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Topological reflexivity of isometries on algebras of
matrix-valued Lipschitz maps
By

M. G. CABRERA-PADILLA* and A. JIMENEZ-VARGAS**

Abstract
Let X and Y be compact metric spaces and let M, (C) be the Banach algebra of all
n X n complex matrices. We prove that the set of all unital surjective linear isometries from

Lip(X, M, (C)) to Lip(Y, M, (C)), whenever both spaces are endowed with the sum norm, is
topologically reflexive.

§ 1. Introduction and statement of the result

Let E and F be Banach algebras, B(E, F') be the space of all linear continuous
operators from E to F' and S be a nonempty subset of B(E, F'). We define the algebraic
reflerive closure of S by

refae(S) ={T' € B(E,F):Vec E, 3T, € S|T.(e) =T(e)}
and the topological reflexive closure of S by
refyop(S) = {T € B(E,F): Ve € B, HTplnen C S| lim T, () = T(e)} .

The set S is said to be algebraically reflexive (respectively, topologically reflexive) if
refug(S) = S (respectively, refi,,(S) = S). It is straightforward to verify that the

Received October 28, 2021. Revised March 10, 2022.
2020 Mathematics Subject Classification(s): 46B04, 46B07, 46E40.
Key Words: algebraic reflexivity, topological reflexivity, surjective linear isometry, vector-valued
Lipschitz map.
This work was supported by the Research Institute for Mathematical Sciences (an International
Joint Usage/Research Center located in Kyoto University) and by Junta de Andalucia grant
FQM194, project UAL-FEDER grant UAL2020-FQM-B1858 and project P20_00255.
*Departamento de Matematicas, Universidad de Almeria, 04120 Almeria, Spain.

e-mail: m_gador@hotmail.com

**Departamento de Matematicas, Universidad de Almeria, 04120 Almeria, Spain.
e-mail: ajimenez@ual.es

(© 2023 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



144 M. G. CABRERA-PADILLA AND A. JIMENEZ-VARGAS

topological reflexivity of S implies its algebraic reflexivity. The elements of refyq(S)
and refi,, (S) are known as S-local maps and approximate S-local maps, respectively.

The study of these S-local maps was addressed when S is the set of surjective linear
isometries, the set of algebra automorphisms or the set of derivations of E to F' (see the
monograph [8] by Molnér).

In a recent paper [9], Oi proved that both the set of surjective linear isometries
between spaces of complex-valued Lipschitz functions Lip(X) with the sum norm (see
Theorem 3.1 in [9]) and the set of unital surjective linear isometries between spaces of
matrix-valued Lipschitz maps Lip(X, M,,(C)) with the sum norm (see Theorem 4.1 in
[9]) are algebraically reflexive. In [5], we proved that the former set is topologically
reflexive.

In this note, we prove that the latter set is also topologically reflexive. Two proofs
of this result are presented: one —which is more direct— is based on Oi’s second result,
and the other on Oi’s first result. We hope that these proofs with different viewpoints
would give us some new ideas to deal with the local reflexivity problem of isometries on
spaces of Lipschitz maps which take values in a non-commutative Banach algebra.

In [2, 4], some results were stated on the algebraic reflexivity of *-isomorphisms
on Lip(X, B(H)), whenever B(H) is the C*-algebra of all bounded linear operators on
a complex infinite-dimensional separable Hilbert space H, but, apparently, nothing is
known on reflexivity of the isometry groups of Lip(X, B(H)).

Given n € N, the matrix algebra M,,(C) is the unital Banach algebra of all complex
matrices of order n, with the operator norm:

[Al pg,, ) = sup LAzl s 2 € CF, flzfl; <1 (A€ My(C))

where |||, is the Euclidean norm of C". The identity of M, (C) is the unit matrix I,
of order n, and the group of invertible elements of M,,(C) is

Inv(M,(C)) = {A € M,(C): det(A) #0}.

A result due to Schur [11] establishes that a map ®: M,,(C) - M,,(C) is a unital
surjective linear isometry if and only if there exists a unitary matrix V' such that either
P(A) =VAV~! for all A € M, (C), or ®(A) = VAV~ for all A € M, (C).

Given a compact metric space (X, dx ), the linear space

Lip(X, M,,(C)) = {F: X 5 M, (C)|  sup IF(x) = FW) | a0 _ OO}

ZE,yGX,LE;éy dX('x? y)

is a unital complex Banach algebra with the sum norm:

IFlls = IFll + Lip(F)  (F € Lip(X, My (C))),
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where
1Pl = sup {IF@)ll pg, 0 @ € X}

and

F(x)— F(y

| F'(x) ()HMn(C):x,yeX,x?éy |
dx(llf,y)

Lip(F) = sup {

The constant map with value I,, from X to M, (C) is the identity of the algebra
Lip(X, M,,(C)), and its set of invertible elements is

Inv(Lip(X, M,,(C))) = {F € Lip(X, M, (C)): det(F(z)) #0, Vz € X}.

In particular, we denote by Lip(X) the Banach algebra of all complex-valued Lipschitz
functions on X, equipped with the sum norm.

The algebras of matrix-valued Lipschitz maps Lip(X, M,,(C)) have been investi-
gated by some authors. Botelho and Jamison [3] characterized algebra homomorphisms
and isomorphisms between such algebras. In two recent papers [9, 10], Oi studied unital
surjective linear isometries between Lip(X, M,,(C)) spaces.

Oi [10] proved that hermitian operators on Lip(X, M,,(C)) are composition opera-
tors. Using this fact, she gave a complete description of unital surjective linear isometries
between Lip(X, M,,(C)) spaces, as follows. The third assertion of the following result
is a reformulation of the second by applying Schur’s theorem.

Theorem 1.1.  [10, Theorem 3.3] Let X and Y be compact metric spaces and
let T be a map from Lip(X, M,,(C)) to Lip(Y, M,,(C)). The following are equivalent:

1. T is a unital surjective linear isometry.

2. There exist a unitary matriz V€ M, (C) and a surjective isometry ¢: Y — X such
that either

T(F)(y)=VF(e(y)V™"  (F € Lip(X,My(C)), y € Y)

or

T(F)(y) =V (F(e)'V"'  (FeLip(X,Myn(C)), y€Y).

3. There exist a unital surjective linear isometry ®: M,,(C) — M,,(C) and a surjective
isometry ¢: Y — X such that

T(F)(y) = ®(F(e(y))  (FeLip(X, My,(C)), y € Y).
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To simplify, we introduce the following sets of maps:

C(X,Y) ={f is a continuous map from X to Y} (X,Y, Hausdorff compact spaces),
Iso(X,Y) = {f is an isometry from X onto Y} (X,Y, compact metric spaces),
B(E,F) = {T is a continuous linear operator from FE to F'} (FE,F, Banach spaces),
Iso(E, F) = {T is a linear isometry from FE onto F'} (FE,F, Banach spaces),
Iso"(E, F) = {T is a unital linear isometry from E onto F'} (E,F, unital Banach algebras)

We write B(E), Iso(E) and Iso"“(FE) instead of B(FE, FE), Iso(F, E) and Iso"“(FE, E), re-
spectively.

The main result of this note is the following.
Theorem 1.2. Let X and Y be compact metric spaces. Then
Iso® (Lip(X, My (C)), Lip(Y, M, (C)))

is topologically reflexive.
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§ 2. First proof of Theorem 1.2

This proof depends only on the analysis of the compactness of two sets of isometries
which appear naturally in connection with approximate unital local isometries and on
the algebraic reflexivity of Iso"(Lip(X, M, (C)), Lip(Y, M,,(C))).

First proof of Theorem 1.2. Let T € refiop(Iso® (Lip(X, M, (C)), Lip(Y, M,,(C)))).
By Theorem 1.1, there exist two sequences {®p ,, } men in Iso”(M,,(C)) and {@Fm }men
in Iso(Y, X) for which

i |[® g (F o @pm) —T(F)ly =

m—o0

Firstly, notice that Iso*(M,,(C)) is compact in (B(M,(C)), |||l,,) with the norm

170y = sup {IT(A)l g, )t A€ M©), Al ) S1} (T € BM(O))),

since Iso"(M,,(C)) is a closed and bounded subset of the finite-dimensional normed
space (B(Mn(C)), [|ll,p)-
Secondly, observe that Iso(Y, X) is compact in (C(Y, X),d") with the metric

d*(f,9) =sup{dx(f(v),9(y):y €Y}  (f,g€CY, X)),

by the Arzela—Ascoli theorem and the compactness of X (see, for example, [6, Chapter
X11]).

Therefore we can take two subsequences {®r ,, }ren and {@r m, }ren such that
im [|®pm, — ‘I’FHOP =0 and lim d*(ppm,,pr) =0,
k—o0 k—o0

for some ¢ € Iso" (M, (C)) and ¢r € Iso(Y, X).
Pick y € Y. For all k € N, an easy verification yields
1@ 7y (F(0F,m, (¥)) = @o(F(0r () am,, ()
< NPrm, (F(erm. W) = rm. (F(er@))lm, o
[ @rm (F(er(y)) — 2r(F(er®)lm, o)
< [F(ermi () = FlerW) g, ) + 12Em. — Prlly, 1E(@rm)lum, o
< Lip(F)dx (¢rm, (), o7 (y)) + [®rm, — rllop, [Fllw
!

SLip( ) SOmeQOF)_I_Hq)ka q)FH()pHFHoo

On a hand, this implies that

S [ @5, (F(0pm, (1)) = 2r(F(er @), ) = 0



148 M. G. CABRERA-PADILLA AND A. JIMENEZ-VARGAS

but, on the other hand, since
IEW) a0 S IFlle <MIFlly (F € Lip(Y, Mn(C)), y €Y),

we have
k;lggo H(I)F,mk (F(SOF,mk (y))) - T(F)(y)HMn((c) = 0.

Hence we deduce that
T(F)(y) = ®r(F(er(y))),

and since y was arbitrary in Y, we get that
T(F)=®p(Fopp).

This tells us that T" € refy (Iso” (Lip(X, M, (C)), Lip(Y, M,,(C)))), and the algebraic
reflexivity of Iso"(Lip(X, M,,(C)), Lip(Y, M,,(C))) (see [9, Theorem 4.1]) implies that

T € Iso"(Lip(X, M, (C)), Lip(Y, M, (C))).
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§ 3. Second proof of Theorem 1.2

We will give an alternative proof of Theorem 1.2 by using the algebraic reflexivity of
the set Iso(Lip(X), Lip(Y')). Another key tool is a variant by Aupetit [1] of the Gleason—
Kahane—Zelazko theorem for unital surjective linear maps from a unital Banach algebra
onto M,,(C) which preserve invertibility.

Throughout this section, we will use that if f € Lip(X) and A € M,,(C), then the
map f®A from X to M,,(C), defined by (f®A)(x) = f(x)A, belongs to Lip(X, M,,(C))
with [1f ® Allg = | fll5 41l pe, oy since |1f @ Allo. = [ fll [ AlLu, () and Lip(f & A) =

Lip(f) 1Al p,, (c)-
We denote by 1x the constant function of value 1 on X. Note that 1x ® I, is the

identity of the algebra Lip(X, M,,(C)).
Second proof of Theorem 1.2. Let
T € refyop (Iso" (Lip(X, M, (C)), Lip(Y, M,,(C)))).
We have divided this proof into several steps.
Step 1. ||T(F)|lss = || F||y for all F' € Lip(X, M, (C)).
Let F' € Lip(X, M,,(C)). By hypothesis, there is a sequence {Tp m, }men in

Iso"(Lip(X, M,,(C)), Lip(Y, M, (C)))

such that
i ([T, (F) ~ T(F)] = 0.
Since
I Tem (F)ll = 1T(F) g | < 1 Trm(F) = T(F)]l5
and

1TEm(F)llg = 1Fls

for all m € N, we infer that
IT(E)lls = 1Fls -

Step 2. For each F' € Lip(X, M, (C)), there exist two sequences {® g, }men in
Is0" (M, (C)) and {@Fm }men in Iso(Y, X) such that
lim [|®p(F o ppm)—T(F)|y =0.

m— o0

Since T' € refiop (Iso" (Lip(X, M, (C)), Lip(Y, M,,(C)))), Step 2 follows by applying
Theorem 1.1.
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Step 3. || T(F)|lo, = |F|l« and Lip(T(F')) = Lip(F) for all F' € Lip(X, M,,(C)).

Let F' € Lip(X, M,,(C)) and take two sequences {®p , }men and {@rm bmen as in
Step 2. Since

@ Fm(F o orm)llo = IT(F)lo| < N1@Fm(F o 9rm) — T(F)|l

<[[@rm(Fo@rm) —T(F)ls

and

1@ Fm(F o prm)ll, = Sup 1@y (F (0 Fm (D ., ()
Yy
= sup || F(erm(y)
sup | N,
= sup || F(@)[| p1, ) = 1Flloo
xeX

for all m € N, we infer that | T'(F)|, = ||F||,- In view of Step 1, we have Lip(T'(F)) =
Lip(F).

By applying Step 3 yields

IT(x @ In)lloo = Ix @ Inll = xllo Mnllag,, ) = 1
Lip(T(1x ® In)) = Lip(1x ® In) = Lip(1x) [ 1]l o1, (c) = 0

This implies that there exists a constant A € T such that
T(lx ®1,) = M1y ® I,).

By Step 2, there are {®1 1, m fmen in Iso”(M,,(C)) and {p1 &1, ,m tmen in Iso(Y, X)
such that

Jim ([ @1y @7,,m((1x © In) 0 p1xern,m) = T(lx @ In)|g = 0.
Taking into account that
Piyvon,m((Ix ®In)opiyen,.m) =1y ® I,
for all m € N, we obtain that
0= Jim 1y ® L) = M1y @ L)y = | (1= N1y & L)y = 1= A,

hence A = 1 and we conclude that T(1x ® I,) = 1y ® I,,.
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Step 5. There exists a unital surjective linear isometry ®: M, (C) — M, (C)
such that
O(A) =T(x @ A)(y) (A M,(C)),

where y is any point of Y.

For each A € M,,(C), Step 2 gives sequences {®1, 4,m }men in Iso" (M, (C)) and
{P1x®4,m}men in Iso(Y, X) such that

i

m
m— 00

[P1x0a,m((l1x ® A)opiygam) —T(lx ® Al =0,

and this implies that

li 1 [P1x0a,m(A) —T(1x ® A)(y)”Mn(c) =0

m—
for all y € Y. Hence we can define the map ®: M,,(C) - M, (C) by
®(A) =T(Ix ®A)(y)  (AeMy(C)),

where y is any point in Y. Since T is linear, so is ®. By Step 4, given any y € Y, we
have
(1) =T(1x ® In)(y) = (ly ® Ip)(y) = L.

Finally, we can take some y4 € Y such that |T'(1x ® A)(ya)lla, c) = [T(1x ® A)|| -
Using Step 3, we obtain that

1S(A) [ i, 0) = T (Ax © A)(Wa)llag, ) = IT(Ax @ Al = I1x @ All o = 1Al p,, () -

Hence ® is a unital linear isometry of M, (C), and since the vector space M, (C) is
finite dimensional, we conclude that ® is surjective.

Step 6. For each f € Lip(X), there exists a map ¢rgs, € Iso(Y, X) such that
T(f®1In) = (foprer,)® In.
Let f € Lip(X). We have
Jim ([ ser,m((f @ In) 0 pron,m) = T(f @ In)lg =0,
with {®tg1, m}tmen and {@fgr, m tmen being as in Step 2. Since
Pier,,m((f ®In) o vrer,,m) = (f o @ren.,m) ® In,
for all m € N, we deduce that

lim [|(fo Wf@ln,m) @I, —-T(f® In)”z = 0.

m— o0
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By the compactness of X and the Arzela-Ascoli theorem (see, for example, [6, Chapter
XII]), the set Iso(Y, X), endowed with the topology induced by the metric

d*(f,g) =sup{d(f(y),9(y):y €Y}  (f,geC(Y,X))

is compact. Hence we may assume that there exists a subsequence {¢ w1, m, }ren such
that

Jim d* (e, me Prer,) =0
for some pfgr, € Iso(Y, X). An easy verification shows that
I(f 0 ¢r@r,me) ® In = (f o prar,) ® Inll o, < Lin(f)d* (¢, mi Pror1.)
for all £ € N, and on a hand we obtain
m [(fowser,me) ®In = (fovser) ®Inll, = 0.
On the other hand, since || F||, < ||F ||y, for all F' € Lip(Y, M,,(C)), we also have
T (0 ¢sar, m) ® Lo~ T(f @ )|, =0.

Hence we deduce that T'(f ® I,) = (f o pser1,) @ L.

Step 7. There exists a map ¢ € Iso(Y, X) such that

T(fel)=(fep)@l,  (feLip(X)).
Consider the map ¥: Lip(X) — Lip(Y') defined by

\I[(f) = f O PfRI,

where ¢rgr, is the map of Iso(Y, X) given in Step 6. Observe that ¥(f) does not
depend on ¢tgr,. Indeed, if ¢prgr, € Iso(Y, X) satisfies that

T(f@In) = (fodsern)®In

as in Step 6, then (f o vrgr,) ® I, = (f o ¢fgr1,) ® I, which implies that f o prgr, =
We next prove that U: Lip(X) — Lip(Y') is a linear isometry. Clearly,

Hls = 1fevsenlls=Ifls  (f €Lip(X)).

Pick a, 3 € Cand f, g € Lip(X). By Step 6, there are maps @ (af+8g)01, Lo, > Peol, €
Iso(Y, X) such that

T((af + Bg) @ I,) = ((af + B9) © P(af+89)01,) @ In,
T(f ®In) = (f © ‘Pf@ln) ® In,
T(g® I,) = (g9°vger1,) @ In.
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Using the linearity of T', we obtain that

((af +B9) 0 ¢asrpger) @ In =T((af + 9) ® In)
=T(a(f @ I,)+ B(g® 1))
=al(f®1,)+ BT (g 1,)

=a((fovrer,)® 1)+ B((g0 vyer,) ® In)
= [a(foprer,) + B(go vyer,)] @ In,

and therefore

(af +B9) o Oastpger, = a(fovrer,) + B(go vywr,)

that is,
V(af + Bg) = a¥(f) + BY(g),

and thus W is linear.
Since every surjective linear isometry from (Lip(X),||-|s) to (Lip(Y), |||ls) is a
weighted composition operator of the form

f=Mfew)  (felLip(X)),

for some A € T and ¢ € Iso(Y, X) (see Corollary 15 in [7]), we deduce that ¥ belongs to
refye (Iso(Lip(X), Lip(Y))), and since Iso(Lip(X), Lip(Y)) is algebraically reflexive by
[9, Theorem 3.1], we obtain that ¥ € Iso(Lip(X), Lip(Y')). Hence there are some A € T
and ¢ € Iso(Y, X) such that

U(f)=Afep)  (feLip(X)).
Since U(1x) =1x o p1,1, = ly and ¥(1x) = Aly, we deduce that A = 1 and thus
U(f)=fee  (f€Lip(X)).
Finally, in view of Step 6, we get that
T(fol)=¥(f)®1y=(fop)®I,  (f€Lip(X)).
Step 8. For each y € Y, the map T},: Lip(X, M, (C)) = M, (C), given by
T,(F)=T(F)(y)  (F € Lip(X, M,(C))),
is either an algebra homomorphism:
T,(FG) = T,(F)T,(G)  (F.G € Lip(X, M, (C))),
or an algebra anti-homomorphism:

T,(FG) = T,(G)T,(F)  (F,G € Lip(X, My (C))).
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Pick y € Y. Since T is linear, so is T,,. Notice that T} is sujective since if B €
M,,(C), Step 5 gives A € M,,(C) such that B = ®(A), that is, B=T(1x ® A)(y) =
T,(1x ® A). Furthermore, by Step 4, we have

Ty(1x @ In) = T(1x ® In)(y) = (ly @ In)(y) = In.

According to a generalization of the Gleason—Kahane—Zelazko theorem established by
Aupetit in [1, Theorem 1], to prove Step 8 it suffices to check that T}, (F') € Inv(M,,(C))
for all F' € Inv(Lip(X, M,,(C))).

Take such a function F' and Step 2 gives sequences {®p , tmen in Iso”(M,,(C))
and {¢p m tmen in Iso(Y, X) for which

Tim [ pn (F(orm(®))) = Ty(F)ll ) = 0-

An argument of compactness similar to that of the first proof of Theorem 1.2 shows that
there exist ®p € Iso"(M,,(C)) and ¢p € Iso(Y, X) such that T, (F) = ®r(F(er(y))).
Since

det(T, (F)) = det(®p(F(or(y)))) = det(F(pr(y)) £ 0,

we deduce that T, (F') € Inv(M,,(C)), as required.
Step 9. T(f@A) =d((f®A) o) forall feLip(X)and A e M,(C).

Let f € Lip(X) and A € M,,(C). Using Steps 5, 7 and 8, for any y € Y, we have

T(feA)y) =T,(f®A) =T,((f @ I,)(1x ® A))
T,(f© In)T,(1x © A) = T(f @ I,)(y)T(1x @ A)(y) = f(ey)) [nP(A)

— or

Ty(1x @ A)Ty(f @ 1) =T(1x @ A)(W)T(f @ 1) (y) = ®(A) f(e()) s

= f(p(y)2(A) = ©(f(¢(y))A)
=0(((f®A)op)(y)).

Step 10.  T(F) = ®(F o ) for all F € Lip(X, M, (C)).

By Lemma 2.1 in [10], for each F' € Lip(X, M,,(C)), thereexist m € N, f1,..., fmm €
Lip(X) and Ay,..., A4, € M,(C) such that F = Y, | fr ® Ax. By using Step 9, we
have

m

(i fe® Ak> iT(fk ® Ar) = > ((fr © Ak) 0 ©)

k=1 k=1

= (i (fx ® Ag) o@)) ((ifk®Ak>w>=@(Fow)-

k=1 k=1
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By Theorem 1.1, T" belongs to Iso"(Lip(X, M, (C)),Lip(Y, M,,(C))). This completes
this second proof of Theorem 1.2. O

1]
2]
3]
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