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ABsTRACT. We characterize the principal eigenvalue associated to the singular quasilinear elliptic operator
q

—Au — p(z) ‘uqui‘l in a bounded smooth domain Q@ C RN with zero Dirichlet boundary conditions. Here,

1<g<2and0< p e L®(Q). As applications we derive some existence of solutions results (as well as

uniqueness, nonexistence and homogenization results) to a problem whose model is

Vuld
{—Au = du+ p(x) ‘|u‘:_|l + f(x) in €,

u=20 on 09,

where A € R and f € LP(Q) for some p > %

1. INTRODUCTION

We consider a bounded domain 2 C RY (N > 3) with C1'! boundary and study the quasilinear elliptic
problem:

—div(m(z)Vu) = du + p(x) Z;Lj + f(=) in £,

u=20 on 012,

(Px)

where A € R, 0 < € L>®(Q), f € LP(Q) withp>%,1<q§2and0<77§m€L°°(Q)ﬂW1°°(Q). We

loc

say that a solution to problem (Py) is a function u € HE(Q) N L>(Q2) such that u(x) Vul® ¢ L'({|u| > 0})

fui—T
and
/m )WuVe = A/u¢+/ |W|1¢+/f
{\u|>0} |U\q

for every ¢ € Hg(2) N L> (£

The aim of this note is to summarize the known results, obtained in [6] and [7], concerning the existence,
uniqueness, homogenization and nonexistence of solution to problem (P)) (which improve, in some sense,
those contained in [2| for ¢ = 2). In these mentioned papers, it is shown that the validity of such results
depends on the existence of a principal eigenvalue for the eigenvalue problem

q
—div(m(z)Vu) = du + u(x)|uv|:|1 in Q,

u=~0 on 0f).

(Ex)
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Inspired by [3], the principal eigenvalue can be characterized by

. there exists a supersolution v to (E})
(1.1) A" =sup {)\ € R‘ such that v > ¢ in 2 for some ¢ > 0 ’
where the precise meaning of supersolution used in (1.1) is specified in the next section.

2. PRINCIPAL EIGENVALUE

We say that v € HY(Q) N L>(Q) is a supersolution to (E)) if v > 0 a.e. in €, \vvqwi|1q €Ll

e (92) and the
following inequality holds

[Vl

pa—1

(2.1) m(z)VoVe > A v¢+/u@) ¢ Vo Hy(Q)NLX(Q), ¢>0.
Q Q

Q
Analogously it is defined de concept of supersolution for (Py) and, with the reverse inequality, the concept of
subsolution. Moreover, we say that

e v satisfies condition (vq) if v > ¢ in © for some ¢ > 0.
e v satisfies condition (v3) if v — ¢ € H}(Q) for some ¢ > 0.
e v satisfies condition (v3) if, for some vo < 1, v7 € H'(Q) for every v > 7o.

Thus, in order to summarize the main properties and characterizations of \*, we define for i = 1, 2, 3,

I = {)\ cR ’ there exists a supersolution v to (E}) } .

such that v satisfies (v;)

Proposition 2.1. Assume that 1 < ¢ < 2,0 < p € L*(Q) and 0 <n < m € L>®(). Then the sets I,
I and I3 are nonempty intervals which are unbounded from below, so \* = sup I; is well defined. Moreover,
- . * S @) Vul?
1 = I and \* = sup I3. In addition, 0 < X* < A\j(m) = inf = - .
weHE (Q)\{0} Jo w?
Proof. We include here the main steps in the proof, further detail may be found in [6] in the case m(z) = 1.
First we observe that, from the concept of supersolution it is easily deduced that (—oo, A] C I; whenever
A € I;. Moreover, taking v = 1 as a supersolution to (Ey) we derive that (—oco,0] C I;. In particular, I; is an
interval unbounded from below.
Step 1. I; = I5. Observe that, since (—00,0] C I; N Iy then it is enough to prove that I; N (0,4+00) =
I, N (0,+00). Assume that 0 < X\ € Iy N (0,+00). Hence, there exist v € H(Q2) N L>°(Q) and ¢ > 0 with
v>01in Q, v —c € H}(Q), and

q
Vol S o .

pa—1l —

—div(m(x)V(v — ¢)) = —=div(m(z)Vv) > Av + pu(x)

Therefore, the maximum principle yields to v > ¢ in €, and so A € I; N (0, 4+00).
Conversely if 0 < A € I and —div(m(z)Vv) > I + u(ac)M in Q for some v € H*(2) N L>(Q) with

va—1

v > ¢ > 0 then v — ¢ is a non-negative supersolution to the problem (without singularity)
—div(m(z)Vu) = du + (x)ﬂ +A¢ inQ

(2.2) I (ST ’
u=20 on 0f).

Since the trivial function it is a subsolution there exists a solution u € HE(Q) N L*>() to (2.2) (see |5,
Théoréme 3.1]) with 0 < u < v—cin Q. Thus, u+ ¢ is a supersolution to (F)) that satisfies (v2) and therefore
A€ Ir.
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Step 2. A\* = sup 3. First we observe the trivial inclusion I; C I3. Thus in order to prove Step 2 we are
going to show that I3 — e C I; for every € > 0 small enough. Indeed, assume that A € I3, i.e. there exist
ue HY Q)N L>(Q) and 7 € (0,1) satisfying

w>0inQ, —divim(z)Vu) > M+ u(z )|uvf‘f|

inQ, weH (Q) Vy>7.

Then we show that A — e € I;. In fact we prove that a supersolution to (Fx_¢) is v = &(¢] + 1) +u” where
€ is a small enough positive constant, v € (max { 2,7, A= 6} ,1) and ¢ > 0 is the the principal positive and
normalized eigenfunction associated to A;(m), that is,

—div(m(z)Ve1) = Mi(m)pr  in Q,
w1 =0 on JN).

Observe that, since v > % it is easy to deduce that ¢] € H (). Indeed, take (¢1 + 0)?7"1 — 62771 as test
function in the equation satisfied by 1 and use Fatou lemma as § — 0.

Thus, since v > 7, we have v € H'(Q) N L>(Q2) and, clearly, v > € in © and only remains to prove that v
is a supersolution to (Ey_.).

Let ¢ € HL(Q) N L>=(Q) be such that ¢ > 0 in Q and has compact support. Direct computations yield to

/Q(—m(x)vvv¢+( — )b + ulx )Ivl )S—(M—(A-q>/m¢+

Q

(2.3)

Ve |? y [V |?
€ =Y =)m(@) ==+ (A=) =v(m)e] + (A= &) + [lplr~@Cr—q—5 | ¢
Q Y1 ‘P1
Using Hopf lemma we can assure that |Vq]| is bounded away from zero in a small neighborhood €5 of the
boundary. Using also that v > ’\;6 and ¢(1 — ) < 2 — ~, we choose § sufficiently small and independent of
€, such that, in Qg

V]2 Ve
@4 ¥ = (=) T (=) =] + 0= 0+ o <0
1 Y1
Consequently, we take e small enough in order to have in Q \ Q;
(2.5) eP(x) <eC3 < (YA — (A —¢)) Ql{lf (W) < (A=A —¢€)u".

Gathering (2.3), (2.4) and (2.5) together we conclude that

/m YWoVe > (A —¢) /v(b—i—/ |V'U‘qvq_1¢.

Step 3. \* > 0. First we choose ¢ > 0 large enough and é > 0 small enough in order to assure (using |9,
Theorem 3.4]) the existence of solution 0 < u € HZ(2) N L>®(£) to

—div(m(z)Vu) = ’l:q(i) +46 in Q,
u=0 on O0f2.

(2.6)

Then, for some A > 0 small, v = u + ¢ € H'(Q) N L>®(Q) is a supersolution to (E)) which satisfies (vy).
Indeed,

—div(m(z)Vv) = —div(m(z)Vu) > pu(x) |UVU\

+ 20+ (6 = Aol (2))-
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Step 4 A* < Aj(m). Assume that 0 < A € I5. From Step 1, there exists ¢ > 0 solution to (2.2) for some
¢ > 0. Taking o as test function in (2.2) we have

/\1(m)/ﬂ<mw—/Qm(x)VsmW)—/\/QWl+AM(I)M¢1+AC/§2¢1-

In particular, (A1(m) — X) [, 1 > 0 and A < A(m). O

Now we characterize A* as the unique possible value of the parameter A for which (E)) may admit a positive
solution.

Proposition 2.2. Assume that 1 < ¢ <2, 0 < p € L>®(Q), with [|p| =) <1ifqg=2, and 0 <n<me
Lo°(Q) NWL(Q). If there exists a positive solution to (Ey), then A\ = \*.

loc

Proof. Arguing by contradiction, if there exists a positive solution u to (E)) for some A > A* then, in
particular, it is a supersolution and taking (u + €)?7~! — &?7~! as test function and using Fatou lemma it is
possible to prove that u” € H'(Q) for every v > 3 if ¢ < 2 or v > M;x(”) if ¢ = 2. This implies that
A € I3 and using Proposition 2.1 we have that

A<suplzs =\ <A\

On the other hand, if there exists a positive solution u to (E)) for some A < A*, then tu is also a solution
for every ¢ > 0 and, using the characterization of A\* given in Proposition 2.1, we have that (E)) admits a
positive supersolution v. In the case p = 0 this is a contradiction, since the comparison principle assures then
that tu < v for every ¢t > 0, which is not possible.

When p # 0 we conclude the proof in a similar way once we generalize the comparison principle which in
addition requires to prove stronger regularity of solutions (see Theorem 2.4 and Lemma 2.3 below, proved in
). O

In the next lemma, proved with the regularity theory developed by Ladyzenskaya and Ural’tseva in [10],
we resume the main regularity properties of solutions to (Py) and, in particular, to (F)). Here we replace the
CU! regularity of 92 by a less restrictive hypothesis.

Lemma 2.3. Let 1 < ¢ <2,0<pue€ L®Q), with |p|pe@) <1ifg=2,0<n<meL*Q)N Wh>e(Q),

loc

0< feLP(Q) withp> %, and let u € H{(Q) NL®(Q) be a solution to (Py) for some X € R. Assume also

that there exist rq,0y > 0 such that, if x € 92 and 0 < r < rq, then
12| < (1 —00)|Br(z)]

for every connected component Q, of QN By(x), where B.(x) denotes the ball centered at x with radius r.

Then u € CO*(Q) NWL(Q) for some o € (0,1).

loc

Now we state the main comparison principle that we have obtained in this context

Theorem 2.4. Let 1 < g <2, NeR, 0<n<pel>®),0<helLl (Q),0<n<meL¥X(Q), and

loc loc

assume that u,v € C(Q) NWEN(Q) are such that u,v > 0 in Q and satisfy

, u(z)
(2.7) hisxl(ljp (@)

<1 Vzqe€ 00,

[Vul?
1

ud—

(2.8) [m@vevo<a [ wos [ u@' o [ hwo.
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and

(2.9) /m )Wo - V¢>)\/vq’>+/ W”' /Qh(ac)qb,

for all 0 < ¢ € HF () N L>®(Q) with compact support. Then u < v in Q.

Proof. The result is obtained arguing as in [1, Lemma 2.2] (see also the references therein) in the equations
satisfied by u; = log(u) and v; = log(v) and taking into account, using (2.7), that, for every k > 0, the
function (u; —v; — k)* has compact support in Q. O

3. APPLICATIONS

3.1. Existence of solution. In order to avoid the singularity we consider a sequence of approximating
nonsingular problems.

(@Qn) {—div(m(sc)Vun) = Xy + () gn () [V |9 + fo(x) in Q,

Up =0 on 01},

where f, () = max{—n, min{f(x),n}} and g,(s) = when 0 < f, otherwise

1g—

s 2o
1 ‘ ‘> 1
s il
def q—1 = n’
gn(s) 2L sl n
|s|n? |s| < —
n

The role of A*, the principal eigenvalue of (E)), is that it allows to prove an a priori estimate, for A < A\*,
in the L () norm of this sequence of approximating solutions. Thanks to this estimate one can pass to the
limit and prove the existence of solution to (Py).

The main result in [7] for the existence of solution, which includes the case where f may change sign, is
the following (see also [6] for positive data).

Theorem 3.1. Assume that 1 < ¢ < 2, f € LP(Q) for some p > %, 0<pueL>®) and 0 <n<mEe
L®(Q) N WES(Q). If ¢ = 2, assume additionally that f > 0 and |l Loe )y < 1. Then there exists at least a

loc

solution to problem (Py) for every A < \*.

Idea of the proof. Step 1. First we deduce, by means of the subsolution and supersolution method in [5],
the existence of u,, € Hg(2) N L>(Q) solution to (Q,). Here, the supersolution for (Q,,) for any A < \* is
given by a positive multiple of the supersolution for (E)) for any A € (A\,A\*) C I;. The subsolution is either
a negative multiple of the same function or the zero function when 0 < f.

Step 2. Arguing as in [10, Theorem 1.1] at Section 4 (p. 249-251) we deduce that u,, € C%%(Q) for some

€ (0,1) (see also [6, Appendix]).

Step 3. {u,} is uniformly bounded from below. This is deduced from the maximum principle. Indeed,
up > 2z with z € HH(Q) N L>®(Q2) and —div(m(z)Vz) = Az — |f(x)| in Q. Moreover, if 0 < f we have that
Uy > w with —div(m(z)Vw) = Az + f1(z) and the strong maximum principle assures that {u,} is uniformly
bounded away from zero in compactly embedded subsets of ).

Step 4 {u,} is bounded in L*°(£2) and the proof finishes when 0 < f. Indeed, we argue by contradiction
and take ||un|[p~(@) — oo (up to a subsequence). Then, we have that the function z, = m €
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HY(Q) N L>(Q) satisfies, for every n, that

’ V2,2 T, (f(x
—div(m(z)z,) = Azn + p(z) | | g1t |u (||f(oo)) s
(3.1) (Zn + m) e
=0 on ON.

Taking z, as test function and using that [|z,||1=) = 1 we obtain that {z,} is bounded in Hj(Q2) and we
deduce that there exists 0 < z € H{(2) N L>°(£2) such that, passing to a subsequence, z, — z weakly in
HY(Q) and z, — z uniformly in Q (due to the compact embedding of C%(Q2) in C°(Q) and the uniform
bound in C%*(Q) that regularity yields from the L> () bound of z,). In particular, ||z||f =) = 1 and as a

consequence z > 0 in 2. Moreover, using weak limits / m(x)VzVep— A / z¢ > 0, and the strong maximum

principle (A < A* < A1(m)) leads to the facts that z > 0 in © and |VZ|1 € L1 (). Furthermore, the uniform
convergence implies that z, satisfies z,, > ¢, > 0, Vw CC Q, Vn € N. This implies that {—Az,}nen is
bounded in L. (), that combined with the H! bound implies (see [4]) that

loc
Vz, = Vz strongly in LT(Q)N for any r < 2.

The local lower bound and the convergence of the gradients will allow us to pass to the limit in (3.1). In
this respect, the case ¢ = 2 is special since in principle we do not have strong convergence of the gradients in
L?(Q)"N. Nevertheless, Fatou lemma can be applied to prove that z is both a subsolution and a supersolution
to (E»), and here the assumptions ||u||z~(q) < 1 and f > 0 are essential. In either case, we deduce that z is
a solution to problem (F)), which is a contradiction with Proposition 2.2 since A < A\*.

The contradiction confirms that {u,}nen is bounded in L°(§2) and arguing as for the sequence {z,} we
conclude the proof of the result by passing to the limit in (Q,,).

Step 5 {u,} is bounded in L*(f2) for changing sign f.

Although we can not argue as in Step 4, we can use Step 4 in order to prove that w,, is uniformly bounded
from above, which in addition to Step 3 implies that {u,} is bounded in L>°(Q2). Observe that, this uniform
bound from above is trivial if the open set

wp ={x € Q:uy(z) >0}

is empty. Otherwise, since u,, € CO’“(wn), then we deduce that u,, € VVI%)CN( n) and u, is a subsolution to
the problem

—div(m(@)70) = X +u0) D @+ i,
(32) ¢>0 in wy,
=0 on Ow,,.
On the other hand, from Step 4, there exists a solution v to
—div(m(z)Vv) = M + u(z )|Vv| + [ f(z)| +1 in Q,
v >0 in €,
v=20 on 0f).

Moreover, v € C(Q) W, (Q) reasoning as before. Then, v is a supersolution to (3.2) and applying Theorem
2.4 we deduce that u, < v < [|vz=(q) in w, and as a consequence u, < [[v]|~(q) in Q.
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Step 6. Passing to the limit for general data f and 1 < ¢ < 2. Arguing as in Step 4, we can deduce

that there exists u € H}(Q) N L% () such that u,, — u strongly in H}(Q) and in L"(2) for every r € [1,00).
Moreover, given ¢ € H(Q) N L (),

)= s e o /f

The main difficulty is to prove that lim ,u( Vg (Un)|Vun |99 = /
n— oo

lim [ p(z)gn(un)|Vup|i = lim (/m Wauy, - Vo — A ungi)

IVu\q
q—1 Tal1?
|u\>o} |U|
In order to do that we choose a convenient decreasmg sequence of positive real numbers §,,, — 0 and prove,
1—¢
using that |u,| @ is bounded in H}(Q), that

lim lim/ () gn (un)|Vun|%¢ | =0
m—00 n— oo {|un‘§‘5m}

On the other hand, using that |un\% is bounded in H{ () and Lebesgue Theorem

: : . [Vul?
i (i [ @) Tl ) = i ([ e
m—o0 <n—>oo {‘un|>6m,} ‘ m—o0 {|u‘>§m} |u|Q*1

|Vul?
= W) —— -
/{u|>0} ufa=t

This concludes the proof that v is a solution to (Py). O

3.2. Nonexistence of solution to (Py). As in the proof of Proposition 2.2, when 0 < f, the main role of the
principal eigenvalue A\* for the nonexistence of positive solution is due to the characterization as \* = sup I3,
since existence of positive solution for some A implies A € I3. As a consequence, no solution exists for A > A\*.

Proposition 3.2. Assume that 1 < ¢ < 2,0 < f € LP(Q) for some p > %, 0<pueL>®) and0 <n <
me L®(Q)NWLEX(Q). If ¢ = 2, assume addztzonally that ||p||Le () < 1. Then, there is no solution to (Py)

loc

for any A > \*.

Proof of Proposition 3.2. As commented above, the main difficulty lies on the proof of the existence of % <
v(q) < 1 such that u” € H*(Q) for every v > v(q) and for every u solution to (Py), which implies that \ € I3
and thus A < \*.

O

3.3. Uniqueness. The comparison principle given in Theorem 2.4 guarantees uniqueness of C(Q) W, ()

positive solution to (Py) when any pair of possible solutions satisfy (2.7). In [6] we derive another comparison
result to improve the uniqueness result for (Py).

Theorem 3.3. Let 1 < qg<2, AeR,0< pue L®(Q),0<he Ll (),0<n<meL2(Q). Assume that
w,v € C(Q)NWEN(Q), with u,v > 0 in Q, and satisfy (2.8) and (2.9) respectively. Assume also that, for all

e >0,

(3.3) lim sup ((“(x)) <1 Vag € 09.

T—T0 v 1’) +e€

Furthermore, if X > 0, assume also that h is locally bounded away from zero and A < X\*. Then, u < v in Q.
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Theorem 3.4. Assume that 1 < ¢ <2,0< f € LP(Q) withp > &, 0 < p € L=(Q), with ||pl| =) <1 if
¢=2,and 0 <n<me L®Q)NWLX(Q). Then (Py) has a unique solution if either X < 0, or f is locally
bounded away from zero and A < \*.

Proof. We observe that if u, v are two solutions to (Py), then Lemma 2.3 implies that u,v € C(Q) N WL (Q).
In particular, using the continuity up to the boundary of u,v and the fact that u(zp) = 0 for any zy € 99,
we have that u,v satisfy (3.3) for any € > 0. Moreover, they obviously satisfy (2.8) and (2.9) respectively.
Therefore, Theorem 3.3 implies that u < v in Q. The reverse inequality follows by interchanging the roles of
u and v. (|

3.4. Bifurcation. As in the semilinear case (u = 0) we prove that the principal eigenvalue A* is in fact a
bifurcation point from infinity for (Py) when f > 0. This, in addition, is useful to get that (F)+) admits
solution.

Theorem 3.5. Assume that 1 < ¢ <2,0< f € LP(Q) withp > Z, 0< p € L®(Q), with ||pl|p~@) <1 if
g=2,and0<n<meL>(Q)N Wllo’fo(ﬂ). Then, \* is the unique possible bifurcation point from infinity of

(Py\). Moreover, if f is locally bounded away from zero, then the set
Y= {(\uy) € R x C(Q) : uy is a solution to (Py)}

is a continuum. In this case, the continuum is unbounded and bifurcates from infinity at A\* to the left whenever
(Py) has no solution for A = \*.

Remark 3.6. Observe that there are conditions on f such that there are no solutions to (Py+). For instance,
f > ¢ for some ¢ > 0. See [6] for more details.

Proof. For the first part we observe that, as before, if A € R is a bifurcation point from infinity then the
normalized sequence converges to a solution to (Ej5) which implies that A = A*.

For the existence of the continuum we observe that, when f is locally bounded away from zero, one has
uniqueness of solution for all A < A*. Then, we can define a map A — uy, where uy is the unique solution to
problem (Py) for all A < A*. The proof that this map is continuous is deduced by deriving an L°° estimate
and passing to the limit, as in Theorem 3.1.

Finally, for the global behavior of ¥ we observe that, if for A,, — A* the sequence {uy, }nen is bounded in
L*>°(Q), then we can pass to the limit in (P, ) to find a solution to (Py~), which contradicts the assumption. [

Corollary 3.7. Assume that 1 < q¢ <2, 0 < p € L>®(Q), with ||p||pe@) <1 ifq=2, and 0 <n <m €
L=®(Q) N WL™(Q). Then (Ex.) admits solution.

loc

Proof. We may choose A, — A* such that |luy, ||z~ — oo, where uy, denotes, for any n, the unique
solution to the problem

|Vul? :
—Au = Au + p(x) pyrE +1 inQ,
u>0 in €,
u =0 on Of.
Then we prove that the normalized sequence converges to is a solution to (Ex«). O

3.5. Homogenization. Here we state the homogenization result obtained in [7]. Following [8], we consider
for every € > 0 a finite number, n(¢) € N, of closed subsets TF C RY, 1 < i < n(e), which are the holes. Let
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us denote DF = RN \ U?:(i) T7. The domain Q° is defined by removing the holes 77 from (2, that is

n(e)

=Q-— UTE QOnDe.

We assume that the sequence of domains Q¢ is such that there exist a sequence of functions {w®} and
o € H~1(Q) such that

(3.4) w® € HY(Q) N L>®(Q),

(3.5) 0<w®<1lae e,

(3.6) wp € HY(Q°) N L>®(Q°) Vo € HE(Q) N L™¥(Q),
(3.7) w® — 1 weakly in H'(Q),

and given 2%, ¢, 2 € H' () N L>°(Q) such that 26¢ € H(QF) N L>°(Q°) and 2° weakly converges in H(Q) to
z, the following holds

(3.8) /Qm(x)sz “V(2°¢) = (0,20) g-1(0),11 ()

For a function u® € Hg(02°), we denote by W € H}(Q) the extension of u by zero in Q\ Q°.

Theorem 3.8. Assume that the sequence of perforated domains Q° satisfies (3.4), (3.5), (3.6), (3.7) and (3.8).
Suppose also that 1 < g < 2, f € LP(Q) for some p > %, 0<puel®9),0<n<meL>Q)NWL>Q),
A < X* and that both Q) and D¢ satisfy the regularity condition of the domain in Lemma 2.3, where D =
RN\ U"(E) T2, Then, there exists a sequence {u®} of solutions to problem

: |Vus| :
—div(m() V) = M+ ) s @) in

u® =0 on 09F,

such that {1/1,\6/} is bounded in L>=(Q) and w weakly converges in Hg(2) to a solution u to

Vul|? .
||u|q_1—|—f(x) n 9,

u=0 on 09,

—div(m(z)Vu) + ou = Au + p(x)

in the sense that u € H}(Q) N L>(Q), ‘lqu‘,lql € L*({|u| > 0}) and

/m )Vu-Vé+(o,ud)py 1(Q)H1(Q)—)\/u¢+/ |Vu|q¢+/f

{|u\>o} |U|q !

for all ¢ € H(Q) N L>(Q).
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