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Abstract

Influenced by the concept of a p-compact operator due to Sinha and Karn (Stud Math
150(1): 17-33, 2002), we introduce p-compact Bloch maps of the open unit disk D C
C to a complex Banach space X, and obtain its most outstanding properties: surjective
Banach ideal property, Mdobius invariance, linearisation on the Bloch-free Banach
space over D, inclusion properties, factorisation of their derivatives, and transposition
on the normalized Bloch space. We also present right p-nuclear Bloch maps of D to
X and study its relation with p-compact Bloch maps.

Keywords Vector-valued holomorphic function - Bloch function - p-Compact
operator - p-Compact Bloch function

Mathematics Subject Classification 47B07 - 30H30 - 47B10 - 46E15 - 46E40

Introduction

Grothendieck proved that a subset of a Banach space is relatively compact if and
only if it is included in the closed convex hull of a norm null sequence. Motivated by
this result, Sinha and Karn [18] introduced the property of p-compactness in Banach
spaces for p € [0, oco]. Associated with the notion of p-compact set, they initiated the
study of p-compact operators between Banach spaces.

From then, p-compact sets and p-compact operators have been covered by various
authors as, for example, Choi and Kim [5], Delgado et al. [7] and with Oja [6], Lassalle
and Turco [12] and with Galicer [9], and Pietsch [17], among many others.
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The extension of the theory of p-compact operators to the non-linear context was
developed by other authors, for instance, by Achour et al. [1] to the Lipschitz setting,
and by Aron et al. [3] and Aron et al. [4] to both polynomial and holomorphic frames.

Our aim in this note is to address this theory in the Bloch setting. Our approach is
also motivated by the introduction in [11] of the concept of compact Bloch map from
the open unit disk D € C into a complex Banach space X. A good reference for the
theory of Bloch functions is the book [19] by Zhu. Let E(D, X) be the Banach space
of all Bloch maps f from D) into X with f(0) = 0, under the Bloch norm pp.

We have divided this paper into two sections. After reviewing in Sect.l some
notions on p-compact operators, Sect.2 gathers the main properties of p-compact
Bloch maps. If g]cp (D, X) denotes the Banach space of all p-compact Bloch maps
from D into X for which f(0) = 0, equipped with a suitable norm kB, we prove
that [Byc, .
whenever X is reflexive. Moreover, l/’)’\;goo (D, X) coincides with g;g (D, X) (the space
of all zero-preserving compact Bloch maps from ID into X) and its norm kfo is equal
to the Bloch norm pg, and so we extend here some results stated in [11].

Another striking property is the invariance by Mobius transformations of D of the
p-compact Bloch maps from D into X. We refer to the paper [2] by Arazy, Fisher and
Peetre for a first introduction to Mobius-invariant function spaces.

If G(D) denotes the Bloch-free Banach space over ID presented in [11], we prove
that a holomorphic map f: D — X with f(0) = 0 is p-compact Bloch if and only
if its linearisation S : G(ID) — X is a p-compact operator. This fact will allow us to
extend to the Bloch setting some similar results on p-compact operators. For instance,
we prove that the derivative of every map f € g)C,, (D, X) admits a factorization
f'=Tog withg ¢ g(]D), Y)and T € K, (Y, X) for some complex Banach space
Y. Furthermore, kllf(f) is equal to inf{k,(T)pp(g)}, being the infimum taken over
all such representations of f” and, surprisingly, it is a maximum at the decomposition
Sr ol gotin [11] (see Theorem 1.1 below).

In addition, we establish some inclusion relations of such spaces, factorize such
derivatives through a quotient space of £, and characterize Bloch p-compact maps as
those Bloch maps whose Bloch transposes are quasi p-nuclear operators (respectively,
factor through a subspace of €,). We also introduce the term of right p-nuclear Bloch
map from DD into X, establish its Banach ideal structure and analyse its relation with
p-compact Bloch maps.

kllf ] is a surjective Banach normalized Bloch ideal which becomes regular

1 Preliminaries

We first fix some notation and recall the basic concepts of the theory of p-compact
sets and p-compact operators.

From now on, X and Y will denote complex Banach spaces. As usual, we denote
the closed unit ball of X by By, the dual space of X by X*, and the Banach space
of all bounded linear operators from X into Y endowed with the operator canonical
norm by L£(X, Y). The subspaces of L(X, Y) formed by all compact operators and
all finite-rank bounded operators from X into ¥ will be represented by (X, Y) and
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F(X,7Y), respectively. The canonical isometric linear embedding of X into X™** is
denoted by «x. Given a set A C X, aco(A) stands for the norm-closed absolutely
convex hull of A.

Given p € [1, 00), £,(X) denotes the Banach space of all absolutely p-summable
sequences (x,) in X, endowed with the norm

1
Gl = (Z ||xn||1’) :
n=1

and co(X) is the Banach space of all norm null sequences in X, equipped with the
norm

[(xn) lloo = sup {llxnll : n € N}.

In the case of complex-valued sequences, we will just write £, and cy, respectively.
For p € (1, 00) and p* = p/(p—1), the p-convex hull of a sequence (x,) € £,(X)
is defined by

p-conv(x,) = {Zanxn: (an) € ng*} .

n=1

Moreover, the 1-convex hull of (x,) € £;(X) is given by

I-conv(x,) = {Zanxn: (ap) € BCO} ,

n=1

and the co-convex hull of (x,) € co(X) by

oo-conv(xy,) = {Zanxn: (an) € Bgl} .

n=1

Note that co-conv(x,) = aco({x,: n € N}) is compact by [13, Lemma 3.4.29].

Let p € [1, o0] and let X be a Banach space. Following [18], a subset K of X is
said to be relatively p-compact if there is a sequence (x,) € €,(X) ((x,) € co(X) if
p = oo) such that K € p-conv(x,). Such a sequence is not unique but Lassalle and
Turco [12] (see also [7, p. 297]) defined the measure of the size of p-compactness of
K as

inf{[|Gen)llp = (xn) € €,(X), K S p-conv(x,)} ifl < p < oo,

= {inf{H(xn)Hoo : (xn) € co(X), K S p-conv(x,)} if p = oo.

If there is no confusion, we will simply write m ,(K) instead of m , (K, X).

) Birkhauser
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An operator T € L(X,Y) is said to be p-compact if T(By) is a relatively p-
compact setin Y. The space of all p-compact linear operators from X into Y is denoted
by K,(X,Y) and it is a Banach operator ideal endowed with the norm k,(T) =
m (T (By)).

A classical result of Grothendieck [10, Chap. I, p. 112] assures that a subset K of
X is relatively compact if and only for every ¢ > 0, there is a sequence (x,) € co(X)
with || (x,)[leo < SUp,cx lIx|l+ ¢ such that K C oco-conv(x,). Hence, we can consider
compact sets as co-compact sets. In this form, K, coincides with the compact operator
ideal KC and ko is the usual operator norm.

We now recall some notions and results on Bloch spaces that we will need later. If
H(D, X) stands for the space of all holomorphic maps from D) into X, the normalized
Bloch space g(]DD, X) is the Banach space of all maps f € H(D, X) with f(0) =0
so that

ps(f) =sup {1 =12 | @] : z e D < o0,

equipped with the norm pg. When X = C, we will put B (D) in place of B D, C). We
denote by H (DD, D) the set of all holomorphic functions / from D into itself such that
h(0) =0.

The Bloch-free Banach space over D is the space

G(D) :=5pan ({y,: z € D}) € BD)*,

where y.(f) = f'(z) forall f € B(D).
We next collect the basic results on G(ID).

Theorem 1.1 [11]

1. The map T': D — G(D), given by I'(z) = vy, for all z € D, is holomorphic and
el = 1/1 = 2. R

2. Themap A: B(D) — G(D)*, defined by A(f)(y) = Y _j—y S () if f € B(D)
andy =Y j_y Ay € span(I” (D)), is a linear isometry OfB(ID)) onto G(D)*.

3. Bgm) = aco(Mp(D)) B(]D))* where M(D) := {(1 — Izl )y.: z € D}.

4. Given h € 'H(]D) D), the map Cp,: f € B(]D)) — fohe B(]D)) is a nonexpansive
linear operator.

5. For each h € H(D, D), there is a unique he L(GD), G(D)) satisfying hol =
' - (T o h). Further, (h)* = Cj.

6. Foreachmap f € E(]D) X), thereis aunique Sy € L(G(D), X) satisfying Syol" =

f'. Further, ||S¢|| = pp(f).

The map f +— Sy is a linear lsometry ofB(ID) X) onto L(g(ID)) X).

8. Given f € B(]D) X), themap f': x* € X* > x of € B(]D)) is a bounded linear
operator and || f'|| = pp(f). Moreover, f' = A=" o (Sy)*. O

N
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2 p-Compact Bloch maps and their properties

We present and analyse the Bloch analogue of a p-compact linear operator between
Banach spaces.
For any f € H(D, X), denote

rangg(f) = {(1 = 122 f'(2) € X: z € B,

and notice that f is Bloch if rangz(f) is bounded in X. According to [11, Definition
5.1],amap f € H(D, X) is called compact Bloch if rangs( f) is a relatively compact
set in X. If g]c (D, X) denotes the space of all compact Bloch maps f of D into X
for which f(0) = 0, then [gK, ppr] is a Banach normalized Bloch ideal (see [11,
Proposition 5.14]).

We may extend this concept as follows.

Definition2.1 A map f € H(D, X) is called p-compact Bloch with p € [1, o0]
if rangpz(f) is a relatively p-compact set in X. We denote by By, (D, X) the linear

space of all p-compact Blochmaps f: D — X, and by g]cp (D, X) its vector subspace
formed by all those f such that f(0) = 0. For each f € B;Cp (D, X), we define

K5 (f) = m(rangg(£)).

In view of the following fact, we will only focus on the case 1 < p < oo.
Proposition 2.2 By (D, X) = Bic(D, X) and kfo(f) = pp(f)if f € B, D, X).

Proof Let f in By, (D, X) and let (x,) be in co(X) such that rangg(f) <
oo-conv(x,). Since oo-conv(x,) is compact, f € By (D, X). Moreover, for each
z € D, there is a sequence (a\")) € By, such that (1 — |22 f'(z) = Y02 aPx,, and

thus we have

al@| 1l < 1) oo -

A=lzP | @] <a-1zmH)]
n=1

Taking supremum on all z € D produces pp(f) < [|(x,)]lo0, and passing to the
infimum on all such sequences (x,), we obtain pp(f) < kfo ().

Conversely, let f in Bic(D, X), thatis, rang;z( f) is relatively compact in X. Hence,
for every ¢ > 0, we can find a (x,) € co(X) with [|[(xp) |l < pB(f) + € so that
rangg(f) € oo-conv(x,). Thus f isin By (D, X) and kfo(f) < pp(f). m|

2.1 Banach ideal property

Influenced by the concept of Banach operator ideal [16], the class of (Banach) normed
normalized Bloch ideals on D was presented in [11, Definition 5.11].
For the next result, we only need to introduce the property of regularity. A normed

ideal of normalized Bloch maps [ZB, || 7] is called
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(R) regular if for every f € E(]D), X), one has that f is in ZE(D, X) and ||f||Ig =
lex o fllz5 whenever kx o f is in Z5(D, X**).

We now study the structure of EIC,, as a normalized Bloch ideal.

Theorem 2.3 Let p € [1, 00). Then [EKP, kllf] is a Banach normalized Bloch ideal.
Moreover, the ideal [I’S’\Kp, KB is regular for the components g]cp D, X) whenever X
is reflexive.

Proof We first will prove that (E K, D, X), kllf ) satisfies the required properties when-
ever p € (1, 00). The another case follows similarly.
(NDLet f € Bx, (D, X) and let (x,) be a sequence in £, (X) such that rangz(f) <

p-conv(xy). It is clear that (1 — [z*) | f'@)| < )l for all z € D, and thus
f € B(D, X) with pp(f) < [[(xn)ll ,. Taking infimum over all such sequences (x;),
we deduce that pg(f) < k5(f).

We now claim that (I/S’\;Cp D, X), kf) is a normed space. Let f € g]C,, D, X).
glearly, kf(f) > 0. Suppose kf(f) = 0. Since pg(f) < kB(f) and pg is anorm on
B(D, X), it follows that f = 0.

Let A € C. It is clear that rangg(Lf) C p-conv(Ax,) and, therefore, A f €
By, (D, X) with kB(1f) < |75 (f). This implies that k5 (3. f) = 0 = [A| kB (f) for
A =0.If 1 # 0, one has K5 () < [x|7 k5 (1), therefore [A| K5 (f) < k5(3.f), and
so k51 f) = |3 KB(f).

Let f; € B;CP(ID), X) fori = 1,2. Taking K; = rangg(f;) withi = 1,2 in [12,
Lemma 3.1], we deduce that the set

K ={1 = 12D fi@+ (1 = wP) fiw): z,w € D}

is relatively p-compact in X with m,(K) < m,(K1) + m,(K3). Since rangg( f1 +
f2) € K. itfollows that fi + f> € Bic, (D, X) with kB(f1 + f2) < kB(f1) +kB(f2).

To show that the norm kf is complete on g;gp (D, X), we will prove that if (f;)
is a sequence in EKP (D, X) such that Zk? (fn) converges, then Y f, is conver-
gent in (B, (D, X), k). Since pg(f,) < k5(fy) if n € N and (B(D, X), pp) is
complete, we can find [ € g(D, X) for which pg(3_y_; fx — f) converges to 0 if
n — 0o. We claim that f € g}gp (D, X) and kf(f) < Z:il kf(f,,). Indeed, since
the sequence (rangg(f,)) consists of relatively p-compact subsets of X such that
> mp(rangg(fy)) = > kf(fn) converges, Lemma 3.1 in [12] assures that the series

anl (1 =12,1?) f (z) is absolutely convergent for any choice of points z,, € ID with
m € N, and the set

o
K=Y 0=lzufyzm): zm €D, meN

n=1

is relatively p-compact in X with m,(K) < > .2, m,(rangg(f,)). Clearly,
rangz(f) € K and this proves our claim. The previous proof can be applied to

W Birkhauser
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show that for every m € N, Y22 | f, € BIC (D, X) with kB (Xt fi) =
> ] p(fn) Hence,

ky (f - Zlf> =Y 1k,‘f(ﬁ»
n= n=m+

for every m € N, Eil\ld thus kf(f — >y fa) = Oasm — oo.

(N2) Let g in B(D) and x in X. Assume g # 0 and x # 0 (otherwise, there is
nothing to prove). Clearly, the sequence (x,), given by x1 = pp(g)x and x, = 0 for
alln > 2,isin £,(X) and rangg(g - x) € p-conv(x,). Therefore, g - x € B;Cp D, X)
and kf (g - x) < Ixw)ll, = pp(g) llxll. The reverse inequality follows immediately
from (N1). R R

(N3)Leth € H(D, D), T € L(X,Y) and f € Bx,(D, X). Clearly, T o foh €
HMD,Y) and (T o foh) =h"-(T o f oh). Let (x,) € £,(X) be for which
rangg(f) € p-conv(x,). For each z € ID, there is a sequence (a(Z)) € ng* such that

(I—=1z) () =Y la,(f)xn, and thus we have

(1 —zHn (2)

(1= 12T o foh)(z) = T((1 = h@IP f (h(2)))

1— |h(2)]?
A=1zPH @) . [ hiy
== - 27 "
= h@P (;“ )
=Y bPT (xa),
n=1

where

p — a- |Z|2)h/(z)a(h(z))

n € N).
L= |h@)F " ( )
By applying Pick—Schwarz Lemma, notice that
’ _ A - <1
p* 1 —|h(2)?

Therefore, T o foh € BK (D, Y) and kB(Tofoh) < T a)ll, < NN -
Taking infimum over all such sequences (x; ), we arrive ath(Tofoh) <|IT| kB(f)

(R) Assume that X is reflexive and_thus ¢ p(X*) = kx(£p(X)). Take f €
B(]D) X) and assume that kxy o f € B;C (D, X**) Let (x,) € £,(X) be with
rangg(kyx o f) € p-conv(ky(x,)). Itis clear thatrangg(kx o f) = KX(rangB(f)) and
p-conv(kx (x,)) = kx(p-conv(x,)). Hence kx (rangg(f)) < Kx(p—COHX(xn)) and
the injectivity of kx gives us that rangg(f) S p-conv(x,). Hence, f € By, (D, X)

) Birkhauser
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with K5 (f) < 1)1l = I (kx ()l . and so k5(f) < kB (kx o f) by taking infi-
mum over all such sequences (kx (x,)). The converse inequality follows from (N3).
O

The surjectivity of the ideal [gK,,, kff ] will be addressed later.

2.2 Mobius invariance

Let Aut(D) be the Mobius group of D. Every ¥ € Aut(D) is of the form ¢ = ty,
with 7 € T and a € D, where v,(z) = (a — z)/(1 — az) for all z € D.

A vector space A(D, X) of Bloch maps of D to X, with a seminorm p 4, is called
invariant by Mébius transformations whenever:

(i) There is a constant ¢ so that pg(f) < cp4(f) for any f € A(D, X),
(i) foy € A, X)with pg(foyr) = p4(f)forany f € A(D, X)andyr € Aut(D).
In the light of Theorem 2.3, BICp (D, X) satisfies the condition (i) above with ¢ = 1

and py = kllf . In order to prove (ii), note first that if f € H(D, X) and ¢ € Aut(D),
then 7 = f o ¢ holds that

v'(2)
[/ (2)]

(1= 1z () = A = [y @) f (¥ (2) (z € D).

Now, if f € BIC,, (D, X), let (x,) be a sequence in £,(X) so that rangp(f) <
p-conv(x,). Hence, for each z € D, we can find a sequence (a,(f)) in ng* (in B,
if p = 1) for which (1 — |z]?) f'(z) = >_°° a,(f)xn, and, consequently, one has

n=1

o0

- VO S w80
(1 =1zl )h(Z)_Iw’(z)IZa” =y b,

n=1 n=1

where

p@ = V'@ ey N).
S R

Consequently, 2 € Bic, (D, X) and k5 (h) < k5(f). Since ¥~! € Aut(D), the pre-
vious proof yields the converse inequality kf (< kf (h). In this way, we have the
following.

Theorem 2.4 By, (D, X) is Mobius-invariant for any p € [1, 00). O
2.3 Linearisation

Next result shows the good connection of the Bloch p-compactness of a map f in
B(D, X) and the p-compactness of its linearisation Sy in £L(G (D), X).
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Theorem 2.5 [fp € [1,00) and f € g(D, X), then f is p-compact Bloch if and only
if Sy G(D) — X is p-compact, which leads to kf(f) = k,(Sy). Further, the corre-
spondence f +— Sy is alinear isometry of(ng D, X), k,zf) onto (K,(G(D), X), kp).

Proof 1f € By, (D, X), then Sy € K,(G(D), X) and

kp(Sp) = mp(Sp(Bgmy)) < m,(@co(rangs(f))) = m,(ranggz(f)) = kj (f).
by applying the inclusion
Sf(Bgm)) = Sy(@co(Mp(D))) < aco(Sy(Mp(D))) = aco(rangs(f))

and that a set is p-compact in X if and only if its norm-closed absolutely convex hull
is p-compact with the same measure under m (iee [12, p. 1205]).
Conversely, if Sy € K, (G(D), X), then f € BIC,, (D, X) and

k,tf(f) = mp(rangp(f)) < mp(Sy(Bgm))) = kp(Sy),

in view of the inclusion

rangp(f) = Sy(MpD)) € Sy (Bgm))-

The final affirmation is obtained easily from Theorem 1.1. O

2.4 Factorization

We now prove that the derivatives of the members of the Bloch ideal g;cp can be
produced composing with the Banach operator ideal /C,.

Corollary 2.6 Let p € [1,00) and f € g(]DD, X). Then f is p-compact Bloch if and
only if there exist a complex Banach space Y, g € g(D, Y)and T € K,(Y, X) such
that f' = T o g'. In this case, kllf(f) = inf{k,(T)pp(g): f' =T og'}, anditisa
maximum for T = Sy and g =T.

Proof If f € g]cp(D, X), then f/ = Sgol, with Sy € K,(G(D), X) and I' €
H(D, G(D)) by applying Theorems 1.1 and 2.5. Also, the function 2: D — G(D)
given by

h(z) = / I'w) dw (zeD),
[0,z]

is Bloch with /'(z) = I'(z) forallz € D, h(0) = O and pg(h) = 1. Thus f' = Syoh’.

Further, inf {k,(T)p5(2)} < k,(Sp)pp(h) =Kk5(f).
Conversely, assume that f* = T o g as in the statement. Since g’ = S, o I by
Theorem 1.1, we have f' = T o Sg o I' and this gives Sy = T o §g, and hence

) Birkhauser
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Sp e ic,,(g@), X) since [KCp, kp]is aideal [18, Theorem 4.2]. By Theorem 2.5, we
get that f € Bi, (D, X) and

K5(F) = kp(Sp) < kp(T) | Sg| = kp(T)pB(2).

Passing to the infimum over all decompositions of f” gives kf (f) <inf{k,(T)pp(g)}.
O

From the factorization of p-compact operators established in [9, Proposition 2.9],
we next obtain that the derivative of a p-compact Bloch map can be represented as
a composition of three maps: the derivative of a compact Bloch map, a p-compact
operator from a quotient of £« to a separable space and a compact operator on this
last space.

Corollary 2.7 Let p € [1,00) and [ € B\(]]]), X). Then f is p-compact Bloch if and
only if there exist a closed subspace M in £« (cq instead of £y« if p = 1), a separable
Banach space Z, an operator T in K,({,« /M, Z), a map g in EK(D, Lpx/M) and
an operator S € K(Z, X) such that f' = S o T o g, in whose case k‘,[f(f) =
inf{|| S|l k,(T)pp(g)}, where the infimum is extended over all factorizations of f' as
above.

Proof Assume p € (1, 00). For p = 1, the proof is similar.

Suppose that f is in B, (D, X). By Theorem 2.5, Sy is in K,(G(D), X) with
kp(Sy) = kf(f). Applying [9, Proposition 2.9], for each ¢ > 0, there exist a
closed subspace M C £+ (co instead of £« if p = 1), a separable Banach space
Z, an operator T € K,(€,x/M, Z), an operator S € K(Z, X) and an operator
R € K(G(D), £+ /M) such that Sy = So T o Rwith [ S| kp(T) IRI < kp(Sy) +e.
Moreover, there exists g € Bic(ID, £,+/M) so that R = S, with pg(g) = ||R]l by
Theorem 2.5. Thus we obtain

f'=8Sfol'=8SoToRol'=S0ToS;0l=80Tog
with
IS1kp(T)p5(8) = IISI kp(T) IRl Skp(Sf)+8=k§(f)+8.

Since ¢ was arbitrary, we deduce that || S| k, (T)pp(g) < kB(f).

Conversely, suppose that f' = SoT og’is a factorization as in the statement. Since
SoT € Kp(lp/M, X), an application of Corollary 2.6 yields that f € B, (D, X)
with

kS (f) < kp(SoT)pp(g) < ISIky(T)pp(g),

and from this we infer that kf(f) <inf{|Sl k,(T)pp(g)} O
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2.5 Inclusion

Combining Theorem 2.5 with the fact that K, € K, whenever 1 < p < g < o
with k,(T) < k,(T) forall T € K, (see [18, Proposition 4.3]), we get the following
inclusions.

Corollary 2.8 Let p.q € [1,00) with p < q. Then Bx, (D, X) < By, (D, X) and
kg (f) < kG () forall f € By, D, X). o

According to [11, Definition 5.2], amap f € g(ID), X) has finite dimensional Bloch
rank if span(rangg(f)) is a finite dimensional subspace of X. We denote by B (D, X)
the set of all finite-rank Bloch maps f from D into X for which f(0) = 0. Notice that
B (D, X) is a vector subspace of g]gp (D, X) (apply [11, Theorem 5.7], [18, Theorem
4.2] and Theorem 2.5). We can enlarge this subspace with the following class of Bloch
maps.

Definition 2.9 A map f € E(ID), X) is called p-approximable with p € [1, 00) if we
can find a (f,) in B#(D, X) for which kllf(fn — f) —> 0asn — oo. Let pr(]D, X)
denote the space of all p-approximable Bloch maps of D into X for which f(0) = 0.

Corollary 2.10 B}p (D, X) € B, (D, X) for any p € [1, ).

Proof If f € éfp (D, X), we have a (f,) in B (D, X) for which kB(f, — f) — 0.
As Sj, € F(G(D), X) by [11, Theorem 5.7], F(G(D), X) < K,(G(D), X) by [18,
Theorem 4.2] and k,(Sy, — Sy) = kf(fn — f)if n € N by Theorems 1.1 and 2.5,

one obtains that Sy € K, (G(D), X) by [18, Theorem 4.2], thus f € EIC,, (D, X) from
Theorem 2.5. m|

2.6 Transposition

We now characterize p-compact Bloch maps in terms of their Bloch transposes.
Towards this end, let us recall (see [15]) that given p € [1,00),amap T € L(X,Y)
is quasi p-nuclear if we can find a (x;;) € £,(X*) for which

1

ad »
1Tl < (Z |x:;(x)|”) (x € X).

n=1

The linear space of such operators, denoted QN p(X,Y), is a Banach space with the
norm

o0

v AT =inf { ], 1Tl < (Z |x;';(x)}”> , ¥x e X

n=1

Moreover, the pair [ON s va] is an operator Banach ideal. In [7, Proposition 3.8],
it was stated that an operator 7 € K,(X,Y) if and only if its adjoint T* €
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QN ,(Y*, X*). Moreover, k,(T) = va(T*) by [9, Corollary 2.7]. The next result
presents the analogue in the Bloch setting.

Corollary 2.11 Let p € [1,00) and f € B, X). Then f:D — X is p-compact
Blochifandonlyif f': X* — B(D) is quasi p-nuclear. In this case, kB(f) = vQ(f ).

Proof Applying Theorem 2.5, [9, Corollary 2.7] and [15, p. 32], respectively, one has

f€Bx,D.X) & Sy e K,y(GD), X)
& (Sp)" € QN L (X™, G(D)")
& f1e QN (X*, BD)).

Moreover, K5 (f) = k,(Sp) = v2((Sp)*) = v2(f"). O
The Banach space of p-summing operators with 1 < p < 00, denoted by I1,, and

equipped with a natural norm 7 ,, appears involved in the following result. A complete
study of this Banach operator ideal may be found, for instance, in [16, 17.3].

Corollary 2.12 Let p € [1,00), f € B(D, X) and g € B(D, X*). Assume that S is
p-summing and g is compact Bloch. Then f'og is p-compact Bloch with k[lf(f’ og) <
7p(Sp)PB(8)-

Proof By Theorem 2.5, S, € K(G(ID), X*) with |[S,|| = pp5(g). Consequently, by [7,
Proposition3.13], (S)*0S, € K,(G(D), GD)*) withk,((S7)*0S,) < 7, (S)I1S,I-
Inviewof f70S, = A~ 1o(S)*0S,, the ideal property of [, k] yields that f’ oS, €
Ky (G, g(]D))) withk,(f" 0 Sg) = kp((Sf)* 0 Sg). From the equality f' oS, 0" =
flog = (f"og), one infers Spi, = f' oS, by Theorem 1.1. So f' o g €
Bx, (D, B(D)) with k5(f" o g) = k(S f10g) by Theorem 2.5. Furthermore,

kS (f'08) =kp(Spiog) = kp((Sp)* 0 Sp) < mp(Sp) |Se]| = 7p(S)pB(2).

O

Theorem 3.2 in [18] assures that p-compact operators are exactly those for which
their adjoints factor through a subspace of £,,. We now have a similar decomposition
for the Bloch transpose of a p-compact Bloch map (compare also to [7, Proposition
3.10]).

Corollary 2.13 Let p € [1,00) and f € g(D, X). Then f is p-compact Bloch if and
only if there exist a closed subspace M < €, and operators R € ON ,(X*, M) and
S € L(M, B(D)) such that f' = S o R.

Proof If f € fﬁ’k (D, X), we have Sy € ICp,(G(D), X) by Theorem 2.5. By [7, Propo-
sition 3.10], there exist a closed subspace M C ¢p and operators R e ON, (X7, * M)
and So € L(M, G(D)*) suchthat (Sy)* = SpoR. TaklngS A oSy e L(M, B(]D)))
we have [T = So R.

Conversely, assume ' = S o R, being S and R as in the statement. It follows that
(Sp)*=Ao ft =AoSoR,andso Sy € K,(G(D), X) by [7, Proposition 3.10].
Hence f € B;C (D, X) by Theorem 2.5 O
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2.7 Ideal surjectivity

This section deals with the surjectivity of the ideal [ng, kB1. We will first prove that
this ideal is surjective.

In the setting of operator ideals, for Banach spaces X, Y, Z, a normed operator
ideal [Z, ||| ;] is surjective if for every metric surjection Q € £(Z, X) andevery T €
L(X,Y),itfollowsfromToQ € Z(Z,Y)thatT € Z(X, Y) with || T ||z = ||T o Q|| 7.

Corollary 2.14 For p € [1, o0), the Banach normalized Bloch ideal [ka, k?] is
surjective.

Proof (S)Let f € E(]DD, X) and assume that form € EIC,, (D, X), where € ﬁ(}D), D)
and 7 is a metric surjection from G (D) into itself. By Theorem 1.1, Tol" = /- (I o).
As Syom € L(G(D), X) with

(Sfo??)oF=Sfo[7'r/'(l_‘07[)]=7'[/~[(SfoF)oTr]=7T'-(f’o7t)=(f07'r)/,

one has Syor = Sy o7 by Theorem 1.1. Since Sy o 7T = Syor € K,(G(D), X) by
Theorem 2.5 and the operator ideal [KC,, k] is surjective by [7, ProEpsition 3.11], one
has that Sy € K£,(G(D), X) and k,(Sy) = k,(Sy o). Thus f € B;Cp (D, X) and

KE(f) = kp(Sp) = kp(Sp o 7) = kp(Spor) = k5(f o)
by Theorem 2.5. o

We will now try to give a description of the surjective normed normalized Bloch
ideal [By,, k51.

Given a Banach space X and p € [1, 00), ﬂgeak(X ) denotes the Banach space of
all weakly p-summable sequences (x;) in X, endowed with the norm

1Ce) 1554 = sup (Df(xnnp) . f € By
n=1

For p € [1,00), T € L(X.,Y) is right p-nuclear if there are sequences (x,) €
E;Vfak(X*) and (y,) € £,(Y) such that T (x) = > o xF(x)y, forall x € X, where
the series converges in L(X, Y) (see [14]). The right p-nuclear norm of T is defined
by

weak
p*

v () =inf {|eh [ 101,

where the infimum extends over all representations of 7' as above. The set of such
operators, denoted N7 (X, Y), is a Banach space with the right p-nuclear norm.
The Bloch analogue of this class of operators can be introduced as follows.
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Definition 2.15 Amap f € B(]D> X) is called right p-nuclear Bloch with p € [1, 0c0)
if there exist sequences (g,,) in ZWC“k(B(D))and (xp)inf,(X)sothat f = Zn 1 8nXn

in (B(]D), X), pB). We will say that anl &n * Xp 1s a right p-nuclear Bloch represen-
tation of f. Define

v Bpy = inf (el Il |

with the infimum taken over all right p-nuclear Bloch representations of f. The set
of all right p-nuclear Bloch maps of D into X for which f(0) = 0 will be denoted by
B NP (ID), X ) .

Theorem 2.16 [ng, vPBY is a Banach normalized Bloch ideal for any p € [1, 00).

Proof (N1) Let f € gj\[p (D, X) and let anl gn - Xp be a right p-nuclear Bloch
representation of f. Itis clear that f'(z) = Z?,O: 1 &5 (2)xy for all z € D. For each z in
D, we have

(1 -zl >Z||gk(z>xk|| < (Z(l—m )" !gk(z>}”> (Z ||xk||1’>
k=1
(Z\(l —1ePyreen|” ) (Z ||xk||">
k=1

< NI I,

P

for all m € N. Hence,

A=z [ @) = =12P)" |en@xa] < 1 I3* G,

n=1

for all z € D, which gives pg(f) < ||(g,1)||§fak |(xn)l - Since the right p-nuclear

Bloch representation of f was arbitrary, we deduce that pp(f) < pPB (f). Mimicking
the proof of Theorem 5.25 in [8], we can prove that [E AP vPB ]is a Banach normalized
Bloch ideal.

(N2) Take g in B(]D)) and x in X. Clearly, g - x € BNP (]D) X) with v”B(g x) <
pB(g) ||x|| For the reverse inequality, apply that pg < vPB on B/\/p D, X) by (N1),
and that [B pr] is a normed normalized Bloch ideal by [11, Proposition 5.13].

(N3) Leth € ﬁ(]D), D), f € ng(D, X)and T € L(X,Y). Let) ,.,8n-Xnbea
right p-nuclear Bloch representation of f. We have -

(T ofoh— Z(gk oh)- T(xk)) (2)

k=1
T (f’(h(z)) - Zg,@(h@)xk) H

(1—1z»

= -z | @)

k=1
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< =@ IT]

‘ (f - & ~xk> (h(2) H

k=1

<71l ps (f - -xk)

k=1

for any z € D and n € N, by using Pick—Schwarz Lemma. Taking supremum over all
z € D, we obtain

P (Tofoh—Z(gkom : T(xk>) <7l p5 (f—ng -xk)

k=1 k=1

foralln € N. From this, T o foh = Z;’il(g,, oh)-T(x,)in (E(D, Y), oB), where
(gn 0 h) € L3N (B(D)) with

1
> o
I(gn o I = sup (Z |6 (gn 0 h)I7 )

P€Bgmx \n=1

= sup <Z|<¢och)(gn)|"*> = eI

PEBamy \n=1

and [(T (xp)Il, < IT N I(x) |l - Hence, T o foh € Bu» (D, Y) with
pB weak
vPP(T o foh) < 1@ =" ITI I xa)l

and so vPB(T o f o h) < ||T || vPB(f). o

A right p-nuclear Bloch map f of D into X with f(0) = 0 and its associate
linearisation Sy from G(DD) into X are related as follows.

Proposition 2.17 Let p € [1,00) and [ € g(]D, X). Then f: D — X is right
p-nuclear Bloch if and only if Sy: G(D) — X is right p-nuclear, in whose case,
vP(Sy) = UPB(f). Moreover, f +— Sy is a linear isometry from (ng D, X), va)
onto (NP(G(D), X), vP).

Proof Assume that f € B, Ar(D, X) and let )", gn - X, be aright p-nuclear Bloch
representation of f. By Theorem 1.1, there is a unique Sy € LG(ID), X) for which
Spoll=f ’. Analogously, for each n € N, we have a functional Se, € G(D)* with
[1Sg, | = pB(gn) and Sy, o' = g/,. Notice that Zj;xf Se, - Xn € L(G(D), X). Indeed,
given m € N, the Hahn—Banach Theorem guarantees that for each k € {1, ..., m},
there exists a functional ¢y € B@(D)* such that |¢x(gx)| = pr(gr) and, using the
Holder inequality, we have
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m m m
D Se x| =D 1Sell xel = pge) Il
k=1 k=1 k=1

1 1
:{meW)(ZMW>smmﬁme
k=1 k=1

We can write

00 o0 o0
f’=2g,’1'xn=2(5‘gnol—‘)'xn= (ngn ‘xn> ol
n=1

n=1 n=1

Hence, Sy = Y .,2, S, - X, by Theorem 1.1, where (S,,) € Z‘;’fak(g(D)*)

and also | (S,) jfak < @I}, Thus Sp € NP(G(D), X) with vP(Sy) <
||(g,1)||2’§?ak [(xn) |l - Passing to the infimum over all right p-nuclear Bloch repre-
sentation of f, we get that v/ (S7) < va(f).

Conversely, suppose that Sy € N?(G(D), X) and let Y, ¢, - x, be a right p-
nuclear representation of S y. By Theorem 1.1, for a natural n, we can take a gn € B (D)
for which A(g,) = ¢, with pg(g,) = ||¢n||. Therefore,

(f - & 'Xk) (2)

k=1

=1 -1z [ f@ =Y @

k=1

(1—z%

=1 — 1z [Sr(r) — Y Al (r)x

k=1
ﬂbkﬁ<%—2mwOM)
k=1
< =12 Sy =D dw- x| Iyl
k=1
=|Sr— Z¢k " Xk
k=1

for all z € D and n € N. Taking supremum over all z € D, we obtain

p5 (f—ng ‘xk> <
k=1

n
Sy — Z¢k - Xk
k=1

for all n € N. Hence, f = > 72 gy - X, in (B(D, X), p), where (g,) €
3R BMD)) with [[(ga) 15 < 1@ I, So f € Bpr (D, X) with vPB(f) <
(@) 15 )l and thus vPE(f) < vP(S).
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The last assertion in the statement follows easily from what was proved above and
from Theorem 1.1. O

Corollary 2.18 Ifp € [1,00)and f € ng(D, X), then f € B\;CP(D, X)andkf(f) <
vPB(p).

Proof From Proposition 2.17, one has Sy € N7(G(D), X) and VP (Sr) = v”B(f)
Thus, Sy € Kp(GD), X) and k,(Sy) < vP(Sy) (see [7,p.295]).So f € B;C D, X)
and k5 (f) < uPB (f) by Theorem 2.5. O

Inspired by operator ideal theory (see [16, Section 4.7]), we introduce:

Definition 2.19 Given a normed normalized Bloch ideal Ig , its suajective hull is the
smalleAst surjective normed normalized Bloch ideal which contains Z B ,and itis denoted
by (IB )sur.

We have seen above that the Banach normalized Bloch ideal (Z/S'\;Cp , kf ) is surjective

and contains B, A/p- Therefore, (B, AP)S C ka. It would be interesting to know if
this inclusion becomes an equality as it occurs (see [7, Proposition 3.11]) in the linear
setting.
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