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1. Introduction

Throughout this note the symbol K is used to indistinctly denote the field R of the real
numbers or the field C of the complex numbers. We also incorporate the usual notations
D={aeK:|a|<1}and T={a e K: |a| =1}.

Let X be a vector space over K and A a nonempty subset of X. The real affine subspace
generated by A is written as V4:

n n
Vs = {thaj:n €N, t]' € R, a; EAfOI‘alle {1,...,1’1}, th :1}. 1)
j=1 j=1

Suppose A is convex. A nonempty, convex subset F of A is said to be a face of A if the
following condition is satisfied:

a,beA te]0,1, 1—tla+the F=abecF. ()

A itself is a face of A. In addition, faces of A reduced to a single element, if any, are
called extreme points of A.

The dimension of (the nonempty, convex set) A is the dimension (over R) of V4, which
coincides with the dimension of the real subspace attached to V 4; i.e., the only real subspace
M of X such that V4 =a+ M foranya € A.

Given a nonempty subset A of a topological vector space X, the intrinsic boundary
of A is defined as the boundary of A relative to V4. Following the same argument, one
can define the intrinsic interior of A. On the other hand, the symbols co(A) and ¢o(A)
represent the convex hull and the closed convex hull of the set A, respectively.

The notion of face is purely algebraic. However, if the ambient space is endowed with
a vector topology, we can adequately express some of its properties. In the following result
we cite two of them, incorporating their proof for the sake of completeness. Additional
information on the concepts covered in Propositions 1 and 2 can be found in [1].

Proposition 1. Let X be a Hausdorff topological vector space and A a nonempty convex subset
of X.
(i)  Every face F of A, with F # A, is contained in the intrinsic boundary of A.
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(ii)  If Ais closed, so is every finite-dimensional face of A.

Proof. (i) Consider a point xg € A\F. If a is an element of the intrinsic interior of A, then
there exists § € R™ such that a +5(xg — a) € A. Defining ay = a — 6(xo — a), it is readily
seen thata = 1%110 + 1%3(0, hencea ¢ F.

(ii) Let F be a finite-dimensional face of A. Since the statement is clearly true if F
consists of a single point we can assume that the dimension n of F is non-zero. Thus,
there exist ag, a1, . ..,a, € F (affinely independent) such that Vf, the real affine subspace
generated by F, is given by

Vi = {toag +tiay + - - - +tpan: to, t1,...,tg ER, to+t; +--- + 1, =1}, 3)

Itis clear that Vr is closed and F C Vr N A, hence it only lefts to prove that VPN A C F.

To this end, fix an element x of Vr N A. Then there exist real numbers t, t1, ..., t; with
to+t1+---+t, =1land

x = toag + t1ay + - - - + tyay. 4)

The point a = ;15 (ag + a1 + - - - + a,) belongs to F and we can choose s € ]0, 1] small
enough that 1 7 +stj > 0foreveryj € {0,1,...,n}. Taking into account that

(1—s)a+sx= (n+1 +st0)ao + (n+1 +st1)u1 + 4 (n+1 +stn)an, (5)

and Y <n+1 + st ) =1, we see that (1 —s)a + sx € F. To conclude that x € F, it suffices
to remember that g, x € A and that Fisa faceof A. [

The extreme points of convex sets play an important role in functional analysis and
have a significant repercussion in other areas. A good source of information on this
matter is [2]. The more general notion of face of a convex set enjoys great presence in the
framework of the geometry and structure of Banach spaces, as can be seen in [3]. Mention
should also be made of the introduction in [4] of the so-called facial topology on the set of
extreme points of a convex, compact set in a Hausdorff locally convex space. Some recent
applications of this topology can be seen in [5,6].

It is also worth reviewing some results about the interaction between convexity
and topology.

Proposition 2. Let A be a bounded, closed, convex set in a Hausdorff topological vector space X,
and B a compact, convex subset of X. Then, co(A U B) is closed. Furthermore, if A is also compact,
then so is co(A U B).

Proof. Since A and B are convex,
co(AUB) ={(1—t)a+tb:t€[0,1],a € A, b€ B}. (6)

Let {w) }1ca be a convergent net of elements in co(A U B), and w its corresponding
limit. Then, for every A € A, there exist t, € [0,1],a) € A, and by € B such that

wy = (1 —ty)ay +t)by. ()

The compactness of the sets B and [0, 1] allows us to assume, considering subnets
if necessary, that {b) }yca and {f)} ca converge to a point b € B and a scalar ¢t € [0,1],
respectively.

If t = 1thenet {(1—t,)a)}rca converges to zero and, therefore, {w) } ca converges
to b. Thus, w = b and it can be concluded that w € co(A U B) (in fact, w € B).

Suppose now that t < 1. Using subnets if necessary, it can be assumed that ¢, < 1 for

every A € A. That way, a, = w)‘l%ty” for each A € A. Hence, the net {a) },cx converges
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to =t and, taking into account that A is closed, the point 2 = “=! belongs to A. Finally,

w = (1 — t)a + tb and consequently, w € co(A U B).
Regarding the last assertion, if A is also compact, so is the set co(A U B), as from (6) it
can be seen as the continuous image of a compact set. []

The convex hull of every compact subset of a finite-dimensional topological vector
space is automatically compact. In infinite-dimensional spaces, the same cannot be said.
However, if the closure of the convex hull is considered, we find positive results. It is well
known, without going any further, that the closed convex hull of every compact subset of
a Banach space is also a compact set.

Let X be a normed space. The symbols Bx and Sx stand for the unit ball and unit
sphere of X, respectively:

By ={xeX:|x| <1}, Sx={xeX: x| <1} ®)

According to Proposition 1, every proper face of By is contained in Sy, which applies
to the potential extreme points of By in particular. Plus, if X is a finite dimensional normed
space, every face of By is closed.

The last statement is not always true when it comes to infinite dimensional normed
spaces; in fact, the closure of a face might not even be a face. In the forthcoming section,
an example is provided based on a renorming of the space ¢; of absolutely summable
sequences of (real or complex) scalars.

As it is well known, two norms ||-|| and ||-||, on the same vector space X are said to be
equivalent if they induce the same topology on X. This occurs if, and only if, there exist
positive real numbers « and f such that

allxlly < llx]l < Bllx]q for all x € X. )

Therefore, two equivalent norms also share uniform properties and, in particular,
one of such norms is complete if and only if the other is. The properties not common to
two equivalent norms are of a geometric nature.

Given a normed space X, any other norm in the underlying vector space is called
a renorming of X. In Banach space literature, this concept usually includes the requirement
that the new norm is equivalent to the original one.

For an enlightening discussion of renormings in Banach spaces the reader is referred
to [7,8] and to the new monograph [9].

2. Main Results

The unit ball of certain Banach spaces contain faces which closure is not a face. We
illustrate this fact by equivalently renorming ¢;.
Henceforth, {e, } will denote the canonical basis of /1. Then, for n,k € N,

en(k) =1, ifk=mn, e,(k) =0, if k # n. (10)

The sequences {u, } and {v,} of vectors in ¢; given by

Uy =ej+e, Uy =e1 — ey, Uy = e, foreveryn > 3. (11)
Uy = Z—ié e1 + nlﬁ eyy2 foreveryn € N. (12)

will also be considered. In addition, we define vy = e; and
K={av, :a € T,n € NU{0}}. (13)

About the canonical basis {e,} of ¢1, only the following elementary fact will be
necessary: the unique representation of any vector x € ¢; in such a basis is given by
x =Y ;7 4 x(n)e,. We must mention, however, that this basis plays a fundamental role in



Mathematics 2023, 11, 193

40f11

numerous works related to the space ¢1. An outstanding exponent of this is the study of
the cone positive of ¢; which can be seen in [10] and references therein.
The most interesting set in this section is the following;:

By = @0 (By, UK U Tug UTuy). (14)

As it can be readily seen, By, C By C 2B, and hence the set By is absorbing. Moreover,

By is convex and radially compact (for each x € ¢1\{0} theset {t € R:t > 0and tx € By}

is compact). As a consequence, Minkowski’s functional, ||-||,, of By is a norm in ¢; which

unit ball is exactly By. Using the previous chain of inclusions we can see that both norms
are equivalent:

1xll = [lx[ly = 2{[x]lo forall x & £1. (15)

To reach our goal, an appropriate description of By will be required. To that end, the
set co(K) (a subset of By) will be studied in first place.

Lemma 1. Let x € ¢;. The following three statements are equivalent:
(i) x € co(K).
(i)  x(2) = 0 and the following series are convergent with

b= L

x(k+2) Zk+1|xk+2)|<1 (16)
(iii) For every n € NU {0}, there exists a scalar r,, such that

[ee] (o]
Y lral <land x =) ryo,. (17)
n=0 n=0

Proof. The set M given by the elements x of /1 such that the series ) (k + 1)|x(k + 2)|
converges is a (dense but not total) subspace of /1. For each x € M, the series

Yy (k4 2) (18)

is (absolutely) convergent and, as it can be seen, the linear maps

xHZ k+2 x(k+2) and x — ) (k+1)x(k+2), from MtoRR, (19)

are not continuous. It is clear that the set A containing the elements x of ¢; for which the
statement (ii) holds is contained in M. It will be shown that A is closed in /7. A relevant
property to achieve the equivalence of the first two statements (A = co(K)).

In light of the aforementioned observations regarding M and its associated functionals,
suppose that {x, } is a sequence in A converging to xo € ¢ and let n, m be natural numbers.
Then, x,(2) =0 and
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m 2 m
%a(1) = L 5k +2)| 4 L (ke Dl (k+2)]
[e) 2 ot 2
= |- S xnk+2)+ £ W x(k+2)
k=1 k=m+1
m
E Yk 1)|xn(k+2)]
k=1
0 20
< |x( —kgl (",;12)2 xn(k+2) 20)
(o) 2 m
+ ¥ Sk +2)|+ X (k+1)|xa(k+2)|
k=m+1 k=1
< - % (17 v (k +2) + X (ke 1) (k+2)
< 1.

Taking limits when n — oo in the previous inequality,

xo(1) — Y & i (k+2)

£ Y (k+ Dlsolk+2) < 1. @1
k=1

Since this last inequality holds for any m € N, we get that xg € M. On the other hand,
the sequence {x,(2)} converges to zero (it is, indeed, the null sequence). Thus, one can
assume that xo(2) = 0. By taking limits in (21), with m — oo,

Y (R Dok +2)] < 1. 22)
k=1

k+1)
Z(k-:—z o(k+2)

Therefore, xy € A and the latter is a closed set.

(i) = (ii). It is all about testing the inclusion ¢6(K) C A and, since A is closed, it can
be reduced to co(K) C A. To that purpose, given x € co(K), we can find a natural number
m and scalars ro, 71, ..., 7, satisfying } /o |rx| = 1 and x = Y /' 7xvk. Then,

m
k1
x =rpep+ kZ Vk(kiz e1 + k+1 €k+2)
-1

okl r @)
= (7’0"‘ Y Tk kig>€1 + Z T Chr2-
k=1 k=1
From this equality, we get
=719+ Zrk Ilzié, ) =0, x(k+2) = ¢k forallk € {1,...,m}, (24)
x(k) = 0 for every k > m + 2. (25)

The convergence of the series Y (k + 1)|x(k+2)| (and hence the convergence of

)y (13(112)2 x(k 4 2)) is clear. Furthermore,

=
—~
—_
N
|
012
=
+
[
e
=
—~
W
_.I_
N
~—

Y (k+1)x(k+2)|
k=t (26)

m

+ ¥ (k+1)| 2
k=1

m 2
k+1 _ (k+1)% 1
o+ k; Tkl — & k2 B

m
=Y nl=1
k=0

Therefore, x € A.
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(ii) = (iii). Define
o (k41)?
ro=x(1)— ) (;;2) x(k+2), . = (k+1)x(k+2) forallk € N. (27)
k=1
According to the hypothesis, } ;7 y|7x| < 1. On the other hand,
O = <r0+ Y o m>el + Y krﬁekﬂ
k=0 k=1 k=1 (28)

=x(1)er+x(2)ea+ ¥ x(k+2)ep0= Y x(k)ex = x,
k=1 k=1

where it has been used that x(2) = 0.
(ili) = (i). For each natural number n, let y, = Y }_,xvx. Given k € NU {0}, put
rx = |rk|Ck, with ¢ € T. Taking into account that

n
Yn = L |r|Cvk
k=0

29)
1— 717 1— ni n (
= Z#M(—Co vg) + (|r0\ + E%‘)VH)% v +k21|7k|§kvk

it can be ensured that i, € co(K). Since ||y, — x||; = x, we conclude that x € co(K). O

The previously announced and still pending description of the set
By = @(Bgl UKUTu U Tuz) (30)

begins with the following considerations:
The set K is compact, and so is its closed convex hull. On the other hand,

co(Tuy UTuy) = co(Duy UDuy) (31)

and, by the last part of Proposition 2, the set C = co(Tu; U Tujy) is also compact. For the
same reason, the set
B = co(co(K) U C) (32)

is compact (and convex). Furthermore, from the first part of the already mentioned propo-
sition, the set co(Bg1 U B) is closed. Since ¢o(K), C and Bgl are contained in By, so is
co(By, U B), which provides the inclusion co(B;, U B) C By.

To get the other inclusion, first we notice that By, UK U Tuy U Tup C By, UB, and
hence By C co(By, U B), since the set co(By, U B) is closed (and convex). It has just been
proved that

By = CO(Bg1 U B). (33)

Lemma 2. Given xy € By, there exist sequences of scalars {a, } and {Bn} such that

Xp = lenun“l‘ Zﬁnvn and Z|lxn|+ Z|,Bn| <1, (34)
n=1 n=1 n=1 n=1

where {uy } and {v, } are the sequences defined in (11) and (12).

Proof. Equality (33) and definitions it requires will be taken into account to complete the
proof. By virtue of the convexity of the sets B;, and B, one can find y € By, zo € B and
t € [0,1] satisfying xo = (1 — t)y + tzo. In a similar way, there exist x € co6(K), z € C
and s € [0, 1] such that zy = (1 — s)x + sz. Furthermore, z = (1 — p)au; + pBu, for some
p € [0,1] and &, B € D. Consequently,

xo=(1—t)y+t(1—s)x+ts(1— p)auy + tspPus . (35)
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According to Lemma 1, x = Y, 7,,0n, where vy = ey, 1, € K for every n € NU {0},
and Y ;7 || < 1. On the other hand, y = Y_;" ;y(n)e, and Y, |y(n)| < 1.Itis now
clear that

X0 = Z Kply + Z Bnon, (36)
n=1 n=1

{an} and { B, } being the sequences of scalars defined by

LB TTETC) BT R @
0y — (1-HyQa) - y2(2)) ttd—s)ro ts0p (38)
ay = (1—t)y(n) foralln >3 (39)
Bn=t(1—s)r,y(n) foralln € N. (40)

It is not hard to check that Y77 |a,| + Y q|Bn] < 1. O

There is now enough coverage to prove that By contains faces which closure is not
another face of By.

Theorem 1. Let {v,, } be the sequence defined in (12). Then, the set
F=co({v,:n € N}) (41)
is a face of By, although F is not.

Proof. Let xg € F. Then, there exists a natural number m and scalars ¢4, ..., t, € [0,1] such
thatt; +---+t, = 1and
X0 =HU1+ - F tnUn (42)

It is convenient to show that (42) is the only representation of x( that satisfies the
constraints described in the previous lemma. Indeed, if

X0 =Y nltn+ Y, Bun, st Y |an|+ Y |Bal <1, (43)
n=1 n=1 n=1 n=1
it is clear that

[ee] m
0ot Y B =Y i (44)

n=1 k=1
N, — Ny = 0 (45)
Wio + B = 2 forallk € {1,...,m} (46)
Xpgo + kﬁﬁ = 0 for each natural number k > m. 47)

From (46) and (47) is readily seen that

%akﬂ—l—,ﬁ—kz:% forallk € {1,...,m} (48)
%ak+2 + kﬁﬁ = 0 for each natural number k > m. (49)

By adding (44), (45), (48) and (49), one reaches the inequality

m o0 ad
1 =Y ti=a1+ap+ Y, %“n+2+ L Bn
=1 = L =l (50)
< o]+ az| + X T lana| + 21\5*4-
n= n=
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The condition Y ;> ¢ |an| + Y—1|Bx| < 1 implies that a,, > = 0 for all n € N. By virtue
of (46), B = ty for every k € {1,...,m} and hence &y = ap = 0 = By for each k > m.

To see that F is a face of By, take t € |0,1[ and x,x’ € By such that (1 —t)x + tx’ € F.
Put xg = (1 — t)x + tx’. Using the representations

(e} [ee] o [ee]
X = Z Ky + Z Bnvn and x' = Z a Uy + Z Bhon, (51)
n=1 n=1 n=1 n=1

with Y07 4 |an| + Yo q|Bn] <1 and Y0 q|a),| + Yoo 11Br| < 1, we have that

xXo = Z (1 = t)ay + ta,) Yy + 2 (1= t)Bn +tBy)on. (52)
n=1 n=1
On the other hand, x( can be expressed as in (42) and, from what has been proven,
(1—t)a, + ta), = 0 for every natural number 7, (53)
(1—t)By+tB, =0 foralln >m, (54)
(1—t)Bx +tB; =ty foreachk € {1,...,m}. (55)
Thus,
m m m m
L= p+t Y p< (=1 Y IBd +t Y IB| <1 (56)
k=1 k=1 k=1 k=1
and, necessarily,
Bk = |Bx| and By = |By| foreveryk € {1,...,m}. (57)

In the same way, Y7";|B¢| = i |B}| = 1. Accordingly, &, = &), = 0 foralln € N,
and B, = B, = 0 for each n > m. Therefore, we conclude that x, x" € F.

Last, to prove that F is not a face of By, it is enough to bear in mind that e; € F (since
[lon —e1]l; = 0), 1 = @, and, however, uy,uy ¢ F. Indeed, ||x — uj|‘1 > 1 for each
x€Fandje{1,2}. O

In contrast with the previous results, the natural norm of ¢; has greater synergies with
its underlying topological properties. Indeed, it will be proven that the closure of a face of
By, is also a face of this set.

For every x € {1, the support of x is defined as supp(x) = {n € N : x(n) # 0}.
This concept can be easily extended to an arbitrary nonempty subset of ¢; as follows:
supp F = Uyer supp (x).

From now on, F stands for any proper face of By, .

x(m)

Lemma 3. Let x,y € Fand m € supp (x) Nsupp (y). Then )] = ]

Proof. Given that xzﬂ € Fitis readily seen that ||x + y|[; = 2. Therefore,

o)

ilx(n) #yl)] = 3+t + il|y<n>| 9)

n

and consequently |x(n) +y(n)| = |x(n)| + |y(n)| for every n € N. Taking into account
also that x(m) # 0 # y(m), there is a real number ¢ > 0 satisfying x(m) = ty(m). Thus,

x(m) _ ty(m) _ y(m)
)] = Tey(m)] — Ty(m)]*
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Given n € suppF, there exists x € F such that x(n) # 0. The preceding lemma allows
)

us to define the scalar ¢(n) = ‘xEn)‘ as the quotient is not dependent on the choice of x (for
x € F, n € supp (x)). If we define ¢(n) = 0 for each n € N\ suppF, the any x € F satisfies:

ix(n)qxn) = Y Jx(n)| = 1. (59)

Clearly, ¢ € lo and ||¢||c = 1. Supposing ¢ is the element of ¢; induced by ¢ (i.e.,
P(x) =1 1 p(n)x(n) for all x € £7), it is readily seen that the set

Fp={x € By :p(x) =1} (60)

is a closed face of By, and, as it has already been remarked, F C Fp .
Theorem 2. Under the previous notations, F = Fy . In particular, F is a face of By, .

Proof. Fix m € suppF. Hence there is x € F such that x(m) # 0. If |x(m)| = 1, then
x(n) = 0 for any n € N\{m} and it implies that x = x(m)e,, = E g g|em, leading to the
conclusion B E ;lem € F. Similarly, if |x( )| < 1, define ym = Lyen\ (m) 1= ‘i() )] €n - By
definition, IXE g‘em , Ym € By, (in fact, || )] emHl = |lym|}1 = 1). Consequently, taking into

account that F is a face of By, and

- x(n)e, =x(mley, + X x(n)ey
n=1 neN\{m} (61)

= |x(m)| frmgrem + (1= [x(m)]) ym,

one can conclude that |xEm§‘ em € F.

As the inclusion F C Fy has already been proved, it only remains to check that F, C F.
Take x an arbitrary element of Fy . We have that

3 n)on) =1= 3 fx(o)]. )

Select any m € supp (x). If |x(m)| = 1, it follows from the previous identities that
x(m)¢(m) = |x(m)|. On the other hand, if |x(m)| < 1, a scalar a,, satisfying |a,| = 1 and
x(n) = |x(n)|a, can be considered for each natural number n. In light of (62),

x(m)p(m)+ Y, x(nm)p(n) =1 (63)

neN\{m}

which can also be written as,

x(m) am(m) + (1= [x(m)]) T %«nsb(n):l. (64)

neN\{m}

From the strict convexity of K, it is easily obtained that a,,,¢(m) = 1. As a consequence,
|x(m)|amp(m) = |x(m)| and again x(m)¢p(m) = |x(m)|. In particular, ¢(m) # 0 (equiva-

x(m)

lently m € suppF) and ¢(m) = () Note that the inclusion supp (x) C suppF is also
given by the previous argument.
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x(n)

Back to the initial part of the proof, HOIGES F for every n € supp (x). Finally,

decomposing x as

v=Lxe = Tl e (63)

nesupp (x)

one gets that x € E{%en : 1 € supp (x)} and hencex € F. [

Last, an example of a nonclosed face of By, is introduced. Let us consider the set

C= {XEBgl : ix(n):l}, (66)
n=1

which is a closed face of B,. Given that e, € C for each natural number 1, suppC = N.

If x € C and 1 € supp (x) we have that |§EZ;\ = ;:EZ% =1, and then x(n) = |x(n)|. This
equality also holds whenever n € N\supp (x).

In order to finalise this example, we will show that the set

F= {x € By, : ) x(n) =1 and supp (x) is finite} (67)

n=1

is a face of By, satisfying F = C. Observe, as a consequence, that F is not closed. First of all,
F is a convex set contained in C. In addition, given x,y € By, andt € R, with0 <t <1,
such that (1 —t)x + ty € F, there is m € N satisfying the following condition:

neN, n>m= (1-t)x(n)+ty(n) =0. (68)

Taking into account that C is a (closed) face of B, x,y € C and x(n) = |x(n)],
y(n) = |y(n)| for any n € N. Thanks to (68) we get that x(n) = y(n) = 0 for every natural
number n > m. That way, x,y € F and we have shown that F is a face of B;,. Ase;, € F for

each n € N, suppF = N and its corresponding sequence ¢ is given by ¢(n) = ‘Z:%‘ =1

for all n. Consequently,

F=Fy={xeB, :¢(x) =1} =C. (69)
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