z] =
(un,,v),) = z, of z, such that lim, J,(2,) = liminf, J,(z,). Using Lemma 3.1
and Lemma 3.2 (with G = F) we deduce that, for a suitable subsequence z|/ =
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(U, vy) = 2, of z;,,
1 m2N\E 1 £
Jalup,vp)=Ja(u,v) = = [ (a+|Vup)2 — = [ (a+|Vul?)2
P Ja PJa
1 P | -
+ f/(oH- |Vu/?)z — 7/(a+ |Vv|?)2
T Ja rJa
—/ [F(x,un,vi) — F(z,u,v)] dz
Q
/ (@ + |Vul2) T (VulVa! — Vu) + s / V! — VP
Q
—|—/Q(oz+|Vv\ D (VU|VU" Vo) + T =Ty /|Vv — Vol"

— / F(x,u) —u,v) —v)+o(1).
Q
Taking into account (1.7) we know that

/ F(x,ul —u,v) —v) <c (||u;§ — u||§: + ||vl
Q

—v :*) +o(1).
Thus, from Sobolev inequality it follows that

T (! 0" — Ja(u, v) 20(1)+/Q(a+|vu| )22 (V| Vel — V)

1 _
Hllul =}, | o — el — i}, "
(2=t = 1)p

+/ (a+|Vo|?) = (Vo] V! — Vo)
Q

1

1= oll (e - el = ol

On the other hand, if R > 0 is small enough, considering that
[un = ullip + lon = vll1r = [l2n — 2]l < [l2n — 20l + [l20 — 2| < 2R,

it follows that 1

(2r=1 = 1)p’
S S
@1 —1)’

cljuy = ull?, <
cllvy — v||T <

/(a + |Vul]?) 7 (Vu|Vu" Vu) — 0,
Q
and
/(a + | Vol2) = (Vo V!, — Vo) = 0
Q

which implies
liminf J,(z,) = hm Jo(2) > Jo(2).

n——+oo n——+00

Thus, the functional J, is weakly lower semicontinuous in Bg (20)- O

In order to prove a local Palais-Smale condition for J,, we extend a technical
result proved in [25] about the weak convergence of Palais-Smale sequences.
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Lemma 3.4. Let z, = (un,v,) be a sequence in X weakly convergent to z =
(u,v) € X. Assume that J.(z,) — 0, then D;u, — D;u and D;v, — D;v a.e.
in Q for any i = 1,...,N. Moreover, the sequence (o + |Vun|2)pz;2Diun weakly

p—2 r—

converges to (a + |Vu|2)"= Dyu in LP/®*=2(Q) and (o + |Vvn|2) = Dyv, weakly
converges to (a + |V’u|2)%2Dl-v in L™/ "=2(Q) for anyi=1,...,N.

Proof. Observe that u,, — u weakly in WOI”’(Q), Up — u strongly in L7(Q)) with
n < p* and u,(z) = u(z) a.e. in Q. In the same way, v, — v weakly in W' (),
vy, — v strongly in L"7(Q) with n < r* and v, (z) — v(z) a.e. in Q.

We extend u,, and v,, to RV and we assume that for some R > 0 supp u, C Br(0)
and supp v, C Br(0). In particular, the sequences {|Vu,|P} and {|Vv,|"} are tight.
Thus, using [27], there exist bounded nonnegative measures p,v, 7,v on RV such
that

(3.1) |Vu,|P — 1 weakly and |u,|P” — v tightly
and

. vn|” — 7  weakly an ’Un*—)’U tightly.
3.2 Vo|" kl d " htl

Lemma 1.1 of [27] states the existence of at most a countable set I and of the
sequences {z;}ier C RY, {u;}ier, {vitier C (0,+00) such that u; > Spl/ﬂ% for
every ¢ € I and

(3.3) v=u”" +) vids,
el

and

(3.4) w= VulP +> " b,
el

where §,, denotes a Dirac measure. Similarly, there exist I’ C N, {y;}ierr € RY,
{7:}ier, {viier € (0,00) such that 7; > S,v; 7 and

(3.5) vl ) vidy,
el

and

(3.6) 7>Vl + > Tdy,.
el’

Now, we show that I and I’ are finite. Indeed, we consider ¢ € C§°(B1(0)),
0 <p(z) <1, and p(w) =1 for |w| <1/2. For a given € > 0 we denote

w—T; w—yj
Pen = | ¢ B Un, P f Un |,

where x; € {z;}icr and y; € {y; }icrr. Since z, is bounded in X and J)(z,) = 0
then (J,(zn), en) = 0o(1)||¢enl| = o(1) and we deduce

[ @ 19y (Wum (“’ ‘”i) Ve (“’ ‘) u)
RN & &

+ [ a9y ® (1902 (ML) 4 00,9 (U0, )

RN

(3.7) = /N (Do F (2, Un, V), Dy F (2, Un, Up)) - @en + o(1).
R
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Observe that, using Young inequality, we obtain, for an arbitrary ¢ > 0,

w — Ty
V@( )‘Iunl
€
§/ |a+|Vun2|p21‘V<p (w—xz)
RN €
Sé/laﬂwn\?ﬁw&/ UnW(w_xi)
Q RN 13

ga/ |04—|—|Vun\2|§+c(;/ P
Q 36(11)

—2
/ 4 [V 2|22 [Vt
RN

|tn |

p

Similarly, we get
Vo (‘”%) lon| < C6 + 05/ lon "
€ Bs(yj)

Thus, taking into account (1.5), (1.6), (3.1), (3.2) and taking limit in (3.7) for
n — 400, we obtain

w—T; w— Y
(B (z;)) + T(Be(y,)) S/ @ ( > dp +/ © ( ]> dr
Be(z;) € Be(y;) €

~ lim (/ Vun [P (w—x) +/ Vol (111—%)
n—o0o RN £ RN 5

< limsup ( [ o V) T e (M)
RN 19

r—2
/]RN lo+ |Vun|?| 2 [V,

n—oo

—|—/ (o + |an|2)%\an|2g0 (w — yj))
RN €
<Co + C'&/ |ulP 4+ C(;/ [v|”

Be(mi) Bs(yj)

+ Climsup / <|un|p*_1—i—\vn|’“*ppi*71 —l—l) U,
Be(x1)

n— oo

+/ (lol™ =" a5 1) v )
Be(y;)

Therefore, using Young inequality, (3.1), (3.2), (3.3) and (3.5), we have for ¢
small enough and x; & {y;}jer,y; & {zi}ier, that

W(Bse)+7(B) SCO+Co [ Gy [ e [
B.(zi) B (y;) Be(zi)
+Cv; +C | +C lv|"" + Cv; + C lulP”.
Be () Be(y;) Be(y;)

Passing to the limit as ¢ — 0 in the previous inequality, using that u(B%(m) >
i = Splfipl* and T(B%(yj)) > 7; > Spv;7 we deduce

Spl/ip% +ST’UJ'TL;‘ S C(($+VZ +’Uj).
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This implies that v;,v; > ¢ (observe that lims)_0,0) > = 0). Since v
spP*

tr¥
and v are finite measures, the above inequality, (3.3) and (3.5) imply that the sets

{zitier \{yj}jer and {y;},cr \ {zi}icr are finite.
Analogously for z; € {x;}icr N{y;}jer (x; =y, for some j € I'), we have

Spvi?™ + Syvj7 < OS5+ 2(vi +vy)).

Reasoning as before we also conclude that {z;};c;r N {y;};cr is finite which implies
that T and I’ are finite.

We denote by w;, i = 1,2, ...,k the elements of the finite set {z; }ier U{y;}jer-
Let €p > 0 fixed small enough such that B, (w;)NBe, (w;) = 0 fori # j,1 <1i,j <k,
and U;?:lB60 (wj) C Bﬁ (0). For every 0 < € < ¢p, we define

Ac=B (0)\ U¥_, Be(w;)

and

—w(ex)—i@(x‘ewf‘)

j=1

where ¢ € C§°(B1(0)), p(z) =1 for |z| < 3. Thus, 0 < ¢ < 1, supp ¢ C B1(0)
and ’

0 ifxeUs  Be(w)
3.8 () = JEITR D
(38) Yel(2) {1 if e A,

Since {z,} is bounded in X, in view of supp z,, it follows from the continuity
of the embeddings Wy*(RY) — L"(RN), Wy (RY) — L™ (RN) and Holder’s
inequality that {t)¢z,} is bounded in X. Therefore, we derive

(Ja(zn); Yezn) = o(1) ([tbeznll) = o(1),

namely
/ (o + [Vu,|?) 2 Vuy, (unVibe + e Vuny)
/ a+ Vo, %) =V, (0, Vbe + V. Vuy,)
(3.9) / [Dy F (2, tp, Un)Wetty, + Dy F (@, ty, 0 )evy] -

Similarly, we get
/ a+ |Vun|2) "= Vau, (uVee + V)
/ a+ Vo, |?) = Vo, (vVe + V)
(3.10) / [DyF(x, tp, vn) et + Dy F (2, Up, vy )1ev] -

We claim now that

(3.11) lim DuF(x,un,vn)wEun:/ D, F(x,u,v)tu.

n—+oo RN RN
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Indeed, using (1.5) and Lemma 3.2 successively with G(z,u,v) = D, F(x, u, v)utb,
and G(z,u,v) = (JulP" + |[v]"") e, we deduce

=o(1)

/ DuF(x,umvn)wéun—/ D, F(x,u,v)eu
RN RN

+

/ D, F(x,up — u, v, — v)(un — u)the
RN

§0(1)+/ |un—UIp*¢e+/ |Un_v

RN RN

=o<1>+/ w*m—/ |up*we+/ \vnr*we—/ ol e,
RN RN RN RN

Taking into account (3.3), (3.5) and (3.8) we have

*

" e

=o(1),

/ DuF(x,un,vn)weun—/ D, F(z,u,v)eu
RN RN

and the claim is proved. Similarly, we observe

(3.12) lim Dy F (@, tp, Up) ey, = /

n—-+4o0o RN R

DUF(:E7 u7 ’U)wEU'
N

For an arbitrary ¢ > 0, from definition of 1. and Holder inequality we get

r—

/(a+|wn|2)’%2vun-unvwe+/ (@ + |Von|?) = Vo, - v, Ve
RN RN

P
p—1

gé/RN ((a+ |Vun|2)¥|Vun|)

r—

+6 ((a+|an|2)T2\an|>ﬁ+03/ [V
RN RN

+ 03/ 7| V0 |7
]RN

§C<S+C/ |u|p|vw€|p+0/ [v]"[ Ve |
RN RN

<C6 + Ce? ||V [B |lullp + Cke™ PVl [ully- + Ce Vel S lully
(3.13) + CkeV TV llullm < C6 4 o0 (1).

Using (3.13) in (3.9) and arguing similarly with (3.10) we derive

Cd + 0.(1) > limsup (/ [(a + |Vun|2)"%2\vun|2 — DuF(x,un,vn)un] e
RN

n—-+00

(3.14) + / [(a + |an|2)%\vvn|2 _ DUF(x,un,vn)vn} 1/15) .
RN

Cd + o.(1) > limsup </ [(a + |Vun|2)p%2VunVu - DuF(x,un,vn)u] e
RN

n——+4oo

r—

(3.15) + / [(a + |an|2)TQanVv —D,F(x, un,vn)v} ¢e> )
RN
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We note that from Clarkson inequality (Lemma 3.1) it follows that

N
0<y ((a + [V, [?) "= Dyuy, — (a + |Vu|2)L52Diu) (Ditt, = Dyu) =Y Viin
i=1 i

N
0< 3 ((@+ [Voul) T Divy — (@ +[Vo2) F Dyv ) (Divn = Div) = 3 Vayin.
=1 3

Therefore, we have

/va /va /Zvlmwgwmwe)

‘11 ‘11

/ (o + |Vu, |27 |Vun|2 (o + |Vu,|?) VunVu} e
RN
_l’_

/RN (04 [Vu?) "= [Vul? — (o + [Vul) = Vuu, | .
[ @ (90 P)F (90, = (a4 90, Vo,v0] o,
+ [ [t 9o F Vol = (o [907) 5 00w, ]

- /R DU (et v~ D, v

— /N [DyF (2, un, vn)vn — DpF (@, U, Uy )V] .
R

We conclude from (3.11), (3.12), (3.14), (3.15), and the weak convergence of z, to

z that
N
lim sup / Viin / Vain | <206+ 0.(1).
n~>+00< g;l A5;2 ) ()
Thus, we get
Jim [ (@ 905 T = ook [90F) 5 V) (T = F) =0
and
1 — 2 %2 — =
S [ ((a+ IV0a[2) 5 W — (0 + [Vol?) 52 Vo) (Vo — Vo) = 0

Since € is arbitrarily small, we deduce
Jm | ((a + | Vun|?) = Vuy, — (a + |Vu|2)pT_2Vu> (Vitn — V) = 0

and

lim ((a + | Von?) T Vo, — (o + |w2>%2w) (Vv — Vo) =
Q

n——+oo
It follows that for any ¢ = 1,..., N, D;u, — D;u and D;v, — D;v a.e. in €}, as
n — 4o00. [l

Proposition 3.5. There exists R > 0 such that, for any fized o > 0 and any zo €
X, the functional J,, satisfies (P.S.) condition on Br(z9) = {w € X ||lw—2¢| < R}.
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Proof. Let R > 0 and z, € Bg(z) be a sequence such that J!(z,) — 0, then
since z, is bounded, up to subsequences, it weakly converges in X to some Z =
(u,T) € Bgr(z). Therefore u, — u weakly in Wy?(Q), u,, — @ strongly in L*(Q)
with t < p*, u,(z) = T(z) a.e. in Q, v, — T weakly in Wy (Q), v, — T strongly
in L*(Q) with ¢ < r* and v, (z) — v(z) a.e. in Q.

Using Lemma 3.2 and Lemma 3.4 we can show that, for every z = (p,9) € X

0= lim (J'(zn),2) :/(a—l—|Vﬂ|2)p772VUV<p+/(oz—|—|V@|2)%2V§V¢
Q

n——+00 Q
—/DuF(x,ﬂ,f)ga—/DvF(x,ﬂ,fW
Q Q
=(J'(2), 2).

Moreover, the almost everywhere convergence of the gradients in Lemma 3.4 allows
us to deduce

/Q(aﬂvun — vaP) = |Vu, — Val?
:/Q(a+ |Vun|2)pT_2\Vun|2f/Q(a+|Vﬂ|2)pT_2\Vﬂ\2+o(1)
and

/Q(Oé+|an — V)T |V, — Vo2
= /Q(a+ IVon|2) = |V, |? — /Q(a+ IV3)2) "= | Vol + o(1).
Observe that, using Lemma 3.2, we have

/QDuF(x, Up — Uy Uy, — V) (U, — W) + Dy F(x, Uy, — U, vy, — T) (0, — D)
= /Q Dy F(x, tup, V) tn + Dy F(x, up, vp)vp
- /QDUF(x,ﬂ,ﬁ)ﬁJrDq,F(x,ﬂ,i)ﬁJrO(l).

Thus, we get

o(1) =(J. (zn), 2n) — (JL(Z),Z) = o(1) + /Q(oz + |Vu, — VU\Q)%Z|VWL — va|?

+ [ (a+ |V, — VT|2) = |V, — V)2

+ | Dy F(z,up — @, v, —0)(up, — ) + Dy F(z,uy — @, v, —0) (v, — D)

S— 55—

> 0(1) + |lup — E”Zf,p + [lon =1, — erllun — ﬂHip* «@ collvn — | Ty-*(g)

> 0(1) + |lun = 7}, (1= Spealun = 7F,7)
o =50 (1= Sreallon =77 -

Choosing R > 0, small enough, we derive that z, strongly converges to z in X. O
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Remark 3.6. For any f,g € C'(Q) we can consider J, s 4(u,v) = Jo(u,v) —
fQ fu— fQ gv. From the previous proof, it is clear that Proposition 3.5 still holds
for Jq, 5 4, with the same R required by J,. In particular J, 7, satisfies (P.S.) on
each ball Br(z0), where R is independent from o > 0, 29 € X and f, g € C1(Q).

4. THE FINITE DIMENSIONAL REDUCTION

In this section we perform a finite dimensional reduction which will be useful
in order to compute the critical groups for J, at a critical point. We fix a > 0
and zg = (up,v9) € X a critical point of J,. By Theorem 1.1 we have that
ug,vg € CH1(Q) for some n € (0,1). Now we can introduce a Hilbert space Hy,
depending on the critical point zp, in which X is embedded, so that a suitable
splitting can be obtained. Precisely, let Hp be the closure of C§°(2) x C5°(£2)
under the scalar product

(z1,22)0 =/ ((a + |Vuo|?) P2/ (Vuy | Vuy)
Q
T (p—2)(a+ \Vuo|2)(p_4)/2(Vuo\Vul)(Vu0|Vu2)) dx
+/ (0 + (900 ) 7 2/2(V2y V)
Q

+(r—2)(a+ \Vvo|2)("_4)/2(Vvo\Vvl)(Vvowvg)) dx,

for any z; = (u1,v1), 22 = (ug,v2) € Hyp.

As ug,vo € C1(€Q), the norm || - [|o induced by (-,)o is equivalent to the usual
norm |- [|l1,2+ | - []1.2 of H}(2) x H} (). Hence Hy is isomorphic to H{ (2) x Hj ()
and the embedding W, *(Q) x Wy () < Hy is continuous.

Denoting by (-, ) : Hf x Hy — R the duality pairing in Hy, J//(z0) can be extended
to the operator Ly : Hy — H{ defined by setting

(Loz1, z2) = (21, 22)0 — (K21, 22)

for any z; = (u1,v1), 220 = (ug,vs) € Hp, where

(K21, 29) :/ (Dqu(:U,uo, vo)utug + D2, F(z,u0, v0)v102
Q
+ D2, F(z,ug,vo)u1vs + D2, F(x, ug, vo)usvy ) da.

Lemma 4.1. Ly is a compact perturbation of the Riesz isomorphism from Hy to
Hg. In particular, Lo is a Fredholm operator with index zero.

Proof. In order to prove the assertion it is sufficient to show that K is a compact
operator from Hy to Hf. Let z, = (un,v,) be a bounded sequence in Hy. Then
there exists z = (u,v) € Hy such that, up to a subsequence, u,, converges weakly to
win H}(Q) and strongly in L?(2), v,, converges weakly to v in HJ (Q2) and strongly
in L2(2). There is a constant C' > 0 such that, for any w = (wy,ws) € Hoy,



18 S. CINGOLANI, J. CARMONA, P. J. MARTINEZ-APARICIO, AND G. VANNELLA

|lw]lo =1 we have
‘/ DZuF(:c, ug, Vo) (uy — w)wy + D?},UF(.T, ug, Vo) (v, — V)Wwa
Q
—I—/ D?wF(x, g, Vo) (Up, — w)wy + Dqu(m, U0, V9) (Vn, — v)wy
Q

§C’/ (Jun — ul? + v, — v|2) dx
Q

which tends to zero as n — +o00, uniformly with respect to w. This implies that K
is a compact operator. O

Now let us denote by m(Lg) the maximal dimension of a subspace of Hy on which
Ly is negative definite. Obviously m(Jq, z0) < m(Lg). Furthermore let us denote
by m*(Lg) the sum of m(Lg) and the dimension of the kernel of Ly. By Lemma
4.1 we conclude that m(Lg) and m*(Lg) are finite.

Since Ly is a Fredholm operator in Hy, we can consider the natural splitting

Hoy=H oH@oHT

where H—, H? HT are, respectively, the negative, null and positive spaces, ac-
cording to the spectral decomposition of Lg in L?(Q2) x L?(£2). Therefore one can
easily show that there exists vy > 0 such that

(Lov,v) >yollvll2 Yo e HT.
Moreover,
(4.1) (Lov,wy=0 VYoe H ®H’ YweH"

and m(Lg) and m*(Lg) are respectively the dimensions of H~ and H~ @ H®. Since
ug,vo € CH(Q), we derive that H- & H® ¢ X n (C*#(Q) x C1#(Q)) for some
B €(0,1) (see [19]).

Consequently, if we denote by W = HT N X and V = H- @ H°, we get the
splitting X =V & W and
(4.2) (J! (z0)w,w) > yollw|]z Yw € W,

so that m(Lg) = m(Ja, 20) and m*(Lo) = m*(Ja, 20)-
The next proposition states a sort of local (P.S.) condition for J,, in the direction
of W.

Proposition 4.2. There exists R > 0 such that, for any fivzed o >0 and z € X, if
Zm € Bgr(z) and

(4.3) sup  (Jo'(zm),w)/||wl]lo — 0 m — +oo0,
weW\{0}

then z,, has a convergent subsequence.
Proof. Observe that fixed R > 0 and o > 0, up to a subsequence, z,, weakly

converges to some Z € Bgr(z) and, as in the proof of Proposition 3.5, for any
e X,

(4.4) (Ja(zm), 0) = (J4(%), 9)-

Now let {(e1,1,€1,2), -, (Em=1,€m~2)} be an L?(2) x L?(Q2)-orthogonal basis of
V', where m* = m*(Jy, 20).
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For any ¢ = (¢1, ¢2) € X we denote

Py (¢) = (i (/Q €11 d:c) ei71,§3 (/Q €i202 dx) em) :

i=1 i=1

It is clear that z — Py (z) € W, for any z € X. Moreover Py (z,,) strongly converges
to Py (Z). Exploiting (4.3) and (4.4) we get

(Ja(zm), 2m) — (Jo(2),2) =(Jo(2m), 2m — 2)) + (J4(2m), 2)) — (Jo(3), )
:<Jé¢('zm)7 PV(Zm) - PV(E»
+ (Ja(zm)s 2m — Z = Py (2m — 2)) + o(1) = o(1).

The thesis follows now arguing as in the proof of Proposition 3.5. O

The following lemma, found in [21], allow us to study some kind of local convexity
in the direction of W.

Lemma 4.3. Let I : LP(Q,R*) x LI(Q,R™) —] — 0o, +00] be a functional of the
form

I(um)z/ﬂqﬁ(%um)dx

where ¢(x,u,v) is a nonnegative, continuous function and ¢(x,w,-) is conver. Then
1 is lower semicontinuous with respect to the strong convergence of the component
u in LP and with respect to the weak convergence of the component v in L. ([l

In what follows, we denote respectively by || - ||c1 and || - ||c1, the usual norm

of C1(Q) x C1(Q) and CHA(Q) x C1F(Q).

Lemma 4.4. For any K > 0 there exist Ry > 0 and C' > 0 such that, for any
2z = (21,22) € CY(Q) x CH(Q), with ||z||cr < K and ||z — z0|| < Ro, we have

(4.5) (J!(2)w,w) > C|lw||z  Yw e W.
Proof. By contradiction, there exist K > 0 and two sequences z, = (Un,vpn) €
CH(Q) x CY(Q) and wy, = (wp,1,wn2) € W such that |w,|lo = 1, ||znllcr < K,
llzn = 2ol = llun — uoll1.p + lvn — voll1.r — 0 and
1
(4.6) (J (zn)wp, wy) < e
Firstly we observe that, for a suitable positive constant Cj, we have
ien)nwn) = Collonld = [ (D2 (@i, vy + DEF v
Q
+ QDZUF(x, Up, vn)wmlwn,g).

Since w, is bounded in Hy, it converges to some w weakly in Hy and strongly
in L2(Q) x L?(Q). Moreover, using that F(z,-,-) is C?, we derive

nlgngo (Dqu(xvumUn)wi,l + D3 F (2, up, Un)w%,z + 2D3UF(xvumUn)wn,1wn,2)
Q

= / (D2, F(z,uo,v0)W; + D2, F(x,uo,v0)Ws + 2D2 F(z, ug, vo)W1W3).
Q
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This in particular implies that w # 0 since in other case we should have Cy < 0.
By Lemma 4.3 we have

/ (o + [9uo)P=2729, 2 + (p = 2)(a + [Vuo ) 7D/ (Vo | Va1 )? ) da
Q

+/ ((a + Voo )22V, 2 + (r = 2) (o + |vv0\2)<r*4>/2(vvo|vm)2) da
Q

n—oo

gliminf/ ((O‘Jr|Vun|2)(p72)/2|an71|2
Q
+(p = 2+ [Vu[2) 02Ty |V 1)?) de

+ liminf/ (4 (Ve ) =272 T o
Q

n— oo
+(r —2)(a+ |an|2)(T_4)/2(an|an,2)2) dz .

This inequality jointly with (4.2) and (4.6) implies vo||w||3 < 0, which is a contra-
diction because w # 0. O

Following the same arguments of Lemma 4.5 in [10] and Lemma 4.2 in [11], we
yield that zg is a strict minimum point in the direction of W.

Lemma 4.5. There exist 6 > 0 and p' > 0 such that, for any w = (w1, ws) € W
with ||w|| < 4§, we have

Ja(z0 +w) — Ja(20) 2 p' (wr |l + [lwa]|") -
In particular, for any &' € (0,6), there is a constant ks > 0 such that
Ja(z0 +w) — Ja(20) 2 ks YweW, |lw]|=4"
O

We can now prove the following result which is crucial for developing a finite
dimensional reduction.

Proposition 4.6. There exist 7o > 0 and p € (0,r¢) such that for each v in
V N B,(0), there exists one and only one w € W N By, (0) N (C1(Q) x C1(Q)) such
that for any w € W N B, (0) we have

Jolz0 + v+ W) < Jo(20 + v+ w).
Moreover, W is the only element of W N B, (0) such that
(J (20 + v+ W), w) =0, Yw e W
and
(4.7) S(ro,p) ={z0+v+w |veVNB,0), weWnB,(0)} C Br(z)
where R is defined by Proposition 3.3 and Proposition 4.2.

Proof. Let us denote again m* = m*(Ju,20) and e; = (e;1,€;2), ¢ = 1,...m*, an
L2(Q) x L*(Q) - orthogonal basis of V C C1(Q) x C1(Q).

Let 06 > 0 be defined by Lemma 4.5 and z = (u,v) € Bs(z) be a solution of
(J!(2),wy = 0 for any w € W. Denoting by f,1(x) = Z?;Z(Jc’,é(z),ei)em(x), and
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fro(z) = Z;i*lu,;(z), e;)ei2(x), z solves the system

—div ((a + [Vu|P7?)Vu) = D F(z,u,v) + fo1(z) z€Q
—div ((a + [Vo[""2)Vv) = Dy F(z,u,v) + f.2(z) z€Q
u=v=0 x € 0.

There exists M, depending just on § such that f.; € C*(Q) and || f.illc1 @) < M-

Reasoning as in Theorem 1.1 (see Remark 2.1), 2 € C1(Q) x C*(Q) and ||z]|c1 < M,
where M > 0 depends on §. Now by Lemma 4.4 in correspondence of M there exist
Ry € (0,6) and C > 0 such that (4.5) holds.

We fix rg € (O, min g, %}) so that (4.7), Proposition 3.3 and Proposition 4.2
hold in S(rg, p), for any p € (0,r¢). In particular, for any fixed v € VN B, (0), there
is a minimum point w € WNB,, (0) of the function w € WNB,,(0) — J,(20+v+w).

We claim that there exists p € (0,7¢) such that for any v € V N B,(0)

(4.8) inf{Jo(z0 + v+ w)|w e W, ||w|| =ro} > Ja(z0 + v).
Indeed, arguing by contradiction, we assume that there exist w, € W and v,, € V'
such that ||w,| = ro, ||vn]] — 0 and
(4.9) Jo(20 + vn + wy) < Jo(z0 + vp) + 0o(1).
Moreover, Jo(z0 + vp + wn) — Ja(20 + wy) = (J, (20 + Bnvn + wy), vyn), where
Bn € (0,1), so that
Ja (20 + Un + wy) = Ja(20 + wy) + o(1)
which combined with (4.9) and Lemma 4.5 gives
0 <kry < Ja(20 +wn) — Ja(20) = Ja(20 + v + wn) — Ja(20) + 0(1)
SJa(ZO + Un) - Joz(ZO) + 0(1) = 0(1)
This is a contradiction and the claim is proved. Consequently, by (4.8), we have
that for any v € VN B,(0) the minimum point @ belongs to W N B, (0) and then
it solves
(4.10) (Jl(zo+v+w),w)y=0 YweW.

Therefore w € C*(Q) x C1(Q) and ||20 + v + W||c1 < M. We can also recognize
that w is unique. In fact, if we suppose that there exist w; # wy € W N B,,(0)
which solves (4.10), for any ¢ € [0, 1] we have ||v + w1 + t(wz — w1)]|o < 2r¢o < Ro,
llz0 + v + w1 + t(wy —w1)||cr < M and, applying Lemma 4.4,

0=(J, (20 +v+w2) — J. (20 + v+ w1), ws —wr)

1
:/ <J(;/(Z() +v+w; + t(w2 — wl))(wg — wl),wg — 'U}1> dt > 0.
0
The contradiction allow us to conclude the uniqueness of w. O

Remark 4.7. The previous result still holds replacing V with a new subspace V'
and W with W, when

X=VaoWw

Wcw

V C CYQ) x C1(Q) is finite dimensional

V and W are orthogonal in L2() x L?(2).

J, satisfies (P.S.) in the direction of W.



22 S. CINGOLANI, J. CARMONA, P. J. MARTINEZ-APARICIO, AND G. VANNELLA

5. THE CRITICAL GROUPS ESTIMATES

By applying Proposition 4.6, we can define the map
¥ : VN B,0)—= WnN B, (0)

where t(v) is the unique minimum point of the function w € W N B, (0)
Ja(20 + v + w). Furthermore for any v € V N B,(0), ¢(v) is the only point in
W N B,,(0) such that (J/, (20 + v + ¥ (v)),8) = 0, for any 6 € W.
Remark 5.1. By Theorem 1.1 and Lemma 4.4 (reasoning as in the proof of Propo-
sition 4.6), there exist Ry, M, p > 0 such that
e if 2 € Bg,(20) and (J/,(2),0) = 0 for any § € W, then z € C*#(Q)xC1#(Q)
and [|z[gre < M, with B €]0,1[;
e setting K = {z € Bp,(20) N (CHP(Q) x C1F(Q)) | ||z]|cr.s < M}, there is
p > 0 such that, if z € K, then (Jg (2w, w) > pllw||g for any w € W
e K is convex and zp + v + ¢ (v) € K, for any v € V N B,(0).
We begin to derive the following lemma.

Lemma 5.2. The map ¢ : V OEP(O) — W is Lipschitz continuous with respect to
the norm | - |0 on W.

Proof. Let v,z € V. N B,(0). We evaluate
0= (J4(20 + v+ ¢(v)),1(v) = ¥(2)) = (Jo(20 + 2 + P(2)), ¥ (v) — P(2))
=(Ja (20 +to+t)(v) + (1 =)z + (1 = )p(2)) ($(v) — P(2)),v — 2+ 1(v) = 9(2))
for a suitable ¢ € (0,1). By Remark 5.1 we have that z; = 2o + tv + t¢p(v) + (1 —
t)z + (1 —t)1h(2) € K, so that

() = ()5 < 1/1{Ja () () = ¥(2)), ¥ (v) — 9(2))

= —1/u{J5(2)((v) = ¥(2)),v = 2) < Kllv = 2| [ (v) = ¥(2) o
Hence we have

[P (v) = (2)llo < Kljv — 2|

where K is a positive constant. (Il

2 2.
Set q1(€) = 2 (a+ |62)""* and g2(€) = L (a + [€2)"%, with € = (&1,...6n) €
RY. Asp > 2, r > 2 it results that ¢i,q2 € C? and |¢{(¢)| < Cy + Cy|¢[P~2
g5 ()] < C1 + Ca|€|"~2 where ¢/(£) denotes the Hessian matrix with i = 1,2.

More precisely ¢}() = (o -+ [¢[2) """ T+ (p—2) (o +[¢) """ Ag and g5(6) =
(o + |§|2)(T—2)/2 I+ (r—2)(a+ |«£|2)(T_4)/2 Ag, where [ is the identity matrix and

(Ag)ij = &&;- 5
If u = (u1,u2) € K, we can extend J/ (u) to Hy by defining A, (u) : Hy = R

i), = [ (ot 1) (V] Va) do
Q
+ / (@ + |VU2\2)(T_2)/2 (Vug|Vzy) dx
Q

- / (DyF(z,u1,u2)z1 + Dy F(z,u1,u2)22) d
Q
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for any z = (z1,22) € Hp. Analogously we can extend J”(u) by defining Aa(u) :
Ho X HO —R

(Az(u)z,0) =/(((JY(VUOVZlW@l)*'(QQ'(VU2)VZ2\V92))CZ$
Q
—/(Dqu($7u1,U2)Z101 + D2 F(2,u1,u2)z102)dx
Q

- / (D2, F(z,u1,u2)206h + D2 F(x,u1,us)2202) dz
Q

for any z = (21, 22) € Hy, 0 = (01,02) € Hy.
It is easy to see that Aj(u) is linear, As(u) is bilinear and symmetric, both are
continuous and the following result holds.
Lemma 5.3. It results that
(1) if v € VN B,(0) then (A1(z0 +v+¥(v)),2) =0 for any 2 € HT;
(2) there is > 0 such that (Aa(u)z, z) > pl|z||3 for any u € K and z € H;
(3) ifur,uz € K and z € Hy, the real function g : (0,1) = R defined by g(t) =
(A1(tur + (1 — t)uz),2) is Ct and ¢'(t) = (As(tur + (1 — t)us)z, us — ua).
In what follows, we prove directly that ¢ is C' map with respect to the norm
I |lo on W. The same argument can be also performed for the scalar case. We also
precise that in Lemma 2.2 of [12], the C! regularity of the map 1 is already stated
for a quasilinear elliptic equation. However, even if the result is true, that proof

does not work, since it relies on the introduction of a penalized functional, which
is not C? on the Hilbert space (see, for instance, Proposition 2.8, Chapter 1 in [2]).
Theorem 5.4. The map v is C1 with respect to the || - ||o norm on W.

Proof. We begin to prove that ¢ is differentiable with respect to the Il llo norm on
W. Let us consider v € VN B,(0). Setting u = zo + v+ 1(0), by (2) of Lemma 5.3
we have that Ly : HY — (H1)* defined by (Lz(z),0) = (Aa(w)z,0) is a linear and
continuous isomorphism. Moreover, for any h € V, (As(u)-, h) belongs to (H1)*.
We denote by By(h) = L' ((Ay(@)-, h)), so that By(h) is the only element of H+
verifying the equality

(5.1) (Ag(u)z, By(h)) = (Ag(u)z,h) Vze€ HT.

It is obvious that By : V — HT is linear, moreover it is also continuous, as

(5.2) IBa(Mllo < L3 sup  [(Ax(@)z,h)| < C||h.
z€HT||z]lo=1

If we show that ~ ~
iy [P +h) = () + Ba(h)llo
im
h—0 | A]]

then the differentiability of ¢ is proved, being ¢'(7) = —Bg.

Let us fix h € V, h # 0 such that o+ h € V N B,(0).
Denoting by z, = ¥(0+h) —1(0) + Bz(h) € H*, by Lemma 5.3 and (5.1) we have,
for a suitable ¢ € (0, 1), that

=0

0 =(A1(zo+0+h+v@+h),2zn) — (A1(z0 + 0+ (D)), 21)
= (As(zg + 0+ th+tp(v+h) + (1 — )p(0))zp, h)
(5.3) +(As(zo+ 0+ th+ty(v+h)+ (1 —t) (z‘;))z h>
—(Ag(z0 + 0+ th+tp(v+h) + (1 — t)(v))2n, Ba(h))

+(A2(@)zn, Ba(h)) — (Aa(@)zn, h).
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In what follows we denote by w, = 2o + 0+ th +ty(v+ h) + (1 —t)1(0) and by
29 the j-coordinate of the generic point z € Hy.

For any z,0 € Hy
<(A2(uth) — AQ('EL))Z, 9>
< / (¢ (Vuby)—a} (Va")) V2r V6, | + / |(q(Vudy) — (V")) V22 V6|
Q Q

—|—/ | Do F(z, usp,) — Doy F(, @) 2161 | +/ | Do F (2, usn) — Dy F(2, ) || 2102]
Q Q

+/ \DWF(Mth)—DwF@,a)||zQ91|+/ Do F (2, ) — Du F(, )| |2265]
Q Q

The Ascoli-Arzela Theorem assures that %in%) |lutr, — @l|cr = 0, so the previous
—

inequality gives

(5-4) [{(A2(uen) — Az(@))z,0)| < o(h)z[lollllo V2,0 € Ho
From Lemma 5.3, taking account of (5.3), (5.4) and (5.2), we get
pllznlly < (Az(uen)zn, zn)
=((Az(uen) — A2(10)) zn, Ba(h)) + ((A2(w) — Az (usn)) zn, h)
< o(h) [lznllolnll
so that

AT

=0.
h—0 ||h|

Now we recognize that ¢ is C'. We consider a sequence (v,) C V such that
v, — 0 with o € V, as n — 4o0o0. Let us denote u, = zy + v, + ¥(v,) and
Ly, = As(up)),, : HT — (HT)* the linear isomorphism. It results that

19" (vn) = 4" (@)l = sup |4’ (vn)h — 3’ ()R]0

llAll=1

< sup Ly ((Aa(ua) B)) — L ((A2(@)-, b)) o
heVi|[hll=1

< sup 1Ly ((A2(un)-, b)) — Ly ((A2(@)-, 7)) o
heV,||h]|=1

+  sup [|Lg H((A2(a)-, b)) — Lzt ((Aa(@), b)) o
heV,||h]|=1
<Ll sup sup - [(Ag(un) — Az(u)2, h)|
heV,||h||=1zeW,||w||=1
+ Ly, —Lg'| sup sup  |(Az(a)z, h)
hEV,||h]|=1 zeW,||w||=1
which tends to zero as n — +0o0, as ud, tends to @/ and Vui, tends to V@’ uniformly
in , as n — +oo for any j =1, 2. |

Remark 5.5. We notice that ¥’(0) = 0. In fact, for each h € V, by (4.1) we have
that (As(z0)-,h) =0 on H* and so, from the previous proof,

¥(0)(h) = —L5 ((Aa(z0)-, b)) = 0.
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Lemma 5.6. Let H=V or H=H™. The function By : VN B,(0) — H*defined by
(Br(v),z) = (A1 (20 + v+ ¥(v)),2) YveVNB,0),z€H,

is C1 and

(5.5) (Bl (0)h, ) = (Aa(z0 + 0+ (o)) (b + ¥ (o)1), 2

for anyv € VN B,(0), heV, z € H.

Proof. Let us consider v € V N B,(0) and h € V, such that v + h € V N B,(0).
Denoting wy, = ¥ (v + h) — ¥ (v), we have, for a suitable t € (0, 1),

B (v +h) = Bu(v) = (A2(z0 + v + 9 (v)) (b + ¢/ (0)h), )|

= e;lﬁp”:llml(zn +oth+yv+h),z) - (Ai(z0 +v+P(v)), 2)

—(A2(20 + v+ ¥(v))(h + ¢ (v)h), )]

= sup [{(A2(20 +v+th+¢(v)+twn)z, h)
z€H,||z||=1

+(A2(20 + v +th+¢(v) + twn)z, wp)
—(A2(20 + v+ Y(v)) (A +¢'(v)h), )]
|

< sup [((A2(z0 + v+ th+P(v) + twn) — Aa(20 + v+ P (v))z, h)|

z€H,||z||=1
+[(Aa(z0 + v+ th + Y(v) + twy) — Az(z0 + v + Y (v))w, 2)|
+(A2(20 + v+ ¥ (v) 2, (v + h) — ¥ (v) — ' (v)h))|
From the above inequality we immediately derive
L IBav+ h) = Bu(v) = (As(ao + v+ () (b + ¥/ (0)h), |

=0.
(= [[A]]

In order to prove continuity of Bj;, let us consider a sequence (v,,) C (V N B,(0))
such that v, — U. Reasoning as in (5.4), we have that

(B (vn)h, 2) = (By (0)h, )|

= [(A2(20 + vy + Y(vn)) (A + ¥’ (va)h), 2) — (A2(20 + 0+ ¥(0))(h + ' (0)h), 2)|
< [{(A2(z0 4+ vn + ¥ (vn)) — A2(20 + T+ ¥(D))) h, 2)|

+ [((A2(20 + vn + 19 (vn)) — Az(20 + 7 +(0))) ¢ (va)h, 2)|

+ [(A2(20 + 7+ 9(0))) 2,9 (o) — ' (D) R)| < o(n) [|A]] |[2]]-

Therefore
lim || By (vn) — By(9)|| =0

n—oo

Proposition 5.7. For any v € VN B,(0) and h € V
(5.6) ' (v)h e (C'Q) x CH Q) NHT C W.
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Proof. Using the notations of Lemma 5.6, where H = H™, from (1) of Lemma 5.3
B+ : VN B,(0) = (HT)* is constantly equal to zero, so that (5.5) gives
(5.7) (Aa(z0 + v+ () (h+ ' (v)h),z) =0, YveVNB,0), heV, ze HT.
Since zo + v + ¥(v) € CHA(Q) x CHP#(Q), we derive that h + 1'(v)h belongs to
(C11(Q) x C11(€2)) for some n € (0,1) (see [19]), so that, as V C C1(Q) x C1(Q)
and ¢’ (v)h € HY, (5.6) is proved.

O

Now we can derive the following regularity result.

Theorem 5.8. The map ¢ : VN B,(0) — R defined by o(v) = Jo(z0 + v+ 9(v))
is C? and, for any v € VN B,(0) and z,h € V

(5:8) (@' (v),2) = (Jo20 + v + 9 (v)), 2)
(5.9) (" (0)h, z) = (Ji(20 + v + (V) (h + ¢/ (v)h), 2)

(5.10) ¢ (v) is an isomorphism if and only if J% (20 + v + ¥ (v)) is injective.

Proof. Fix v € V.N B,(0), h € V, such that v +h € V N B,(0). We have, for
suitable ¢,s,7 € (0,1) and denoting wy = ¢¥(v + h) — P(v),
p(v+h) —v) = (Jo(z0 + v+ ¥(v)), h)
=(Jo(20 + v+ th+(v) + t(W(v+h) = ¥(v)) = Jo(z0 + v+ ¥(v), h)
+(J (20 + v+ th+ () +twy) — Jo (20 + v+ (), wp)
=t(A2(zp + v + sth + ¥ (v) + stwp )h, h)
+ t{Aa(20 + v + sth + ¥ (v) + stwp)wp, h)
+ t(A2(z0 + v + Tth + Y (v) + Ttwy)wp, h)
+ t{As(z0 + v + Tth + ¥ (v) + tTwp)wh, wp).
We infer that
lp(v +h) — (v) = (Jo (20 + v+ 9(v)), b))
2]
< |(A2(20 + v + ¥(v) + sth + stwp)h, h)|
- 17l
[(As(z0 + v + ¥(v) + sth + stwp)wh, h)|
17l
[(A2(z0 + v + ¥ (v) + Tth + Ttwp)wh, h)|
’ 17
|(A2(z0 + v + Y(v) + tTh + tTwy)wh, wh)|
’ ]

which tends to zero as ||h|| — 0, so that (5.8) is proved.

Moreover, by Lemma 5.6, where H = V, we immediately see that ¢’ = By, ¢ is
C? and

(5.11) (" (0)h, z) = (Aa(z0 + v + () (h + ' (vV)h), z) Vh,z€V.

+
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Proposition 5.7 assures that any h + ¢’'(v)h € X which, together with (5.11),
gives (5.9).

In order to prove (5.10) we fix v € V N B,(0) and suppose that ¢”(v) is an
isomorphism. By way of contradiction, if J(zg + v + ¢(v)) is not injective, there
exists Z € X \ {0} such that

(Ja(zo+v+19(v)z,2) =0, VzeX.
Writing Z = v + w, where v € V and w € W, by (5.7) and (5.9) we infer

(" (0)h,0) = (Ji(20 + v + 9 (0) (b + ¢ (v)h), V)
= (Jl(zo+ v+ ) (h+ ¢ (v)h),z) =0, VheV

so that v =0 and z € W. By (2) of Lemma 5.3, Z = 0 which is a contradiction.
On the other side, if J”(zo + v + ¢ (v)) is injective but ¢”(v) is not, there is
v € V'\ {0} such that

(Ja(z0 +v+9(0) (0 + 9 (0)0), h) = (¢"(v)T,h) =0,  VheV
which, by (5.7), gives
(2 (z0 + v+ ¥(v)(v+ ¢ (v)v),2) =0, Vz € H,y.

As Jl(zo + v + 9(v)) is injective, this means that & + ¢'(v)s = 0, so also © = 0
which is again a contradiction. (I

Corollary 5.9. Any nondegenerate critical point is isolated.

Proof. If zg is nondegenerate, J//(zp) is injective and (5.10) assures that ¢ (0) is an
isomorphism. As V is finite dimensional, this implies that 0 is an isolated critical
point for ¢ and, by (5.8), zg is an isolated critical point for J,. |

The critical group computations may now be established.

Proof of Theorem 1.4. Taking account of Proposition 4.2 and, as in [14], using a
pseudo-gradient flow we can derive that

(512) Cj(JOMZO) = CJ(SDaO)

In the non-degenerate case, that is, J//(2) is injective, we have H° = {0} and there
is a suitable constant p > 0 such that

(J! (z0)v,v) < —pllv||?, for any v € V.

As a consequence, zg is a local isolated maximum of J, along V', thus 0 is a local
isolated maximum of ¢ in V N B, and by (5.12) the assert comes (see [7, Example
1, page 33]).

In the degenerate case, by (5.12), it is clear that C;(Ja,20) = {0} if j > dim V.
Moreover, by Corollary 6.4 proved by Lancelotti in [26], we have C;(Ja,20) = {0}
for any j < m(Ja, 20)- O
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6. APPLICATIONS

In this section we apply the critical group estimates in Theorem 1.4 to obtain
multiplicity results of solutions for the potential p-laplacian system (1.8).
Let I, : X — R be the Euler functional associated to (1.8) defined by

_1 wl? v|P x—l T—— ﬁ .
IA,,L<z>—p/Q<|V|+W|>d q/Qu() (o)1) d / a

Since 2 <p<qg<p*,v>2 >2 v+ =p* the functlonal I, is of class
C? on X. We remark that if p > 2 and 1 <y <2, 1 < 8 <2, the Euler functional
associated to the potential system is of class C', but not C?2.

Moreover we consider the Nehari manifold

My, = {z € X \{0} | (I} .(2),2) = 0}
and the related number
Cau = inf{IA’#(z) A M)‘vll'}'

Lemma 2.2 in [17] assures that Palais-Smale condition holds under a level de-
pending on S where

O o L
oW @NO} ([, ful[v]fda)”””
By [17] (see also [1]), it is known that S = [(v/B8)*/?" + (8/7)"/*"]S,. Since S,
is independent of € and it is achieved if and only if Q = RY, it follows that S is

independent of .
Taking into account Lemma 2.3 in [17], we have the following result.

Lemma 6.1. Assume that N > p*. The functional I, satisfies (P.S.). condition
forallc € (0 ( )N/p) Moreover ¢y, € (0, J%( )N/p> forany A >0 and p >0
if ¢ > p and for any X € (0,\*) and p € (0,u*) if ¢ = p with \*,u* > 0 small
enough. O

Now, we consider the space Wo P (Br) = {u € Wy(B,) | u(z) = u(|z])} and
E, = WyP(B,) x Wy P(B,). We set

Iy (2) :; / <|Vu\p+|w>dxf$ / (@) + (o)) de

B;.
_7/ 5d$

Define the Nehari manifold

M; = {z € Ex\{0} | (I} ,.»(2), 2) = 0}
and set mY , = inf{l ;. (2) |2 € My}
Arguing as in [13, 17], if we fix » > 0 small enough, we can construct an entrance
and a barycenter map and we derive the following topological result:

Lemma 6.2. There exist \*,u* > 0 such that if A € (0,\*), p € (0,u*) and
a € (0,cy,,) we have

Pu(Iy m“‘ AR ) = HP(Q) + 25 (1)),

where Zy ,(t) is a polynomml with nonnegative integer coefficients. [
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As usual, we denote by Pi(f,u) the Morse polynomial of f in a critical point w,
that is

+oo
Pu(fou) = dim Cy(f, u)t?
q=0

and the multiplicity of u by the number Py (f, u).
The following result correlates the topological properties of the domain and the
number of solutions of system (1.8), counted with their multiplicities.

Theorem 6.3. Assume that N > p?, 2 < p < ¢ < p*, v > 2, B > 2 with
v+ B = p*. There exist \* > 0 and p* > 0 such that, for any A € (0,\*) and
e (0,u"), the system (1.8) has at least P1(Q2) positive solutions, possibly counted
with their multiplicities.

Proof. Let A € (0,A*) and p € (0,u*) be such that Lemma 6.1 and Lemma 6.2
hold. For simplicity we drop the dependence of I, m” and other objects from A and
w1 in the rest of this proof. Let us denote by K the set of critical points of I in
I7'(a,m") for some 0 < a < ¢y ,. If, for any p € (0,7), m? is a critical value for I,
then K is an infinite set, otherwise m” (or m” where ' € (0,7)) is a regular value.
In the second case, by Theorem 4.3 in [7] and Lemma 6.2 we have that

+o00
> agtt =P, (I, 1) + (1 + ) Q(¢)
q=0

=t(PH(Q) + Zx (1) + (1 +1)Q(t)

where a4 = Z dim Cy (I, z). So it is proved that, in any case, K has at least

zeK
P1(£2) elements, possibly counted with their multiplicities. It remains to prove that

if z = (u,v) € K, then u > 0 and v > 0. As (I'(z),(u,0)) = (I'(2),(0,v7)) = 0,
then w > 0 and « > 0 in ©, while the strict positivity is assured by [31]. O

We need a deep insight into the notion of multiplicity. In order to do that, we
recall an abstract theorem, proved in [9] (see also [3] and [7]).

Theorem 6.4. Let A be an open subset of a Banach space X. Let f be a C'-
functional on A and uw € A be an isolated critical point of f. Assume that there
exists an open neighborhood U of u such that U C A, u is the only critical point of
f in U and f satisfies the Palais-Smale condition in U.

Then there exists i > 0 such that, for any g € C*(A,R) with

o |f —glleva < h, B
e g satisfies the Palais—Smale condition in U,
e g has a finite number {uy,usa,...,un} of critical points in U,

we have
m

ZPt(gwg-) =Pu(fsu) + (1 +1)Q(1),

where Q(t) is a formal series with coefficients in N U {+oo}. O

Proof of Theorem 1.6. Let \*, u* > 0 be defined by Theorem 6.3 and (A, u) €
(0, A*) x (0,p*). By Theorem 6.3, problem (1.8) has at least P;(f2) solutions,
possibly counted with their multiplicities. If (1.8) has less than P; () distinct
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solutions, this means, in particular, that Iy , has a finite number of critical points
Z1,...Zp, having multiplicities my, . ..My, where 1 < h < P;(Q) and

h
(6.1) S iy > ().

Let R > 0 be defined in Proposition 3.5. As Z1,. .. Zj are isolated, let v; € (0, R)
be such that Iy, has not critical points other than Z; in B,,(Z;). Denoting by
Uj = B,,/2(%;), let fij be defined by Theorem 6.4 relatively to U; and B,,(Z;).
Moreover we call A = U?Zl B, (%) and fi = min{fi1, ... fin}.

Let a,, be a sequence such that a,, > 0, a,, — 0, and denote by

fon2) = o 1) :z% /Q (an + [Vu(@)2) ¥ + (an +[Vo(@))® do
_é /T()\(u*‘)q + ,u(v+)q) dr — ]% Br(u-k)V(v-&-)B d.

so that T, € C*(X,R) and |1, — Ta, |lcr(a) < B, if n is sufficiently large.

If T,,, has at least P;(Q) critical points in A, we choose f,, = g, = 0, otherwise
we denote by z1, ...Z; the critical points of T, in A, and by mq, ...my their
multiplicities. For simplicity, we omit the dependence of Z1, ...z (and their related
objects) from n. By Theorem 6.4 and (6.1) we have

k h
(6.2) > mi =Y i > Pi(Q)

where h < k < P1(Q), so m; > 2 for some i € {1, ...k}.

Now, repeating for any i = 1,..., k the same procedure introduced in Section 4,
we get k splittings X = V; @ W;. In particular, setting V =V, + Vo +---+V; and
W = ﬂle W;, there are r > 0 and p € (0,7) such that
) X=VaoW,

) V. CYQ) is finite dimensional;
) V and W are orthogonal in L?(Q) x L?(Q);
4) for any M > 0 there exist 79 > 0 and C' > 0 such that if z € C1(Q),

I2llcr@y < M and ||z — %] <ro for some i € {1,...,k}, then

(1
(2
(3
(

(T2, (2w, w) > Cllwll§, Yw e W;
(5) for any i € {1, ...k} and v € V N B,(0) there exists one and only one
w; = w;(v) € W N B,(0) such that
(6.3) (T}, (Zi + v+ w;),w) =0, YweW.

Moreover, denoting by U; = z; 4+ (V N B,(0)) + (W N B,(0)), for any i € {1, ..., k}
U, C A and l_]il N l_]iz = () if iy # i5. In fact all these properties are consequences of
Lemma 4.4, Lemma 4.6 and Remark 4.7, choosing r and p small enough.

For any ¢ =1, ...k, let us introduce the maps

b 2 VN B,(0) — W N B,(0) and ; = V N B,(0) = R

where 1;(v) is the only element w; € W N B,.(0) satisfying (6.3) and
0i(v) =Ta, (Zi + v+ ¥ (v)).
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By Theorem 5.8, ¢; is a C*-map and, for any v € VN B,(0), z € V.

(i'(v),2) = (T, (i +v+1i(v)), 2).
Furthermore we have that ¢;”(v) is an isomorphism if and only if is injective
) (Zi +v+¢i(v)).
Let e; = (e;1,€i2), i =1,...,1, be an L*(Q) x L?*(Q) - orthogonal basis of V,
where [ = dim V. For any v’ € V/ we introduce
l 1

for(z) = Z(v’,ei>ei71(x) and g, (z) = Z(v',ei>ei72(x).

i=1 i=1
It is clear that f,/, g, € C1(9),
6.4 lim ol 5y =0and lim o = = 0.
(6.4) 10/l 0 1S HCl(Q) [0/ [lyr—0 lg ||Cl(Q)

We also define L, : X — R by
Lu/(z) :Lv’(uav) :/fv’u +/ gu' .
Q Q

By definition
(6.5) Ly(w)=0, YweW and Ly (v) = (W v)y, VveV.
Let Jo,w = Tn — Ly, so that J, . € C*(X),
(6.6)  (Ji,,(2),2) = (T(2),2) — Ly (2) and J]] ,.(2) = T} (%), Vz, ze X.
Moreover, if B is a bounded subset of X,
lim |[Jaw — Tallcrm = 0.

o/ [0

By Sard’s Lemma, for any € > 0, %' € V' and i = 1,...,k, there is ' € V' such
that ||7'||yv < € and, if ¢}(v) = o' + 7/, then ¢ (v) is an isomorphism. Moreover,
there is § > 0, depending on ¢’ 4+ @, such that if v € V', ||v'|ly+ < 8 and ¢}(v) =
' 4+ 0 + ', then ¢/ (v) is an isomorphism.

Let ju; be defined by Theorem 6.4 relatively to T, , 2z, A and U;, for any
i=1,...,k and p = min{p,...,pur}. We fix ¢ > 0 such that || Ly ||c1eay < p, if
v e V' and ||[v]v < €.

In correspondence of €1 = min{e’/k,1/n}, there are v{ € V' and 1 > 0 such
that ||v1]lv: < e and, if o' € V', ||[v/||ly» < 81 and ¢} (v) = v} + v, then @] (v) is an
isomorphism. 5

i—1

In this way, for any ¢ = 2,...,k, we define recursively ¢; = min{eg;_1, i
and there are v, € V' and f; > 0 such that ||v}|| < &; and, if v € V', ||o/|| < 8; and
©i(v) =v] + vy + -+ vl + 0/, then ¢/ (v) is an isomorphism.

So it is sufficient to choose f, = fi and g, = gy , where v;, = Ele v}

In fact, we see that, as |||y, < k/n, then lim ||o] ||y =0, thus by (6.4)

n—oo
nh—>120 [ fnllor @) = 0 and nli)n;o gnllc1 @) = 0, as required.
Moreover, the solutions of
—div((ay, + |Vu|2)(p’2)/2Vu) = Mu|7%u + i—:’|u|7’2u\v|ﬁ +fn €
(P) § —div((an + [Vo)P=2/2V0) = plo|7 20 + 2Lu] |v]*2v+g, w€Q
u=v=0 x € 0N

are critical points of J,, = Jo,, 5 = Ta, — Lo/ -
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It is crucial to see that any critical point z of J, belonging to U = U, U;
is nondegenerate. In fact we can write z = z; + 0 + w where i € {1,...,k},
(v,w) € V x W so, by (6.5) and (6.6),

(T, (2),w)y = (J},(2),w) + Ly (w) =0, Ywe W,

so that @ = v, ().

Moreover ¢;(0) = v;, = v} + vy + - +v; + (v + - +vy), where [|vj | +---+
Vpllve < (k —i)eip1 < Bi.

So by construction o] (v) is an isomorphism and J(z) = T}, (Z) is injective.

In particular, Theorem 1.4 assures that the multiplicity of any critical point of
J, in U is 1.

Let us denote by k, the number of critical points of J, in U, if it is finite,
otherwise (P,) has infinite (hence more than P;(2)) distinct solutions.

As ||v,[lv: < €, it is ||Lar loray < i, and in particular |[J, — Ta, l[c1(a) < p
for any ¢ = 1,...,k. By Remark 3.6 J, = Ja,, 7, g, satisfies (P.S.) in A, so by
Theorem 6.4 and (6.2) we infer that k, > 731((2)7: hence in any case (P,) has at
least P (€2) distinct solutions. It remains to prove that these solutions are positive.
If 2, = (un,v,) € U is a critical point of .J,,, as U C A, there is j € {1,...,h} such
that z, € B,,(Z;). By construction, for any k > n there is at least a critical point
zp of Jp such that 2, = (ug,vx) € B,,(Z;). Theorem 1.1, see also Remark 2.1,
assures that any ug, vy € CH7(Q) and the sequences {ur}k>n, {Vk}r>n are both
bounded in C1(Q), so we infer that 2, — Z; = (i, 7;) in C'(Q)-norm. By [31],
we know that @;, ¥, > 0 in Q and %(wo) > ¢ > 0 uniformly with respect to
xo € 0F2, where v is the interior normal of zy. Consequently also u,, > 0, v, > 0,
if n is sufficiently large. U
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