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ABSTRACT. In this paper we study the regularizing effect of lower order terms
in elliptic problems involving a Hardy potential. Concretely, our model problem
is
—Au A+ h(z)uP~ u = /\% + f(x) inQ,
x

with Dirichlet conditions on 92, where p > 1 and f € L™(Q; hdx) with m > prl.

2
We prove that there is a solution of the above problem even for A\ > H = (N%

and 0 < h € L*(2) which could be vanished in a subset of 2. Moreover, we show
that all the solutions are in LP™(Q; hdx). These results improve and generalize
the case h(x) = hg treated in [9] and recently in [2].

1. INTRODUCTION

For a bounded domain 2 C RY (N > 2) with smooth boundary 90 and 0 € 2,
we consider the following problem

—Au+h@WM1u:Aé%+f@) in Q,
u=0 on 0f),

(1)

pt1 pil
being A > 0,p>1,0<he Ll (Q) and fe€ L,” (Q), (ie. |f|F h e LY(Q)).

loc

If h = 0, it is proved in [7] the existence of a solution for every f € W=12(Q)

when A < H = & 22)2 (H is called the Hardy constant). From this pioneering
paper the case h = 0 has been studied by many authors. When A = 0 (i.e.
no Hardy potential appears in (1)), it was proved in [3, 5] that the lower order

term h(x)[u[P"lu has a regularizing effect. More recently, it is proved in [2, 9]
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that if h(z) = ho > 0, then the lower order term has a regularizing effect: there
exists a solution belonging to W, *(Q) N LP™(Q) for every A > 0 provided that
’%1 <m< %’%. The solution is obtained as limit of solutions of a sequence of
suitable approximate problems. In particular the LP"(Q))-regularity of the solution
is only obtained for this specific solution obtained by approximation. We remark
explicitly that the assumption that h(z) is uniformly away from zero is essential
in these papers.

Our first goal is to deal with the existence of solutions for A > H and terms
h which can vanish in a subset of €). Indeed, in Section 2 we handle functions

h(x) that can be zero in a neighbourhood Qs = {z € Q : dist (z,09Q) < §} of ON.
First we prove in Theorem 2.1-a) that if

2( )
@) / 2 (@) < oo,
O\ Qs

then there exists a solution u of (1) for every A < A(9), where A(J) — oo as
9 — 0. Observe that in the particular case that h(z) = a > 0, the above condition
is satisfied provided that p > 2* — 1. Hence, our result contains also the existence
result of [2, 9] when m = 1%1 (see Corollary 2.3). The case that h is zero in s is

also considered in Corollary 2.5.

For the proof of Theorem 2.1-a) we take advantage of the variational nature of
(1) by finding its solution as a critical point of the associated Euler C'-functional I
(see (4) below). Indeed, we show that I is coercive and bounded from below. By
using the Variational Principle of Ekeland we also prove that a suitable minimizing
sequence of this functional is weakly convergent to a critical point u € VVO1 Q)N
LPH(Q) of Iy, i.e., a solution of (1).

In addition, in Theorem 2.1-b) we also prove that if we strengthen the condition
(2) by assuming that there exists 5 € (2,p + 1) such that

(3) [ el <o
O\Qs

then I, is weakly lower semicontinuous (see Remark 2.2-iv) for a comparation
with [7, Theorem 3.4]) and thus u is a minimum of the functional I,. We also
use this additional variational characterization of this found solution to obtain the
existence of a non-zero solution of the problem (1) when f = 0 (see Corollary 2.6)
and improve the corresponding existence results of [10, 11] (see Remark 2.7).

We devote the section 3 to study the regularity of every solution of (1). Specifi-
2pm m

cally we prove in Theorem 3.1 that if f € L}*(§2) with m > ’%1 and |x|1p7'h17r{%1 €

L*(9), then every solution u of (1) verifies u € L™ () improving the previously

mentioned regularity result of [2, 9] for solutions which are only obtained as limit
of solutions of approximate problems (see Remark 3.4-ii)).
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2. COERCIVITY AND EXISTENCE OF SOLUTIONS

For 0 < h € L}, .(Q) let L' (Q) be the linear space of all measurable functions

loc

in Q such that |f|P*'h € L'(Q). It can be equiped with the seminorm

1
pF1
i = [1ur=0) " e ),

which is a norm in the particular case that h(x) > 0 a.e. z € Q.
We consider the reflexive space
E=Wy*(Q) N L ()
endowed with the norm
lulle = [IVull2@) + ul pii (-

ptl
Observe that every function f € L,” () has associated a functional ¢, in the

dual space E* (of E) given by

(pr,9) = /Qfgh, Vg € LiH(Q).

Hence, we understand that a solution of (1) is just a critical point of the C!-
functional I, defined in E by setting

|Vul|? 1 / 1 A [ u? /
) Lw=[—F+—[|uf"h—F [ —— h, Yu € E;
) L (A ey ALGUEEY s NETT

i.e. a function u € F satisfying

/Vqu—l—/luP”1uvh—)\/%v—/f(x)vh:0, Vv € E.

On the other hand, for every § > 0, we define the set
Qs ={zeQ: dist (z,00) <d}.
Observe that Qy = @ and that clearly there exists dg > 0 such that for every
d € [0,0p] the boundary 025 of Qs is smooth and 0 ¢ €5, where 25 denotes the

clousure of €25. We point out that in the sequel the positive constant ¢ will be
always assumed to be smaller than .

Our first goal is to study the existence of solutions for the problem (1) with
functions h that can vanish in 5. Concretely, we are going to prove the following
existence theorem.

pt+1
Theorem 2.1. Assume that p > 1, f € L,” (Q) and that there exists 6 > 0 such
that 0S5 is smooth, 0 & Qs and h > 0 a.e. in '\ Q.
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a) If condition (2) holds true, then there exists A(0) such that (1) has a solu-
tion uw € E for every A\ < A(6). In addition, A(0) — o0 as § — 0.

b) If, in addition, there exists § € (2,p+1) such that condition (3) holds true,
then u is a minimum of functional I given by (4).

Remarks 2.2.
+1

prl
i) As it has been previously observed, every function f € L,” () can be

considered as an element of the dual space E* of E. We will see in the
ptl

proof that for the above existence result the hypothesis f € L,” (2) can
be relaxed to f € E*.

2(p+1)
ii) Observe that condition (2) is equivalent to z

€ L »=1 (§2), while con-

|;1:|hp+1

€ L%(Q) . Observe that if 2 < § < p+ 1,

dition (3) means that

|x|hPFT
then 2 < (;H) < 2 and it follows that (3) implies (2).

iii) Moreover, (3) is clearly satisfied in the case in which h(x) is a Hardy poten-
tial term of order p+1 on the left hand of equation (1), i.e. h(x) = 1/|z[P*1.
Indeed, in this context condition, (3) holds true due to the boundedness of
the domain €.

iv) In the case h = 0, the part b) of the above theorem has to be compared
with [7, Theorem 3.4] where the authors proved the existence of a minimum
of the functional by using an argument that do not require the weak lower
semicontinuity of the functional I, leaving this semicontinuity as an open
problem. As for us, we prove that the hypothesis (3) implies that I, is
w.l.s.c.

we obtain for

. . : . . +1
Proof. a) By (2), using the Hélder inequality with exponent L ,
every u €

u? u? u? w?h(z) 7t
/ / 2 +/ e :/ _2+/ — =
|z[? Qs ER o\a; 17| a5 |7l o\ h(x)rH |z]?
2
1 P+
< 2/u2+cl(/ [P+ ) ,
/)(5) Qs O\Q;

where p(6) := dist(0,s) > 0.

Moreover, since uv = 0 in 9€2 and 02 C 0§25 we can use a Poincaré inequality in
Qs (see e.g. [8], [12, Section 4.6] see also [1, Section 8]) to assert that

/ u? §C(5)/ |Vul?
Qs Qs
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with the positive constant C'() satisfying

|€2s|

(5) C(0) = C, m

—0, asd—0,

where C 2(092) denotes the capacity of 0f).
Hence, the functional I, given by (4) satisfies for every u € E that

[Vul® /" o AC%)t/‘\VUF
I (u) > v
AWL‘A 2 p+1 u p(6)? Jo, 2
_A01</ mpﬂh>”3_/}uh
2 Q\Qs Q
ACX&)L/|VuP 1 /‘ : ACl(/‘ w1
> | 1- + ulPtth — — ulPtth
( p(0)? ) Jo 2 p+1 Q| | 2 Q| |

= Il [l -
2

Thus, since 71 < 1, we obtain that I is coercive and bounded from below pro-
vided that

A<A®y:?2y

As a consequence, by the Variational Principle of Fkeland [6], there is a bounded
minimizing sequence {u,} C F such that

(6) I(u,) — i%f I,

and I§(u,) — 0 in E*, ie., there exists a sequence of positive numbers {e,}
converging to zero such that

(7)

<enlv|g, Yv € E.

Vuan+/|un|p Yuyvh — A ’ |2 —/f(x)vh,
Q

We are going to pass to the limit in this inequality as n tends to infinity. The
boundedness of {u,} in E implies that, up to a subsequence, we have the weak
convergence of u,, in ' to some v € F. In particular, up to a subsequence, we can
assume that

u, — u in Wy (),

Unh T — uhFT in LPFH(Q),

u, — uin L1(Q) (1 < q < 2%),

up(z) = u(z) a.e. in Q,

dg € L) (1 < ¢q < 2*) such that |u,(z)| < g(z).
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Obviously, by (A),

lim [ Vu,Vv= / VuVu, Yv € Wy?(Q)
Q

n—o0 Q

and by (B) the sequence |u,[P~'u,, is bounded in L' (Q) and due to almost every
convergence (D), it follows that |u, [P~ u, — |u|P~'u in LPT(Q; hdx). Hence, by
(E), Lebesgue dominated convergence theorem implies that

n—oo

lim /|un]p1unvh:/|u|p1uvh, Yo € LPTHH(Q).
Q

u
In order to get the convergence of the term with Hardy potential, i.e., / ﬁv, we
Q|

point out that for each v € W,*(Q) the operator T, : Wy*(2) — R defined as

/HQU Yo € W2 (Q)

is linear and continuous since (by using Holder and Hardy inequalities)
1/2

|Tv(u)\§( / (—)>/ ( / (W)) < Hlullyrzylollwozoy

for every v € Wy*(Q), (H is the Hardy constant).

In particular, since 7T, has finite range, it is also compact and hence T,(u,)
strongly converges to T, (u), i.e.

no0 Ifc‘l2 Ifc‘l2

In conclusion, taking limits in (7) we obtain that u € E is a solution of problem

(1) for A < A(9).

In addition, since p(§) — dist(0,092) > 0 as 6 — 0, then (5) implies that
A(d) o0 asd — 0.

b) As it has been seen in the proof of the part a), for every A < A(J) the
functional I, is bounded from below and coercive. Thus, in order to deduce that
I, attains its minimum, it suffices to show that it is weak lower semicontinuous.
Assume hence that {u,} is a sequence weakly convergent in E. As before, up
to a subsequence, we can assume that {u,} verifies the convergences (A)-(E).

In addition, we note that the boundedness of unhﬁ in LPT1(Q)) and the a.e.

convergence (D) of w, imply the strong convergence of unhp%l in L*(Q) for every
1 <s<p+1. As a consequence, there exists G € L*(2) such that (again up to a

subsequence) |un(x)hr-l+1(:c)| < G(x), for all n € N.
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We claim that

li .
(8) nf&/ |x|2 |:c|2

Indeed, if we consider the function g € L*(Q) given in (F) with ¢ = 2 which
satlsﬁes that |u,(z)| < g(x) for every n € N and almost everywhere for x € €2 then

Un(7)

PE < H(z) ae. x € Q,

where the function H is defined in €2 as

2
M, if x € Q5,
Edk
H(x) =
2
Glr) _ ren\ns

[[2h(z)7

By (D) we also have the convergence of = |2)2 to = ‘ |2 for almost every x € Q.

Therefore, by the dominated convergence theorem the claim will be proved if we
show that H € L'(Q). For this purpose, observe that taking into account that

0 ¢ Qs, we deduce that g;(‘ﬁ) € LY(Qs), ie., H € LY(Qs). To prove the integrability
in 0\ Qs, we use the Holder inequality with exponent 5 > 1 to obtain

s—2

2 1 ; 2
/ G (x) i < / _ _ (/ G(.ﬁlﬁ)s) .
A\ |z[h(z) P+ 0\Qs |52 h(x) G20 0\

The last two integral terms are finite due to hypothesis (3) and that G € L*(Q).
Consequently, we also have H € L'(Q\ Qs) and the claim is proved.

By the other hand, the result of [4, Theorem 2.1] implies that (up to a subse-
quence) Vu, — Vu strongly in (L4(Q))Y (1 < ¢ < 2) and in particular (up to
a subsequence) it converges almost everywhere in 2. Then, applying the Fatou
lemma we have

2 2 1
(9) liminf (/\Vun| /|un|pJrl ) Z/|Vu| +—/|U|p+1h
n—00 p+1 a 2 p+1Jjg

Summarizing (8) and (9) we obtain
liminf Iy (u,) > I\(u),
n—oo
i.e. the functional I is w.l.s.c. and the proof is concluded. 0

2(p+1)

If we take 6 = 0, then Q5 = () and by observing that [, [z 1=»" < oo provided
that p > 2* — 1, we derive from Theorem 2.1 the following consequence for the
case that A is a positive constant in all €2.
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Corollary 2.3. Assumep>2*—1, f € Lthl(Q) and h(x) = hy > 0 in Q. There
exists u € E, solution of problem (1) for every A € R.

Remark 2.4. In particular, we recover the existence result of [2, 9]: there exists
a solution in F = Wy*(Q) N LPH(Q).

A simple case in which h vanishes in )5 is the following one.

Corollary 2.5. Letp > 2° — 1,0 < 6 < &, f € L7 (Q\ Q) and h = ho X,
for some hg > 0. Then, there is a solution of (1) in E for X < A(0).

If H < X then it is possible to choose w € W,*(€2) such that

2
/|Vw|2—)\/w—<0.
Q olr[?

and since p > 1, we deduce in the case f = 0 that infg I, < I)(tw) < 0 = I,(0)
provided that ¢ is close to zero. This allows to conclude this section by showing
a simple consequence of the additional information that the solution u given in
Theorem 2.1 is a minimum of 1.

Corollary 2.6. If p > 1, the function h satisfies (3) with h > 0 a.e. in Q\ Qs
and H < X\ < A(6), then the problem

(10) { —Au+ h(z)|ulP~u = P in Q,

|z[*

u=0 on 0,

has at least one nonzero solution.

Remark 2.7. As usual by considering instead of I, the functional J, given by

|Vu|? 1 / >\/(u+)2
J S B el B prlp = E
0= [ g et e

it is possible to deduce the existence of a positive solution of the problem (10).
Therefore we improve the corresponding existence result of [11] where it is required
additionally that h is a continuous and positive function in 2 and of [10], where the
case h(x) = 1/|z|? with 8 < 2 is studied. (Observe that in both cases considered
in those papers, A(0) = oo in the above corollary).

3. REGULARITY OF THE SOLUTIONS

In this section, for the reader’s convenience we assume that h € L'(Q). In
this case, by Holder inequality, it is easy to verify that L} (2) C L3 (Q2) for every

r > s > 1. Next, we give a sufficient condition on the function h for which if we
pt1

strength the condition f € L,” (Q) by assuming that f € L(Q) with m > ’%1,
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then the solution (given by Theorem 2.1) u € W,*(Q) N LPT1(Q) of (1) is more
regular: it belongs also to L;™(§2).

Theorem 3.1. Assume that h € L'(Q) with h(x) > 0 a.e. in Q and that there
exists m > prl such that

i) fe L),
i) |27 AT € LY(Q).
If uw is a solution of (1), then u € Ly™(S2).
Remark 3.2. If instead of assuming that h € L'(Q) we only assume that h €

p+1
L}..(), then the above hypothesis i) should be replaced by f € L,* (Q)NL*(Q).

Proof. For every k > 0, we define the auxiliary function T} : R — R as usual

k, s>k,
Tk(s) = S, ‘S| S ka
—k, s< —k.

Let u € E be a solution of (1). Since m > (p+1)/p, we have v :=pm —1—p >0
and we can choose |Ty(u)|"Tk(u) as a test function in problem (1) to obtain, by
dropping the positive term coming from the principal part, that

(11) /Qh|u|p|Tk(u)|7+1 < A/QM

[
Next, we estimate each term of the above inequality. In order to do it, we define

Fy(u) = [ul"~°| T (u) 7R,

+ /S; f|Tk(u)|7+1h

where

_A+e-1)  pm—1)(m-1) B
O ra——— €O.p=1).

Using that |Ty(s)| < |s| for all s € R, we deduce that
[ul?| T (w) "1 h = Fi(w)| To(w)| = /Jul = = Fi(u)

and thus

(12) | marmior = [ A

On the other hand, using Holder inequality with exponent p — ¢ > 1 and that
1+5+v=(147)(p—9), we get
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1

u T u /Y+1 2pm _ pm (Pjé), ﬁ
A %:)\(/mlp 1,,1) (/Fk(u)>
Q Q Q
e
(13) <c ( / Fk(u>) |
Q

where the last inequality is a consequence of hypothesis ii).

In addition, using Hélder with exponent m and taking into account that

(v+ 1)m

=pm=~vy+1+p
m—1

we obtain by 1)

[ s [ ke e
(1) s(/ |f|’”) ( [t |“$”f"h) e ( / Fk(u))m’”l.

In conclusion, substituting (12), (13) and (14) into (11), we deduce that

m—1

(15) /QFk(u) < (/Fk(u))pié + Cy (/QFk(u)>m.

Since ﬁ and ™= are less than 1, (15) implies the existence of ky > 0 and C3 > 0

(independent of k and u) such that
/|UI”“5|Tk(u)I1+”+5h = /Fk<u) < Oy, forall k> k.
Q Q

Fatou’s lemma when £ tends to oo and the fact that v+ 1 + p = pm implies that

[ tupmhayts = [ jupron < o
Q Q
as we desired.
O
A particular interesting case is when the function h can be compared with a
Hardy potential of different order.

Corollary 3.3. Assume that f € L7*(Q2) for m > 1%1, and that there exist p > 0
and 3 > 0 such that the function h € L'(Q) satisfies

h(z) > VU%’ a.e. x € Q.



EXISTENCE AND REGULARIZING EFFECT BEYOND THE HARDY CONSTANT 11

If w is a solution of (1), then u € LP™ <Q; ‘;%) for every

[pu W) , ifBe0,2),

p (2B
m &€
2 00)), ifB>2.

Remarks 3.4.

[10]
[11]

[12]

i) The integrability of h implies that necessarily 5 < N.
ii) Observe that if 8 € [0,2), then the interval [2XL, LZBA=11 of the possibles

P (2-8)p
values of m is not empty (i.e., I%l %) if and only if h satisfies

condition (2).

iii) We note that in the particular case = 0 the regularity result is proved in
[2] only for a solution obtained as limit of solutions of a sequence of suitable
approximate problems, but not for every solution as in the previous result.
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