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1. Introduction

Given a compact metric space (X, dx) and a complex Banach algebra (A, ||-|| 4), we denote by Lip(X, .A)
the complex Banach algebra of all Lipschitz maps F': X — A, under the norm

1Flls = [[Fllo + Lip(F),

where
[1Fllo =sup{[|[F ()]l 4 : v € X}
and
Lip(F):sup{%:x,yeX,x;«éy}.

Moreover, lip(X, .A) stands for the closed subalgebra of Lip(X, .A) formed by all those functions F' satisfying
the condition:
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1F(x) = F(y)ll4

<e
dX(xay)

Ve>0,30>0:z,ye X,0<dx(z,y) <=

The space Lip(X, .A) separates the points of X, but lip(X,.4) may contain only constant functions. In order
to avoid the triviality, we will only consider the algebras lip(X*,.A) with 0 < o < 1, where X denotes
the metric space (X, d% ). Also Lip(X, C) and lip(X®, C) are denoted by Lip(X) and lip(X®), respectively.
These algebras were introduced by Sherbert [22,23] with the name of Lipschitz algebras.

A continuous linear operator T of Lip(X,.A) into itself is said to be a local isometry if for every F €
Lip(X,.A), there exists a surjective linear isometry Tr of Lip(X,.A) (depending possibly on F') such that
Tr(F) = T(F). The operator T is an approzimate local isometry if for every F € Lip(X,.A), there exists a
sequence {Tr ., }nen of surjective linear isometries of Lip(X, .A) such that lim, oo Tk, (F) = T(F).

The isometry group of Lip(X, .A) is said to be algebraically reflexive (respectively, topologically reflexive)
if every local isometry (respectively, approximate local isometry) of Lip(X, .A) is a surjective isometry. The
algebraic and topological reflexivity for automorphism groups are similarly defined.

It is straightforward to verify that the topological reflexivity of an isometry group implies the algebraic
reflexivity of the group. The flexibility that approximate local isometries possess allows us to study the
reflexivity phenomena in a general context.

For a compact metric space X, the algebraic reflexivity of the isometry group and the automorphism
group of Lip(X, .A) has been studied for various Banach algebras: A = C [6,15,20]; A = M, (C), the algebra
of complex matrices of order n with the spectral norm, [5,20]; A = B(H), the algebra of bounded linear
operators on a separable complex Hilbert space H with the operator norm, [2,6]; and A = C(Y'), the algebra
of complex-valued continuous functions on a Hausdorff compact space Y with the supremum norm, [20].
Also the algebraic and topological reflexivity of some families of bounded linear operators on Lip(X, E) has
been studied in [3,4] for a smooth Banach space F.

Tt is proved in [20] that, if the isometry group of C(Y) is algebraically reflexive, then so is the isometry
group of Lip(X,C(Y)). Also in [16] the 2-algebraic reflexivity of the isometry group of Lip(X, F) is estab-
lished under some assumptions on X and E. The purpose of this note is to prove a topological-reflexivity
counterpart of these results: Lip(X,C(Y)) is topologically reflexive and 2-topologically reflexive whenever
C(Y) is topologically reflexive. There are compact Hausdorff spaces whose homeomorphism groups are com-
pact groups, or even the trivial groups ([1,12,18]). By the Banach—Stone theorem and a direct compactness
argument, we see that, for each such space Y, C(Y) is topologically reflexive and our theorem applies to
every such space Y.

The proof is based on the characterization of the isometries on Lip(X,C(Y)) as generalized weighted
composition operators. Given an approximate local isometry or an approximate 2-local isometry, we apply
a result of Hatori and Oi [10] and Izumi and Takagi [13] to recognize these maps as generalized weighted
composition operators, and conclude that they are indeed isometries.

This paper consists of three sections. Section 2 contains the necessary notation and some preliminary
results. For the proof of our main result in Section 4, we first need to prove in Section 3 that the set of linear
isometries of Lip(X) onto Lip(Y) is topologically reflexive and 2-topologically reflexive. We also show that
the sets of isometric reflections and generalized bi-circular projections of Lip(X) are both topologically re-
flexive and 2-topologically reflexive. We close both sections establishing analogous results for little Lipschitz
algebras lip(X®) and lip(X®, C(Y)) with « € (0,1).

2. Notation and preliminaries

We begin introducing some notation. As usual, T stands for the unit circle of C. For a set X, the symbols
Idx and 1x represent the identity function and the function with constant value 1 on X, respectively.
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Given two Hausdorff compact spaces X and Y, we denote

C(X,Y) = {f is a continuous map of X to Y},
Homeo(X,Y) = {f is a homeomorphism of X onto Y'}.

For two compact metric spaces X and Y, we denote

Lip(X,Y) = {f is a Lipschitz map of X to Y},
Iso(X,Y) = {f is an isometry of X onto Y},
Iso?(X) = {f is an isometry of X onto X such that f% = Idx} .

In particular, we write Iso(X) instead of Iso(X, X). Given a map ¢ € Lip(Y, X), we write ¢ for the compo-
sition operator from Lip(X) into Lip(Y") given by gg(f) = foaq.

Given a Banach space E, let us recall that an isometric reflection of E is a linear isometry T: E — E
such that T2 = Idg, and a generalized bi-circular projection of E is a linear projection P: E — E such that
P+ A\(Idg — P) is a linear surjective isometry for some A € T with A # 1.

For two Banach spaces E and F', we denote

B(E, F) = {T is a continuous linear operator of E to F'},
Iso(E, F) = {T is a linear isometry of F onto F'},

Iso?(E) = {T is an isometric reflection of E},

)=
GBP(FE) = {T is a generalized bi-circular projection of E}.

Complete descriptions of surjective linear isometries and algebra homomorphisms between Lip(X)-
algebras and also isometric reflections and generalized bi-circular projections of Lip(X) are known (see
[10,14,22,15]).

We now recall the concepts of reflexivity studied in this paper. Let £ and F' be Banach spaces and S be
a nonempty subset of B(FE, F'). We define the algebraic reflexive closure of S by

refag(S) ={T' € B(E,F):VYec E, 3T, € S|T.(e) =T(e)}
and the topological reflexive closure of S by
refiop(S) = {T € BB, F): Ve € B, 3{T,u}nen © S| lim To(e) = T(e) }
n o0

The set S is said to be algebraically reflexive (respectively, topologically reflexive) if refyy(S) = S (respec-
tively, refiop(S) = S).
Consider now the 2-algebraic reflexive closure of S, 2-ref,15(S), defined by

{AeFE:VeueE, 3T, €S| T.ule) = Ale), Teu(u) = Au)}
and the 2-topological reflexive closure of S, 2-refio,(S), given by

{A € FE:Ve,u € B, HTemtnen €S| lim Thun(e) = Ale), lim Thyn(u) = A(u)} .
n— oo

n—oo

We say that the set S is 2-algebraically reflexive (respectively, 2-topologically reflexive) if 2-refyo(S) = S
(respectively, 2-refi,(S) = S).
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We will also need some facts on algebras Lip(X,C(Y)). Given f € Lip(X) and g € C(Y), the function
f®g: X = C(Y) defined by

(fog)(z)=flr)g (veX)

belongs to Lip(X,C(Y)) with ||f @ gl = [Ifll 9]l and Lip(f ® g) = Lip(f) ||gl| .- It is known (see [13,
Proposition 2.3]) that Lip(X,C(Y)) is a semisimple unital commutative complex Banach algebra whose
unit is the map 1x ® 1y.

We will make use of the following representation of type BJ of surjective linear isometries between algebras
Lip(X,C(Y)), due to Hatori and Oi [10] (see also [8,9]). A Lipschitz map F € Lip(X,C(Y)) is identified
with a continuous function F: X x Y — C and F(z)(y) is written as F(z,y) for z € X, y € Y. Following
[11, Definition 2.6], a unital homomorphism 7': Lip(X;,C(Y1)) — Lip(X2, C(Y2)) is of type BJ if there exist
two maps 1 € C(Xs X Y3, X1) and ¢y € C(Ys, X3) such that

T(F)(z,y) = Fle1(7,y),02(y)  ((z,y) € X2 x Y2),

for all F' € Lip(X;,C(Y1)). Observe that 2 depends only on the second variable.
In what follows, given a map ¢ defined on X x Y, for each y € Y, we denote by ¢¥ the map given by
©¥(x) = p(z,y) for all x € X.

Theorem 1. [10, Corollary 14] Let X1, Xo be compact metric spaces and Y1,Ys be Hausdorff compact spaces.
A map T: Lip(X,,C(Y1)) = Lip(X2,C(Y2)) is a surjective linear isometry with respect to the norms ||-||s
if and only if there exist a function h € C(Y3,T), a map ¢ € C(Xa x Yo, X7) with ¢¥ € Iso(Xq, X;) for
each y € Yo and a map 7 € Homeo(Y3,Y7) such that

T(F)(z,y) = My)F(e(z,y), 7))  ((2,y) € Xz x V2),
for all F € Lip(X1,C(Y1)). O

The study of homomorphisms between algebras Lip(X,C(Y)) apparently began in the work [11] by
Hatori, Oi and Takagi. The first characterization of such maps appears in the paper [19] by Oi. We need
the following theorem by Izumi and Takagi [13] which improves [19, Theorem 1].

Theorem 2. [13, Theorem 1] Let X1, X2 be compact metric spaces and Y1,Ys be Hausdorff compact spaces.
If T is an algebra homomorphism from Lip(Xy, C(Y1)) to Lip(Xa, C(Y32)), then there exist a clopen subset
D C X3 x Y and two maps ¢ € C(D,X1) and 7 € C(D, Y1) with the properties (i) and (ii) below such that
T has the form:

_ ) Fle(z,y),7(x,y) if (x,y) €D,
T(F)(%y)—{o i () € (Xox Y)\D, (1)

for all F € Lip(Xy,C(Y1)).
(i) There exists a bound L > 0 such that if (z1,y), (x2,y) € D and x1 # xa, then

dy, (p(21,9), p(72,9))
dx, (xl, 552)

< L.

(ii) For any y € Y, there exists r > 0 such that the set DY = {x € X3: (z,y) € D} is a union of finitely
many disjoint clopen subsets V¥, ..., V,%’y of Xo such that Y is constant on V for i =1,...,n, and
dx,(VY, ij) > fori £ j. Here r is a positive constant independent of y.
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Conversely, if D, ¢ and T are given as above, then T defined by (1) is an algebra homomorphism from
Lip(X1,C(Y1)) to Lip(Xs, C(Y2)). Moreover, T is unital if and only if D = Xo x Yo. O

3. Topological reflexivity in Lip(X)-algebras

We first prove that every approximate local isometry from Lip(X) to Lip(Y) is a surjective isometry.
This improves Theorem 2.3 of [15] and Theorem 3.1 of [20]. Our proof consists of showing the equality
refyop (Iso(Lip(X), Lip(Y'))) = refaig(Iso(Lip(X), Lip(Y’))), from which the conclusion is derived by the alge-
braic reflexivity.

Theorem 3. Let X and Y be compact metric spaces. Then Iso(Lip(X), Lip(Y)) is topologically reflexive.

Proof. Let T' € refiop(Iso(Lip(X),Lip(Y))). Using [10, Corollary 15], for each f € Lip(X), there exist
sequences {Af,}nen in T and {¢fn}nen in Iso(Y, X) such that lim, ||)\fn¢/f\n(f) —T(f)||ls = 0. By
the compactness of X and the Arzeld-Ascoli theorem (see, for example, [7, Chapter XII]), the set Iso(Y, X),
endowed with the topology induced by the metric

d*(f.g9) =sup{d(f(y).9(y)): y €Y}

for bounded continuous maps f,g of Y into X, is compact. Together with the compactness of T, we
may assume that there are subsequences {Af ., tren and {¢sn, bren such that {A;,, tken — Ay and

{Ofny then — ¢y for some Ay € T and ¢ € Iso(Y, X). Hence limy o ||/\fnk@(f) — X0t (e =
0. By the definition of the norm |||y, we have limg o0 [|Afny @ fny (f) — T(f)|looc = 0, hence T'(f) =
/\fcz;(f) Therefore T belongs to ref,q(Iso(Lip(X), Lip(Y'))), and since it is known that Iso(Lip(X), Lip(Y"))
is algebraically reflexive, we conclude that T' € Iso(Lip(X),Lip(Y)). O

We now state the topological reflexivity of Iso? (Lip(X)) and GBP(Lip(X)). The next two results improve,
respectively, the conclusions obtained in Theorem 2.5 and Corollary 3.3. of [15].

Theorem 4. Let X be a compact metric space. Then Iso®(Lip(X)) is topologically reflexive.

Proof. We follow the idea of the proof of Theorem 3. Let T' € refiqp(Iso? (Lip(X))). By [15, Corollary 2.4],
for every f € Lip(X), there are two sequences {\;, }nen in {—1,1} and {¢f., }nen in Iso?(X) satisfying

P rabral$) =T, = 0.
We claim that Iso?(X) is compact in (C'(X, X),d"). Since (Iso(X),d*) is compact, it suffices to prove that
Iso?(X) is closed in (Iso(X),d"). Let {¢,}nen be a sequence in Iso®(X) and assume that dt(¢,,$) — 0
for some ¢ € Iso(X). Given x € X and € > 0, since ¢ is continuous and d(¢,(x), ¢(x)) — 0, we can take
no € N such that d¥(¢y, ¢) < €/2 and d(d(dn(x)), p*(x)) < €/2 for all n > ng. Then, for any n > ng, we
have

(97 (2), ¢*(2)) < d(dn(dn(2)), (dn(2))) + d($(¢n(2)), 9 (2)) <,

which yields d(¢2 (z), *(x)) — 0. Since ¢2(x) = x for all n € N, we deduce that ¢?(x) = x. Hence ¢* = Idx
and this proves our claim.
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Taking subsequences, we can suppose that [Af,, —A¢| = 0 and d* (¢¢p,,Pf) — 0 for some Af € {—1,1}
and ¢ € Iso?(X). Hence

A s ®pnic (F) = Ap b5 ()0 = 0.
Since the convergence in the norm || - ||g implies convergence in the norm || - ||o, we have
A fi@f.mi (F) = T(f)loo = 0.

Hence T(f) = )\f(z/ﬁ}(f). This shows that T' € ref,q(Iso®(Lip(X))), and since Iso*(Lip(X)) is algebraically
reflexive by [15, Theorem 2.5], we conclude that T € Iso®(Lip(X)). O

Corollary 1. Let X be a compact metric space. Then GBP(Lip(X)) is topologically reflexive.

Proof. Let P € refy,,(GBP(Lip(X))). By [15, Theorem 3.1], for every f € Lip(X), there are sequences
{Nfmtnen in {=1,1} and {¢.,}nen in Iso?*(X) such that

Jim 217+ Apalf 0 67)] = P(S)
Hence, for every f € Lip(X), we have

and so 2P — Idp;p(x) € refiop(Iso*(Lip(X))). Hence 2P — Idpy(x) € Iso’(Lip(X)) by Theorem 4, and
therefore P € GBP(Lip(X)). O

We also may apply Theorem 3 to study the 2-local reflexivity of the following three types of maps.

Corollary 2. Let X and Y be compact metric spaces. Then Iso(Lip(X),Lip(Y)), Iso?(Lip(X)) and
GBP(Lip(X)) are 2-topologically reflexive.

Proof. Let A € 2-refi,p(Iso(Lip(X),Lip(Y))). We will first prove that for each y € Y, the functional
Ay: Lip(X) — C defined by

Ay(f) =ANy)  (f €Lip(X)),

is linear. According to a spherical variant of the Kowalski-Stodkowski theorem [17, Proposition 3.2], it suffices
to show that A, is 1-homogeneous and satisfies that A, (f) — Ay(g) € To(f — g) for all f, g € Lip(X).

To prove the 1-homogeneity, let f € Lip(X) and § € C. Hence there exists a sequence {Tf g¢n}nen in
Iso(Lip(X), Lip(Y')) such that lim, o Tt fn(f) = A(f) and limy, o0 Tt gf.n(Bf) = A(Bf). Hence

ABf) = Tm Typpn(Bf) =B lim Ty ppn(f) = BA(S).

To check the spectral condition, let f,¢g € Lip(X). We can take sequences {Afgntneny in T and
{df,9.ntnen in Iso(Y, X) such that

Jim g gnf (1,00 () = A)(Y),

Tim Apgng(dr9n(y) = A9)(Y),
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and thus

Ay(f) = By(9) = 1 Apynlf = 9)(b1.0n()) € To(f ).

Since y was arbitrary in Y, we deduce that A is linear. Clearly, A € refiop(Iso(Lip(X),Lip(Y))), and
therefore A € Iso(Lip(X), Lip(Y)) by Theorem 3. This proves that Iso(Lip(X),Lip(Y)) is 2-topologically
reflexive.

A similar reasoning yields the 2-topological reflexivity of Iso?(Lip(X)). Indeed, let

A€ 2—reft0p(1502 (Lip(X))).

Since every T' € Iso?(Lip(X)) has the form T = A for some A € {#1} and ¢ € Iso®(X) (see [15, Corollary
2.4]), we may prove as above that A is linear. Hence A € refiop(Iso?(Lip(X))) and, by Theorem 4, we
conclude that A € Iso?(Lip(X)).

Using the 2-topological reflexivity of Iso?(Lip(X)) and that

Iso® (Lip(X)) = 2GBP(Lip(X)) — Idpip(x),
the 2-topological reflexivity of GBP(Lip(X)) is deduced easily. O

It should be mentioned that Oi [21] improved the above spherical variant of the Kowalski-Stodkowski the-
orem by obtaining the same conclusion under the weaker assumption “A,(0) = 0” than the 1-homogeneity.

In order to state the preceding results in the setting of little Lipschitz spaces, it is convenient to make
the following comment.

Remark 1. Theorem 1 (Corollary 14 of [10]) characterizes surjective linear isometries between Lip(X, C(Y"))
spaces and between lip(X*, C(Y)) spaces with 0 < a < 1.

[10, Corollary 15] and [15, Corollary 2.4 and Theorem 3.1] characterize surjective linear isometries,
isometric reflections and generalized bi-circular projections on the spaces Lip(X) and lip(X®).

By Remark 1, the same proofs of Theorems 3 and 4 and Corollaries 1 and 2, replacing the Lip-spaces by
the lip-spaces, yield the following result.

Theorem 5. Let X and Y be compact metric spaces and o € (0,1). The sets Iso(lip(X®),lip(Y?)),
Iso?(lip(X®)) and GBP(lip(X®)) are topologically reflexive and 2-topologically reflexive. O

4. Topological reflexivity in Lip(X,C(Y))-algebras

We establish the topological reflexivity of the isometry group between Lip(X,C(Y))-algebras when
Iso(C(Y")) is topologically reflexive.

Theorem 6. Let X1, X5 be compact metric spaces and Y1,Ys be Hausdorff compact spaces. Suppose that
Iso(C(Y1),C(Y2)) is topologically reflexive. Then Iso(Lip(Xy, C(Y1)), Lip(Xa, C(Y2))) is topologically reflex-
e.

Proof. Let T' be an approximate local isometry of Lip(X;,C(Y1)) to Lip(Xs2, C(Y2)). We will prove the
next claims to conclude that T has a representation as in Theorem 1, and so T € Iso(Lip(X1, C(Y1)),
Lip(X5, C(Y2))).
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Claim 1. For every F € Lip(Xy,C(Y1)), there exist three sequences {hpn}nen i C(Y2,T), {@Frn}tnen
in C(Xa x Y2,X1) such that, for each y € Ya, 901}]'“,71 € Iso(Xq,X1) for alln € N, and {Tpp}nen in
Homeo(Y3, Y1) satisfying that

lim hF,nF(@F,naTF,n) = T(F)

n—o0

Let F € Lip(X;,C(Y1)). Since T € refiop(Iso(Lip(X1, C(Y1)), Lip(X2, C(Y2)))), there is a sequence
{TFn}nen in Iso(Lip(X1, C(Y1)), Lip(X2, C(Y2))) such that

lim T, (F)=T(F).

n—oo

By Theorem 1, for each n € N there exist hp, € C(Y2, T), op, € C(X2 x Y3, X;1) with cp%’n € Iso(X2, X1)
for each y € Y2, and 75, € Homeo(Y2, Y1) such that

TF,n(G)(xa y) = hF,n(y)G(LpF,n(xa y)vTF,n(y)) (:B, y) S X2 X }/27
for all G € Lip(X1,C(Y1)), and the claim holds.
Claim 2. There ezists a function h € C(Y2, T) such that T(1x, ® ly,) = 1x, ® h.

Applying Claim 1 to F' = 1x, ® ly,, we deduce that

T(F)(z,y) = lm hpn(y)F(orn(z,y), Tra(y) = Um hp,(y)

n—o0 n—oo

for all (z,y) € Xa xYs. Since {hpp}tnen C C(Y2, T), it follows that |T'(F)(z,y)| = 1 for all (z,y) € XaXxYs.
Hence | T(F)(z)|l,, =1 for all x € X5 and thus ||T(F)||,, = 1. On the other hand, since

los lloo

IT(F)lls = lim [[hpnF(@rn, 70 ls = lim [ Fllg =1,

it follows that Lip(T(F)) = 0. Hence T'(F') is a constant function from X5 to C(Y2) and we conclude that
there exists a function h € C'(Y2, T') such that T(F) = 1x, ® h.

Claim 3. For each (x,y) € X» x Y3, the functional S, ) : Lip(X1,C(Y1)) — C defined by
Sta)(F) = My)T(F)(z,y)  (F € Lip(X1,C(Y1))),

is linear, unital and multiplicative.

Fix (x,y) € Xo x Y5. Since T is linear, so is S(, ). Clearly, S¢; ,)(1x, ® 1y;) = 1 by Claim 2. To prove

the multiplicativity of S consider the functional T(, ,y: Lip(X1,C(Y1)) — C given by

z,y)
Tioy)(F) =T(F)(x,y)  (F € Lip(Xy1,C(1))).
As T(,,y) is linear and, for all I’ € Lip(Xy,C(Y1)),
Twy) (F) = [T(F) (2, y)| < [[T(F)llo < ITE)ls = [1F]s

we deduce that T{, , is continuous. Take now any F' € Lip(X1,C(Y71)). We have

T B F(pr ) = T(E),
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with {hpntneN, {@Fntneny and {7p,tnen being sequences as in Claim 1. Since the convergence in the
Y-norm implies pointwise convergence, we infer that

Tiwy)(F) = T(F)(x,y) = lim hpn(y)F(ern(r,y), 7rn(y)) € To(F).

n—oo

Finally, an application of [17, Proposition 2.2] yields that Sy ) = T(2,)(1x, ® 1y;)T(s,y) is multiplicative.

Claim 4. There exist two maps ¢ € C(Xa X Y2, X1), with ¢¥ € Lip(Xa, X1) for each y € Yo, and 7 €
C (X2 x Ya,Y7) such that

T(F)(z,y) = h(y)F(e(@,y),7(z,y))  ((z,y) € X2 x Y2),
for all F € Lip(X1, C(Y1)).
Using Claim 3, it is easily deduced that S: Lip(Xy, C(Y1)) — Lip(Xa2, C(Y2)), defined by
S(F)(a,y) = R T(F)(z,y)  ((v,y) € Xa x Ya, F € Lip(X1,C(¥1)),

is a unital algebra homomorphism. By Theorem 2, there exist two maps ¢ € C(X3 x Y3, X1), with ¢¥ €
Lip(Xs, X;) for each y € Y3, and 7 € C(X3 X Y3,Y7) such that

S(F)(x,y) = Fe(z,y),7(x,y))  ((z,y) € X2 xY3),
for all F' € Lip(X;,C(Y1)).
Claim 5. For each y € Ya, oY € Iso(Xs, X1).
Fix y € Y, and define T),: Lip(X;) — Lip(X2) by
Ty(N)(x) =T(f @1yv)(z,y) (v € Xy, f € Lip(Xy)).
By Claim 4, we have

T, (f)(x) = h(y) f(p(z,y)) = h(y) (¥’ (x))  (x € Xy, f € Lip(X1)).

Clearly, T, € B(Lip(X1),Lip(X2)) with || T,(f)ll,, < [[fll and Lip(Ty(f)) < Lip(f)Lip(¢¥) for all
f € Lip(X1). By Claim 1, for every f € Lip(X1), there exist three sequences {hfg1y, n}nen in C(Ya, T),
{¢fo1y, minen in C(Xa x Yo, X;) with 90?;“®1Y17n € Iso(Xa, X1) for all n € N, and {7fg1y, n}nen in
Homeo(Y2, Y1) such that

nll_}II;o hf®1yl,n(f ® 1Y1)(<Pf®1y1 o TfR1y, JL) = T(f ® 1Y1)'
Consequently, we obtain
nh_)ngo h‘f@lyl ,n(y)(f © SD?®1Y1 7n) = Ty(f)
For each n € N, define T}, ¢ ,,: Lip(X1) — Lip(X2) by

Ty.n(9) = hory, n(W)(9° Vg1, ) (9 € Lip(X1)).
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Since hyg1y, n(y) € T and gogj’f@lyl’n € Iso(X2,X1), notice that Ty f, € Iso(Lip(X;),Lip(X2)) by
[10, Corollary 15]. Therefore T, is an approximate local isometry of Lip(X;) to Lip(Xs2). Hence T, €
Iso(Lip(X1),Lip(X2)) by Theorem 3. By [10, Corollary 15] again, we can find a number oy, € T and a map
¢y € Iso(Xo, X1) such that

T, (f)(x) = ayf(dy(x))  (x € Xy, f € Lip(X1)).
In addition, ay = T,(1x,)(x) = h(y) where z is any point in X5, and thus
Ty(f)(x) = M) f(dy(2)) (v € Xz, [ € Lip(X1)).

Therefore we can write

h(y)f (¥ (x) = Ty (F)(x) = h(y)f(dy(x))  (z € Xy, f € Lip(Xy)).

Since Lip(X7) separates the points of X7, we conclude that

() = dy(z) (2 € Xy)
and so p¥ = ¢, € Iso(Xs, X1), as required.
Claim 6. There exists a map 3 € Homeo(Y2,Y1) such that

Bly) =7(x,y)  (y€Ya),
where x is any point of Xs.

Let z € X5 be fixed and define T,: C(Y1) — C(Y3) by
Te(9)(y) =T(lx, @ g)(x,y)  (y € Ya, g€ C(N1)).
Claim 4 yields
To(9)(y) = h(y)g(r(z,y))  (y € Y2, g € C(V1)).

Clearly, T,, € B(C(Y1),C(Y2)). For each g € C(Y7), Claim 1 asserts the existence of three sequences

{hlxl®g,n}n€N in C(}/Q,T), {@1X1®g,n}n€N in C(XQ X }/27X1) and {Tlx1®g,n}n€N in Homeo(Y2a}/1) for
which

lim h1x1®g,n(1X1 ®9)(‘P1x1®g’n77—1xl ggn) =T(lx, ® g).

n—oo
Therefore we have
nh_{I;O h1x1®g,n(9 © Tlx1®g,n) =T.(9)
with respect to the norm || - ||c on C(Y2). In particular T; does not depend on x. For each n € N, define

Tg,n: C(Yl) — C(Yg) by

Tyn(f) = hix, 090 (f © Tix, @gn) (f e C(M1)).
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Since hiy, @g,n € C(Ys, T) and Tix, ®gn € Homeo(Y2,Y1), Ty, € Iso(C(Y1),C(Y2)). Hence T, is an approx-
imate local isometry of C(Y7) to C(Y2). By hypothesis, it follows that T, € Iso(C(Y7),C(Y3)). Now, the
Banach—Stone theorem provides a function o € C (Y2, T) and a map 8 € Homeo(Y2, Y1) such that

T:(9)(y) = a(y)g(B(y))  (y € Yo, g € C(Y1)).

In fact, a(y) = Tx(1y;)(y) = h(y) for all y € Ys, and therefore

T (9)(y) = h(y)g(B(y))  (y € Ya, g € C(Y1)).

h(y)9(B(y)) = Tx(9)(y) = h(y)g(t(x,y)) (g9 € C(Y1), y € Ya).

Since C(Y7) separates the points of Y7, we infer that

Bly) =7(z,y)  (yeYa)
This proves Claim 6. Now, the proof of Theorem 6 is complete. O

A proof similar to that of Corollary 2 but applying now Theorem 6 instead of Theorem 3 gives the
following.

Corollary 3. Let X1, Xo be compact metric spaces and Y1,Y> be Hausdorff compact spaces. Suppose that
Iso(C(Y1),C(Y2)) is topologically reflexive. Then Iso(Lip(Xy,C(Y1)), Lip(Xa, C(Y2))) is 2-topologically re-
flexive. 0O

Proof. Let A € 2-refio,(Iso(Lip(Xy, C(Y1)), Lip(X2, C(Y2)))). For each (z,y) € X2 x Y3, we claim that the
functional A, ,y: Lip(X1,C(Y1)) — C defined by

Ay (F) = A(F)(z,y)  (F € Lip(Xy,C(Y1))),
is linear. By [17, Proposition 3.2], it is sufficient to check that A(, ,y is 1-homogeneous and
A(%y)(F) — A(%y)(G) € TJ(F — G), VF,G € Lip(Xl, C(Yl))

Both properties of A, ,) can be proved as in the proof of Corollary 2 for A,. This proves our claim. By
the arbitrariness of (z,y), we infer that A is linear. Consequently,

A € refyop (Iso(Lip(X1, C(Y1)), Lip(Xe, C(Y2)))).
Hence A € Iso(Lip(X1, C(Y1)), Lip(X2, C(Y2))) by Theorem 6, and this finishes the proof. O

In the proof of Theorem 6, we have used Theorems 1, 2 and 3. Note that Theorem 1 is also valid for
surjective linear isometries between lip(X*, C(Y")) spaces (see Remark 1), Theorem 2 can be established with
an analogous proof for algebra homomorphisms between such spaces lip(X*, C(Y)), and, finally, Theorem 5
shows that the same conclusion as that of Theorem 3 holds for lip(X®)-spaces. Hence a proof similar to that
of Theorem 6 yields the topological reflexivity of the isometry group between the spaces lip((X1)%, C(Y7))
and lip((X2)%, C(Y2)). Using this fact, it is deduced the 2-topological reflexivity of this isometry group in
the same way as that of the proof of Corollary 3. Thus we have the following result.
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Theorem 7. Let X1, X5 be compact metric spaces, o € (0,1) and Y1,Ys be Hausdorff compact spaces. Suppose
that Iso(C(Y71), C(Y2)) is topologically reflexive. Then the set

Iso(lip((X1)®, C(Y1)), lip((X2)*, C(Y2)))
is topologically reflexive and 2-topologically reflexive. 0O
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