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A.B.J. Kuijlaars, A. Martinez-Finkelshtein, and F. Wielonsky

Abstract

We study a model of n non-intersecting squared Bessel processes in the confluent case:
all paths start at time ¢ = 0 at the same positive value x = a, remain positive, and are
conditioned to end at time ¢t = T at x = 0. In the limit n — oo, after appropriate rescaling,
the paths fill out a region in the tx-plane that we describe explicitly. In particular, the
paths initially stay away from the hard edge at x = 0, but at a certain critical time ¢* the
smallest paths hit the hard edge and from then on are stuck to it. For ¢ # t* we obtain the
usual scaling limits from random matrix theory, namely the sine, Airy, and Bessel kernels.
A key fact is that the positions of the paths at any time ¢ constitute a multiple orthogonal
polynomial ensemble, corresponding to a system of two modified Bessel-type weights. As
a consequence, there is a 3 x 3 matrix valued Riemann-Hilbert problem characterizing this
model, that we analyze in the large n limit using the Deift-Zhou steepest descent method.
There are some novel ingredients in the Riemann-Hilbert analysis that are of independent
interest.

1 Introduction

Determinantal point processes are of considerable current interest in probability theory and
mathematical physics, since they arise naturally in random matrix theory, non-intersecting
paths, certain combinatorial and stochastic growth models and representation theory of large
groups, see e.g. Deift [22], Johansson [31], Katori and Tanemura [37], Borodin and Olshanski
[11], and many other papers cited therein. See also the surveys of Soshnikov [49], Konig [3§],
Hough et al. [30], and Johansson [32].

A determinantal point process is characterized by a correlation kernel K such that for
every m the m-point correlation function (or joint intensities) takes the determinantal form

det [K (x5, xk)]j7k:1,...7m

We will only consider determinantal point processes on R.

As pointed out by Borodin [9] certain determinantal point processes arise as biorthogonal
ensembles, i.e., joint probability density functions on R™ of the form

1
P(ar,..,zn) = —det[fi(@r)ljp=,...n detlg; ()] p=1,..n (1.1)
for certain given functions fi,..., fu, and g1, ..., gn. The correlation kernel is then given by
K(z,y) =Y ¢j(x)v;(y) (1.2)
j=1
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where ¢;, ¥;, j = 1,...,n are such that

Span{(bh e 7¢n} = Span{f17 e 7fn}7 Span{wla cee 71/}71} = Span{gla cee 7gn}

and they have the biorthogonality property

/ b3 (2)0r(x) do = 8.
R

The joint probability distribution function for the eigenvalues of unitary invariant ensem-
bles of random Hermitian matrices (1/Z,)e™ T"V(M) @M has the form (L) where

fi(x) = gj(z) = gi—temaV(@), j=12,...,n. (1.3)

Orthogonalizing the functions (L3]) leads to

pj(x) = 1pj(x) = pj—l(x)e_%v(x), j=1,2,...,n,

where p;_1 is the orthonormal polynomial of degree j — 1 with respect to the weight e V@)
on R. The kernel (2) is then the orthogonal polynomial kernel, also called the Christoffel-
Darboux kernel because of the Christoffel-Darboux formula for orthogonal polynomials, and
the ensemble is called an orthogonal polynomial ensemble [38].

Other examples for biorthogonal ensembles arise in the context of non-intersecting paths
as follows. Consider a one-dimensional diffusion process X(¢) (i.e., a strong Markov process
on R with continuous sample paths) with transition probability functions p(z,y), t > 0,
x,y € R. Take n independent copies X;(t), j = 1,...,n, conditioned so that

e X;(0) =aj, X;(T) = b;, where T' > 0, and a1 < ag < --- < ap, by < by < --- < b, are
given values,

e the paths do not intersect for 0 <t < T.

It then follows from a remarkable theorem of Karlin and McGregor [33] that the positions of
the paths at any given time ¢ € (0,7") have the joint probability density (I.I]) with functions

fj(x) = pt(aj7x)7 93(117) = pT_t(ﬂj,bj), j = 1, e, N

[Properly speaking the joint probability density function is first defined for ordered n-tuples
x1 < g < -+ < xp only. It is extended in a symmetric way to all of R™.]

An important feature of determinantal point processes is that they seem to have universal
limits. By now, this is well-established for the eigenvalue distributions of unitary random
matrix ensembles. Indeed if K, is the eigenvalue correlation kernel for the random matrix
ensemble (note the n-dependence of the potential)

NLG_“TrV(M)dM
Zn,

then we have under mild assumptions on V' that

lim lKn(x,ﬂtz) =: p(x)

n—oo N



exists. In addition if V' is real analytic, and if 2* is in the bulk of the spectrum (i.e., p(z*) > 0),
then (see [24])
_ 1 . x . y sin(x — y)
i o (5 e ) = e )
Universality of local eigenvalue statistics is expressed by (L4)) in the sense that the sine kernel
arises as the limit regardless of V' and z*. The universality (L)) is extended in many ways
and (as its name suggests) under very mild assumptions (see the recent works [43], [44]).

The limit (T4) does not hold at special points z* of the spectrum where p(z*) = 0.
However it turns out that K, has scaling limits at such special points that are determined by
the macroscopic nature of z*, and in that sense they are again universal (see e.g. [14], [15] 16,
17, 23)).

It is reasonable to expect that such universal limit results hold generically for non-
intersecting paths as well, although results are more sparse. For recent progress related
to discrete random walks, random tilings and random matrices with external source see
3. 1, 5, 6, 7, B, 7, [50].

It is the aim of this paper to study a model of n non-intersecting squared Bessel processes
in the limit n — oco. Recall that if {X(¢) : ¢ > 0} is a d-dimensional Brownian motion, then
the diffusion process

R(t) = |X(®)l2 = VX1 ()2 + - + Xa(t)2, 20,

(1.4)

is the Bessel process with parameter a = % — 1, while R?(t) is the squared Bessel process
usually denoted by BESQY (see e.g. [34, Ch. 7], [39]). These are an important family of
diffusion processes which have applications in finance and other areas. The well known Cox-
Ingersoll-Ross (CIR) model in finance describing the short term evolution of interest rates
or different models of the growth optimal portfolio (GOP) represent important examples of
squared Bessel processes [29] [48]. The Bessel process R(t) for d = 1 reduces to the Brownian
motion reflected at the origin, while for d = 3 it is connected with the Brownian motion
absorbed at the origin [36, [37].

A system of n particles performing BESQ? conditioned never to collide with each other
and conditioned to start and end at the origin, can be realized as a process of eigenvalues of
a hermitian matrix-valued diffusion process, known as the chiral or Laguerre ensemble, see
e.g. [27, 35, B9, [51] and below. In this paper we consider the case where all particles start at
the same positive value a > 0 and end at 0. Of particular interest here is the interaction of
the non-intersecting paths with the hard edge at 0. Due to the nature of the squared Bessel
process, the paths starting at a positive value remain positive, but they are conditioned to
end at time T at 0. After appropriate rescaling we will see that in the limit n — oo the
paths fill out a region in the tx-plane. The paths start at ¢t = 0 and initially stay away from
the hard edge at x = 0. At a certain critical time the smallest paths hit the hard edge and
from then on are stuck to it. The phase transition at the critical time is a new feature of the
present model. It is a new soft-to-hard edge transition.

We are able to analyze the model in great detail since in the confluent case the biorthogonal
ensemble reduces to a multiple orthogonal polynomial ensemble, as we will show in Subsection
below. The correlation kernel for the multiple orthogonal polynomial ensemble is expressed
via a 3 x 3 matrix-valued Riemann-Hilbert (RH) problem [6] 20].

We analyze the RH problem in the large n limit using the Deift-Zhou steepest descent
method for RH problems [26]. There are some novel ingredients in our analysis which we



feel are of independent interest. First of all, there is a first preliminary transformation which
makes use of the explicit structure of the RH jump matrix. It contains the modified Bessel
functions I, and I,y1 and we use the explicit properties of Bessel functions. A result of the
first transformation is that a jump is created on the negative real axis, see Section Bl

The multiple orthogonal polynomials for modified Bessel functions were studied before
by Coussement and Van Assche [I8] [19]. We use their results to make an ansatz about an
underlying Riemann surface that allows us to define the second transformation in the steepest
descent analysis in Section dl The use of the Riemann surface is similar to what is done in
[7, [42]. In the appendix we mention an alternative approach via equilibrium measures and
associated g-functions. The further steps in the RH analysis follow the general scheme laid
out by Deift et al. [24], 25] in the context of orthogonal polynomials. An important feature of
the present situation is that there is an unbounded cut along the negative real axis and we
have to deal with this technical issue in the construction of the global parametrix in Section
The construction of the local parametrices at the hard edge 0 also presents a new technical
issue, see Section Bl

The main results of the paper are stated in the next section.

2 Statement of results

2.1 Squared Bessel processes

The transition probability density of a squared Bessel process with parameter o > —1 is given

by (see [12}139])

o 1 a2 VY
yZ (x,y) = 2_t <%> € ( +y)/(2t)la <T> ) T,y > 07 (21)

«

(o7 — Y —y/(2t) 2.9
Py (07y) (2t)a+1f(a + 1)6 ) Yy > 07 ( . )

where I, denotes the modified Bessel function of the first kind of order «,

> 2k+a
Lx) =Y P 23)
— E'T(k+a+1)
see [II Section 9.6] for the main properties of the modified Bessel functions. If d = 2(a+1) is
an integer, then the squared Bessel process can be seen as the square of the distance to the
origin of a d-dimensional standard Brownian motion.
If the starting points a; and the endpoints b; are all different, then (as explained in the
introduction) the positions of the paths at a fixed time ¢t € (0,7") have a joint probability
density

1
Pri(x1,...,2,) = 7 det [pf'(aj, xk)]; = ., det [p%—t(xj7bk)]j7k:1,,,,7n’
n,

where Z,, ; is the normalization constant such that

/ 'Pn,t(l‘l,...,l'n)d$1"'dl‘n =1.
(0,00)™



This is a biorthogonal ensemble (LI]) with functions

fi(x) = pi(aj, ),  gj(x) = pT_4(,b;).

We are going to take the confluent limit a; — a > 0, and b; — 0. Then the biorthogonal
ensemble structure is preserved. In our first result we identify the functions f; and g; for this
situation.

Proposition 2.1. In the confluent limit a; — a >0, b; — 0, j = 1,...,n, the positions of
the non-intersecting squared Bessel paths at time t € (0,T) are a biorthogonal ensemble with
functions

f2j—1($) :xj_lp?(a’x)v J = 17"')”1 = [n/2—|7
bi(z) = 201 (a, 1), i=1,...,n2:=n—nq,
J t J
gi(x) =2l e T, =1 n (2.6)
Proof. In the confluent limit a; — a, the linear space spanned by the functions y — pf*(a;,y),
j=1,...,n, tends to the linear space spanned by
o=t ‘
Y= b (a,y), J=1...,n (2.7)
Using the differential relations satisfied by the transition probabilities, (see e.g. [I] or [18,[19]):
9 « 1 a+1 «
2P (@ y) = 5 (08 (2, y) — P (2, y)),
roopi T (2,y) = vk (2,y) — (ﬂ o+t 1) Py (2, y),

it is easily shown inductively, that the linear span of (Z7)) is the same as the linear space

spanned by

yy pay),  j=1,...,m,

y—y ot ay), =1
which are exactly the functions in (24]), (Z3).
Next, the linear space spanned by the functions « — p_,(x,b;), j = 1,...,n, tends in
the confluent limit b; — 0 to the linear space spanned by the functions
€ = W [Z/ PT—t(%ZD] |y:0- (2-8)
By 1) and (23] we have that
1 c- (zy)"*
—apa - = (@ry)/T-)
v (T 9) = G e kz_o KIT(k +a+ 1)(2(T — 1))

which is an entire function in y of the form

[ee]
yOPF_i(w,y) =€ 2T > Py(a)y”
k=0
where each Py (x) is a polynomial in x of exact degree k. Thus the linear space spanned by the
functions (Z.8)) is equal to the linear space spanned by the functions (Z8l), which completes
the proof of the proposition. O



Remark 2.2. In the next subsection we will see how Proposition 2.1] allows us to identify
the ensemble of non-intersecting squared Bessel paths at any time ¢t € (0,7") as a multiple
orthogonal polynomial ensemble. For the transition probability density of the (non-squared)
Bessel process the calculations as in the proof of Proposition [2.1] would not work and in
fact the positions of non-intersecting Bessel paths are not a multiple orthogonal polynomial
ensemble. This is the reason why we concentrate on squared Bessel paths.

Of course, by taking square roots we can transplant results on non-intersecting squared
Bessel paths to non-intersecting Bessel paths, see Remark below.

2.2 Multiple orthogonal polynomial ensemble

According to Proposition 2] the biorthogonal ensemble in the confluent case is an example of
what we call a multiple orthogonal polynomial ensemble. A multiple orthogonal polynomial
ensemble in general may involve an arbitrary number of weights and an arbitrary multi-
index, but we will discuss here the case of weight functions Wy, w1, ws and a multi-index
(n1,n2) where n; +ny = n and n; = [n/2]. We take functions

foj1(x) = a7 0y (2),  foj(x) = 27 a(x)
and '
gj(x) = x]_lﬁo(x), ji=1,....n,

and we use these functions for a biorthogonal ensemble (II]). Note that in the squared Bessel
case, we have by Proposition 2.l and (2.1]) that (where we drop irrelevant constants)

Oy (x) = 2275 1, <M> (2.9)

t

t
@o(z) = e 2T (2.11)

Wy(x) = a2~ 1, (M) (2.10)

The biorthogonalization process leads to bases ¢;, v;, 7 = 1,...,n, and we may take them
so that

¢j(z) = Aj_1a(x)wr(z) + Ajm12(x)02(x),  Pi(x) = Bj—1(z)Wo(z),

where A;_; 1 and A;_; 2 are polynomials of degrees [(j —1)/2] and |(j —1)/2], respectively,
and B;_; is a monic polynomial of degree j — 1. The biorthogonality property is

/ (Ajwi(x) + Ajowa(x)) Bi(x) de = 0, jk=0,...,n—1, (2.12)
where we have put

wi () = wo(x)w (z), wa(x) = wo(x)ws(x). (2.13)

The polynomials A;; and A;» satisfying (2I2]) are called multiple orthogonal polynomials
of type I and the polynomials By are called multiple orthogonal polynomials of type II. The
correlation kernel

|
—_

n

En(,y) =Y dj(@)i(y) = Y (At () + Aj22(x)) Bj(y)@o(y)
j=1

<.
Il
o



is called a multiple orthogonal polynomial kernel. We will use the equivalent form (it is
equivalent since it gives rise to the same m-point correlation functions)

Kalep) = SUDRalo) = Y (Aan () + Aaun0) Bily) - (214)

j=1
which has a characterization through a RH problem, [6] 20]

K, (z,y) =

1
m(o w1 (y) wQ(y))Y_l__l(y)Y_,_(x) 8

where Y is a solution of the following 3 x 3 matrix valued RH problem.
1. Y is analytic in C\ R.

2. On the real axis, Y possesses continuous boundary values Y (from the upper half plane)
and Y_ (from the lower half plane), and

1 wi(z) we(x)
Yi(x)=Y_(z) |0 1 0 , z €R. (2.15)
0 0 1

3. Y(z) has the following behavior at infinity:

1 2™ 0 0
Y(2)= <I+ (@) <—>> 0 z=m™m 0 , z—o00, ze€C\R (2.16)
z —nn
0 0 z7m2

If the weight functions are not defined on the whole real line (as it will be for the non-
intersecting squared Bessel paths: the case of interest in this paper), we have to supplement
the RH problem with appropriate conditions at the endpoints. The RH problem is an exten-
sion of the RH problem for orthogonal polynomials of Fokas, Its, and Kitaev [28] to multiple
orthogonal polynomials due to Van Assche et al. [52].

In this paper we have by ([29), 210), [2.11]), and 2I3])

wi(e) = exp <‘2t<§x— t>> fo (?) ’

wo(x) = plet)/2 exp (—%) Tot1 <@> .

(2.17)

The weights are defined on [0, 00) so that the jump condition ([ZI5) only holds for z € Ry,
and the RH problem (2I7]), (2.16)) is supplemented with the following endpoint condition.

4. Y (z) has the following behavior near the origin, as z — 0, z € C\ Ry,

1 h(z) 1 |z|%,  if —-1<a<0,
Y(2)=0 |1 h(z) 1|, with h(z) =1 loglz|, if a=0, (2.18)
1 h(z) 1 1, if 0<a.

The O condition in (2.I8]) is to be taken entrywise.



2.3 Multiple orthogonal polynomials for modified Bessel weights

We are fortunate that the multiple orthogonal polynomials associated with the weights (217
were studied before by Coussement and Van Assche [18,[19]. They showed that all polynomials
Aj1, Ajo and By, exist so that the above RH problem has a unique solution and

detY(z) =1, for z € C\ Ry

In addition By satisfies interesting recurrence and differential relations which they were able
to identify explicitly.
The type II multiple orthogonal polynomials By, satisfy a four term recurrence relation

rBi(z) = Biy1(x) + by Bi(z) + ek Bp—1(x) + di By—2()

with recurrence coefficients that are obtained from [19, Theorem 9] after appropriate rescaling
and identification of parameters

a(T —t)*  2¢(T —t)

— 2 1

br 7t 2k +a+1),
4at(T —t)3  42(T —t)?

ck = T3 k+ T2 k(k+ o),
4at*(T —t)4

dy, = ——r——k(k —1).

In addition y = B,, is a solution of the third order differential equation [19, Theorem 11]

Tx
" _ 2 ) o
xy +< t(T—t)+a+ >y
T2 m—a—2)T a) , nT?
- — ———y=0. (2.19
+<4t2(T—t)2$+ 2U(T — 1) 4t2>y 42T — )27 (2.19)

2.4 Time scaling and large n limit

We want to analyze the kernel K, from (2I4]) in the large n limit. To obtain interesting
results, we make the time variable depend on the number n of paths. Hence, we rescale the
time in an appropriate way, namely we replace the variables ¢ and T

so that 0 < ¢ < 1. Thus, the system of weights (ZI7]) now becomes n-dependent

w1<x>:w1,n<x>:x“/2exp<— n )I(znr)

t1—1) t (2.20)
w3(z) = wan(x) = 2@/ exp (—%) T (2"{7’ ) |

Alternatively, we could have performed space scaling, putting 7' = 1 and replacing the position
variable x with 2nx and the starting position a with 2na.



After the change of time parameters ¢ — t/(2n), T +— 1/(2n) the differential equation
(ZI9) turns into (with z replaced by z)

)+ (24 ) - 25 ) )

n?z ntn—a—2) an?\ , .
i <t2(1 —t)? " (t(l —t) - t—2> y(z) - my@) =0, (2.21)

Expressing (Z.2I]) in terms of the scaled logarithmic derivative { = ¢'/(ny) and keeping only
the dominant terms with respect to n as n — oo, we arrive at the algebraic equation for

¢ =((2),

2z z 1 a 1
3 2
— — = (- = 2.22
% 1&(1—1&)C +<t2(1—t)2+t(1—t) t2>c t2(1 —t)? 0 (222)
which will play a central role in what follows. By solving for z, it may be written as
1 -
z= ke kE=(1—-1t)(t—a(l—1)). (2.23)

C(L=t(1=1)¢)*

Proposition 2.3. For every t € (0,1) the three-sheeted Riemann surface associated with
@23) has four branch points at 0, oo, p and q with p < q. There is a critical time
a

t* = 1
a+1€(0, )

such that

Case 1: fort < t* we have 0 < p < ¢,
Case 2: fort > t* we have p < 0 < ¢,
Case 3: fort =1t" we have p=0 < q.

Note that the three cases correspond to k < 0, k£ > 0, and k = 0, respectively, where k is
the constant in (2.23]). The proof of Proposition follows from the discussion in Section [l

In this paper we are going to analyze Case 1 and Case 2. In order to handle the two cases
simultaneously, we shall denote the real branch points by p_ < p4 < ¢, where

b— = min(ovp)7 b+ = maX(07p)'

Functions defined on the Riemann surface associated with (2.23]) will play a major role
in the steepest descent analysis. There is an alternative approach based on an equilibrium
problem for logarithmic potentials and so-called g-functions. We briefly outline this approach
in the appendix of this paper.

2.5 Statement of results

We state our results for the kernel (2Z14)),

1

Kn(z,y) = 2l — 1)

1
(0 wily) waly) Y (y)Ya(x) | 0 (2.24)
0



where Y is the solution of the RH problem (2I3]), [2.16]), [2I8) with weights w; and wy as
in (220). Note that K,, depends on a > 0 and ¢t € (0,1). In the following a will be fixed. To
indicate the dependence on t we occasionally write

Kp(x,y) = Ky(z,y;t).

To emphasize the dependence of the branch points on ¢ we may write p(t), ¢(t), p—(t), and
p+(1).

Theorem 2.4. Under the rescaling described above, the following hold.
For every t € (0,1), the limiting mean density of the positions of the paths at time t

p(z) = p(x;t) = lim lKn(:zt,:zt;t)

n—oo N

exists, and is supported on the interval [p4(t),q(t)] C [0,00). The density p satisfies

1
p(@) = = ()], palt) <2 < qlt), (2.35)
where ¢ = ((x) is a non-real solution of the equation ([223)).

From Theorem [2.4]it follows that as n — oo, the non-intersecting squared Bessel processes
fill out a simply connected region in the tz-plane given by

0<t<l, py(t) <z <q(t).

This region can be seen in Figure [
From the definition of p, (¢) and ¢(t) as branch points of the Riemann surface for ([2.22])
it may be shown that x = p,(t), z = ¢(t) are solutions of the algebraic equation

4ax® + 22 (t* — 20at(1 —t) — 8a*(1 — t)?) — da(1 —t)(t —a(1l —1))> = 0. (2.26)

The locus of this algebraic curve in 0 < t < 1, x > 0 gives us the boundary curve. Observe
that it depends only on a, and is independent from the parameter a.

There are some peculiar features of the boundary curve, which may be checked by direct
calculation that we leave to the reader.

Corollary 2.5. For every a > 0 we have the following.

(a) The lower boundary curve x = p4(t) is positive for t < t* =a/(a+ 1) and it is zero for
t>t*. Att =1" it has continuous first and second order derivatives.

(b) The upper boundary curve z = q(t) has a slope
¢ (1) =—4
at t = 1 which is independent of the value of a.

(¢) The upper boundary curve x = q(t) is concave if a < 1. It is not concave on the full
interval [0,1] if a > 1.

(d) The maximum of the upper boundary curve x = q(t) is a + 1.

10



2.5

Figure 1: Numerical simulation of 50 rescaled non-intersecting BESQ? with a = 1 (top) and
a =5 (bottom). Bold line is the boundary of the domain described in Theorem [2:4]

By continuity the results of Theorem 2.4] and Corollary continue to hold for a = 0,
which is the case of non-intersecting squared Bessel bridges [35].

Remark 2.6. The numerical experiments leading to FigureIlhave been carried out exploiting
the connection of the non-intersecting squared Bessel paths with the matrix-valued Laguerre
process, as described in [36, [89]. Indeed, let « € NU{0} and bjk,gjk, 1<j<n+a,l1<k<n,
be independent one-dimensional standard Brownian motions. Consider the (n+a) xn matrix-
valued process M(t) = (mjx) with entries mji(t) = bjr(t) + igjk(t) and define the n x n
symmetric positive definite matrix-valued process, called the Laguerre process, by

2(t) = M(t)*M(t),  te0,+00),

where M(t)* denotes the conjugate transpose of M (t). Then the process of eigenvalues of
Z(t) and the noncolliding n-particle system of BESQ?, with d = 2(a + 1), are equivalent in
distribution.

11



Finally, in the non-critical case t # t* we find the usual scaling limits from random matrix
theory, namely the sine, Airy, and Bessel kernels.

Theorem 2.7. Let t #t*. Then for z* € (p4+(t),q(t)), we have

. 1 x Yy sinm(z —y)
lim —K, (2" + ,xt + > =
n—o0 np(z*) ( np(a*) np(*) m(z —y)

uniformly for x and y in compact subsets of R.

Theorem 2.8. Let t # t*. Then for some constant ¢ > 0,

: 1 x y \ _ Ai(z)Ai'(y) — Ai'(z) Ai(y)
lim — =K, () + )+ — ) =

n—o0 r—Yy
Ift < t*, then for some constant ¢ > 0,
o . y Ai(2) A(y) — Al(2) Aify)
nh—>H<;lo C’I’L2/3 K, (p-l-(t) - cn2/3 ,p+(7f) - cn2/3> - Py .

Theorem 2.9. Let t > t*. Then for some constant ¢ > 0, and x,y > 0,

1 < Ty ) _ (g)aﬂ Jo(V) /Y T0(VY) — \/EJ&(\/E)Ja(\/?)

lim — K, (-2, 2
o cn?’ en? x 2(x —y)

n—oo Cn2 "

In the bulk we find the sine kernel, at the soft edges we find the Airy kernel, and at the
hard edge 0 we find the Bessel kernel of order a. Note that the factor (y/ :L')a/ % in the Bessel
kernel is not important since it will not influence the determinantal correlation functions.
This observation also explains why totally symmetric results are obtained if we reverse the
process and study n non-intersecting BESQ? paths starting at the origin and ending at a
positive value a. Indeed, (y/ :L')a/ 2 is the only factor in the transition probabilities 10) that
is not symmetric in its variables.

At t = t* there is a transition from the Airy kernel to the Bessel kernel. This is when the
non-intersecting squared Bessel paths first hit the hard edge. The soft-to-hard edge transition
is different from previous ones considered in [I0, [I5]. We will treat this transition in a separate
publication.

Observe also that neither the boundary of the domain filled by the scaled paths, nor the
behavior in the bulk or at the soft edge depends on the parameter « related to the dimension
d of the BESQY. This dependency appears only in the interaction with the hard edge at
x = 0. A possible interpretation may be that « is a measure for the interaction with the hard
edge. It does not influence the global behavior as n — oo, but only the local behavior near 0.

Remark 2.10. By taking square roots we can transplant Theorems 2.4 and 2Z.7H2Z9 to the case
of non-intersecting Bessel paths. The correlation kernel for the positions of non-intersecting
Bessel paths, starting at \/a and ending at 0 is

2Ty K, (22, y%)

where K, is the kernel (2.24)) as before. It is then easy to show from Theorems 2.7] and 2.§
that the scaling limits are again the sine kernel in the bulk and the Airy kernel at the soft
edges. At the hard edge however, Theorem gives the scaling limit

<g>a VTY Ja(2)yJo(y) — J5(7) Ja(y)
x) T4y T —y '
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The proofs of Theorems 2.4], 2.7, 2.8] and are given in Section They follow from
the steepest descent analysis of the RH problem for Y. The steepest descent analysis itself
takes most of the paper, see Sections [BHIl

Since we will be dealing extensively with 3 x 3 matrices we find it useful to use the notation
E;j to denote the 3 x 3 elementary matrix whose entries are all 0, except for the (7, j)-th entry,
which is 1. Thus

(Eij)k,l = 5i,k5j,l (2-27)

for i, j, k,1 € {1,2,3}. The following properties can be easily checked and will be used without
comment.

Lemma 2.11. (a) Fori,j,k,l € {1,2,3},

Eil7 ij = ka
E;,Ey =
M {O, otherwise.

(b) Ifce C andi,j € {1,2,3}, i # j, then I + cE;j is invertible, and

(I—I—CEZ‘]')_I =1- CEZ‘]' .

3 First transformation of the RH problem

We apply the Deift-Zhou method of steepest descent to the RH problem (2.15]), 216, [2I1)
with weights wy and ws given by (2.20)) and with indices nq and ng as follows:

n/2, if n is even, n/2, if n is even,
ny = Nno = (3.1)

(n+1)/2, if nis odd, (n—1)/2, if nis odd.

The steepest descent analysis has certain new features that have not appeared in the literature
before.

A possible approach was suggested by Van Assche et al. in [52], since the system of weights
(220) is a Nikishin system [46]. This means (in this case) that

) [ i) 02

wy(x) oo T— U

where o, is a discrete measure on the negative real line, see [I9, Theorem 1], with masses at
the point
— (tjar/(2nva))?, — k=1,2,..., (3.3)

where jo 1, k = 1,2,..., are the positive zeros of the Bessel function .J,. The approach of [52]
would involve a preliminary transformation

X=Y <I - @E%) (3.4)
wq

which would result in a jump condition

Xy =X_ ([ + lelg) (35)
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on R, . Since g—f has poles on the negative real line, the third column of X has poles on the
negative real line, which could be described by residue conditions as in [4]. We might then
continue as in [4] by turning the residue conditions into jump conditions. However we will
not follow this approach and we will not use the transformation (3.4]).

Instead, our first transformation is based on the special properties of the modified Bessel
functions. We introduce the two functions

y1(2) = 20D, (2V72), ya(2) = 20TV K, 1 (2v2), (3.6)

where K41 denotes the modified Bessel function of the second kind, see [Il Section 9.6] for
its main properties. The functions y; and y» are defined and analytic in the complex plane

with a branch cut along the negative real axis. The jumps on R_ can be computed from the
formulas 9.6.30 and 9.6.31 of [I]. We have

y14(z) = e2i°”ry1_(:17), x <0, (3.7)
Y24 (2) = yo—(2) — ime Ty (), = <O0. ’

From the expressions for the derivatives of the modified Bessel functions, see [, formulas
9.6.26], we deduce that

vi(z) = 2°PL(2V2),  h(z) = =2 Ka(2V7). (3-8)

The relations ([B.6) and (B8] imply that the weights wy and wo defined by (220) can be
expressed in terms of the function y; and its derivative y} as

nr

wi(z) =7 Yexp (—m> v (77),

- (3.9)
wo(x) =7 Lexp (—m> y1 (T22).
where we have put
T=Tp = n\/a‘
t
We also need the following wronskian relation, see formula 9.6.15 of [1],
Za
yi(2)1a(2) —mi(2)pe(z) = -5, 2 €C\R-. (3.10)

Now, we are in a position to define the first transformation of the RH problem (ZI5])—
[2I8]). The aim of the first transformation is to modify the jump matrix in order to have
only one remaining weight on R4, as in (8.5]), which is also simpler than the weights w; and
wsy. Indeed, relations ([B.9) and ([B.I0) allow to remove the modified Bessel functions from the
jumps, replacing them by a simple power function. The price we have to pay for the simpler
jump on R, will be a new jump appearing on R_ and on two contours Aét that are taken as
in Figure 2 We take A;r as an unbounded contour in the second quadrant asymptotic to a
ray arg z = 0 for some 0 € (7/2,7) as z — 00, and meeting the real axis at the point p_ < 0.
Its mirror image in the real axis is the contour A;. The contours A;t are the boundary of
a domain containing the interval (—oo,p_) and we refer to this domain as the lens around

(—oo,p_).

14



Ay
Figure 2: Contour for the first transformation.

We define for z € C\ R,

B 1 0 0 1 0 0 1 0 0
X(z)=C1Y(2) [0 1 0 0 2ua(722)  —27 % (122) 0 7@ 0 , (3.11)
0 0 7/ \0 —2y5(7%2) =27%i(22) 0 0 —2mir @
where (' is the constant matrix
1 0 0 1 0 0
0 1 A=) o (27r) /2 0 , if n is even,
0 0 j(2mT)~1/2
o=\ 0 i(2m7) (3.12)

1 0 0 1 0 0
0 1 oo (2nr)~1/2 0 . ifnis odd.
0 —da-1 0 0 i(2mT)~L/2

Note that, in view of the wronskian relation ([BI0), the determinant of the fifth matrix in
the right-hand side of ([BI1) is equal to 72%. Then it is easy to see that det X (z) = 1. The
matrix X (z) is analytic in C\ R since the matrix Y (2) is analytic in C\ Ry and y;(72z) and
yo(722) are analytic in C\ R_. Now define

X(z) =X(2) (3.13)
for z outside the lens around (—oo,p_), and
X(2) = X(2) (I F ™2 Fyy) (3.14)

for z in the part of the lens bounded by A3 and (—oo,p_). [Recall that Ej; is used to denote
the elementary matrix (2.27]).]
From (B.9)), (3I0]), the jump relations (7)), and the fact that Y(z) is the solution of the

RH problem [2I5)—(2I]]), one derives the jump relations ([B.I5)—(B.I8) below. As z — 0, we
note the following behavior

1 a+1 1
yl(z) F(Oé—|—1)2 ) yQ(Z) 2F(a+1),
1 —10(a), a>0,
Y1(2) mza, Ya(2) ~ %log(z), a=0,



which is a consequence of the known behavior of the modified Bessel functions near 0, see
formulas 9.6.7-9.6.9 of [I]. This shows that X (z) has the same kind of behavior as Y'(z) at
the origin. The behavior of X (z) near the origin is then also the same, except in case p_ =0
and o > 0, see (BI4). The result is that X (z) is the solution of the following RH problem:

Proposition 3.1. The matriz-valued function X (z) defined by BI1), BI3), and BI4) is

the unique solution of the following RH problem.
1. X(z) is analytic in C\ (RUAY).

2. X(2) possesses continuous boundary values on (RUAF)\ {0} denoted by X+ and X_,
where X1 and X_ denote the limiting values of X(z) as z approaches the contour from
the left and the right, according to the orientation on R and A;t as indicated in Figurel2,

and

Xi(z)=X_(x) (I + 2%

nT
t(1-1) Elg) xeRy,

1 0 0
Xip(r) =X (x) |0 0 —fz[7*], x€(-00,p),
0 |z|* 0
Xi(x)=X_(z) (I +|z|*Es2) =z € (p-,0),
Xi(z)=X_(2)(I+ eFOT T Eys) 2 € AF.
3. X(2) has the following behavior near infinity:
1 1 0 0 1 0 0
X(z) = <I+ 0 <_>> 0 LUE g 0 4 L
- R R ) A T
V2' V2
1 0 0 2" 0 0
0 /2 0 0 Z—n/2e—2n\/ﬁ/t 0
0 0 o2 0 0 5—1/2p2n\/az/t

uniformly as z — oo, z € C\ R.

(3.15)

(3.19)

4. X(z) has the same behavior as Y (z) at the origin, see (ZI8)), either if p— < 0 or if

z — p— = 0 outside the lens around (—oo,p_). If p_ =0 and z — 0 in the lens around
(—o0,p_), then
( 1 ]z 1
Ol |z 1 if a <0,
1 ]z 1
1 log|z| log|z|
X(z)=< O|1 log|z| loglz| if a =0, (3.20)
1 log|z| log|z|
11 |27«
O|1 1 |z2I7¢ if o > 0.
\ 11 |z

16



Proof. Statements in items 1, 2 and 4 are proved by straightforward calculations. It only
remains to check the asymptotic behavior at infinity given in item 3. This follows from the
asymptotic expansions

yi(z) = 1 S5t e2VE <1_4(a+1)2—1+(4(a+1)2_1)(4(a+1)2_9)+O< 1 >>’

2/ 16y/2 5122 23/2
, 1 a1, 402 =1 (4a* —1)(4a? - 9) 1
= 1-— —
n(z) =gz e 16vz 5122 TO\mr) )

(3.21)
as z — oo, |arg z| < w, and

ya(2) = gzgﬂe—z\/z <1 n 4la+1)2 -1 N (Aa+1)2 =1D)4(a+1)2-9) +(')< 1 >> |

161/z 5122 23/2
2 2 2

, :_ﬁ g1 avz (4 40 —1  (4a® —1)(4a” —9) 1

Ys(2) 5 77 ie ( + NG + F125 +0 ) )

(3.22)
as z — 00, |arg z| < 3w. These formulas are consequences of the corresponding asymptotic
expansions of the modified Bessel functions, see formulas (9.7.1)-(9.7.4) of [1].

It follows from (B2I) and (3.22)) that
(10 22(122)  —27%(722)\ [T 0
Alz) = <0 7') <—2y§(7'2z) 27 (122) 0 —2mir @ (3.23)
1 4 Dy (1 —i Dy (1 i _ _
_ 03/4 =2 3/2 ao3 /2 ,—27\/z03
= /T2 [(1 —i> + 2 <Z _1> + p <Z 1> + O(z )] z e

as z — oo, |arg z| < m, where D; and D are diagonal matrices

D, 1 <4(a—|—1)2—1 0 >

=~ 16- 0 —i(4a® — 1)
1 (a4 12 = D)4(a+1)2—9) 0
D2= 50 ( 0 —i(4a? —1)(40? — 9)>

and o3 = ({ %) is the third Pauli matrix. Thus

o L0 Dyoy D - L4\ aos/2 —2ryz0
A(z) = /rr2o3/ [(0 —i>+ Zi/22+72+(9(z 3/2)} (Z 1>z 8/272TVZ03 (3 94)

where o9 = ((Z) _Oi). Now % commutes with 273/ since both are diagonal matrices. We also

have
o 41210-2 _ 0 —1 o3/4
7 212 Dy <z’z_1 0 ) 2/,

—1 7

A(z) = V7T K(l) 0 > + Dy (8 _0Z> + (9(2_1)} 278/4 (1 i) £008/2—27V/Z03

1 _1.4(a+1)2—1 . a1 (1 /2 o ,
= \VonrT 0 167 (I+ O(Z_ )) 203/ E <Z 1) Zaag/ e~ TV/Z03 (3'25)
—1

17



as z — 00, |arg z| < .

Now if n is even we use (ZI0) with n; = ne = n/2, see 1), along with 23], (323) in
BII)-BI3) to find that BIJ) holds as z — oo in the region exterior to Ay. The asymptotics
is uniform in that region.

If n is odd then ny =n/2+1/2 and ny = n/2 — 1/2, see (BI). Then we need to analyze
2793/2 A(z) with A given by B23). A computation similar to the one that led to (325 gives
us

1 0 1 /1 4
_0'3/2A _ \/2—< > I+0 -1 o3/4 _* < > o3 /2 ,—27\/z03
z (2) T 40{2;1 W ( (z )) P NAUR z e

and ([BI9) follows as well, taking into account the different formula ([BI2) for the case n is
odd.

The asymptotic formulas (B2I]) are not valid uniformly up to the negative real axis. The
special combination y; — 1 €™y however, does have the asymptotics ([B2I]) uniformly for
/2 < argz < m and y; + Ee_o””yg has the asymptotics (B2I) uniformly for —7 < argz <
—m/2. This can be seen from the formulas that connect the various Bessel functions (combine
formulas 9.1.3-4, 9.1.35, 9.6.3-4 of [1])

yi(2) — e Tiya(z) = 2OFV2HL), (2\/ze7 ),
™
i(2) — —e i) = 222HD (256 2),

yl(z) + i‘e—am’y2(z) _ (oc-l—l /2H(2 (2\/567”/2)

Vi) + —e  Tiyp(e) = 2P HP) (2/ze7),
T

where H(g}) and H,g?) are the Hankel functions, and the asymptotic expansions (see [1}, 9.2.7-
10]) of the Hankel functions in the upper and lower half-planes, respectively. Hence

1 .
vi(2) F Eeiamm(z)
2 2 2 _
_ 1 LavtavE (g da+1)2 -1 n Ala+1)*=-1)4(a+1)*=9) Lo 1
2./ 161/z 512z 23/2
/ i *ami, /
vi(2) F —e=mh(2)
2 2 2
L eras (] A 1+(4a 1)(4a 9)+(’)L |
2/ 161/ 5122 23/2
(3.26)

uniformly as z — oo in the region bounded by A;E and the negative real axis. Using the
asymptotics ([322)) and B26), and the definition [BI4]) of X(z) in the regions bounded by
Aét and the negative real axis, we obtain by the same calculations that ([8.19) holds uniformly
as z — 0o in these regions as well.

This completes the proof of Proposition Bl O
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4 The Riemann surface and the second transformation of the
RH problem

The Riemann surface R for the algebraic equation (2.22)) plays an important role in the next
transformation of the RH problem. We repeat it here in the form (2.23))

1— k¢
C(1—t(1=1)¢)?

There are three inverse functions to (4.1]), which we choose such that as z — oo,

k=(1—t)(t—a(l—1t). (4.1)

VA

=L Um0t (1), as
1 a 1 t+4a(l —t 1—-t)(t+a(l—1 1

Ca(2) = T t;/l;Q 5~ ;\/5(23/2 ) [ 2; 1-?) + 0 <Z5/2>, (4.3)
1 a 1 t+4a(l —t 1—-t)(t+a(l—1t 1

Gol2) = WLt t;/l;Q B 4;3\/5(23/2 e 2; o <z5/2> - (44

Here, as in the rest of the paper, all fractional powers are taken as principal branch, that is,
positive on R, with the branch cut along R_. The behavior of these functions for real values
of z can be deduced from Figure [8] which shows the graph of z = 2(¢), ¢ € R, and which also
indicates the branches of the inverses ( = (j(z) for real z.

It is straightforward to check that the discriminant of equation ([2:22]) is equal (up to a
non-vanishing factor depending only on t) to the polynomial in the left hand side of ([2.24]). Its
three roots along with the point at infinity constitute the four branch points of the Riemann
surface R. Analyzing the signs of the coefficients in ([2.26]) it is easy to show that, according
to the value of ¢t € (0,1) with respect to the critical value ¢t = t* = a/(a + 1), the following
cases arise (see Figure [3):

e Case 1: t € (0,t*), i.e., k < 0. The Riemann surface R has three simple real branch
points 0 < p < ¢, plus a simple branch point at infinity. This is the left-most graph in
Figure 3]

e Case 2: t € (t*,1), i.e.,, k > 0. The Riemann surface R has three simple branch points
p < 0 < q, plus a simple branch point at infinity. This is the right-most graph in Figure
Bl

e Case 3: t =t*, i.e., k = 0. This is the critical case where the Riemann surface R has
two real branch points, 0 and ¢ > 0, 0 being degenerate (of order 2), and ¢ being simple.
The point at infinity is still a simple branch point of R.

These assertions coincide with the statement of Proposition 2.3l The rest of the assertions
of Corollary is a consequence of straightforward although tedious computations based on
equation (2.20]).

In this paper, we shall analyze Case 1 and Case 2. The sheet structure of R is shown in
Figure @l As before we use p_ = min(p,0) and p; = max(p,0). The sheets Ry and Ry are
glued together along the cut A; = [py, ¢] and the sheets R3 and Ry are glued together along
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7, ( € R, for Case 1 (k < 0; left) and Case 2 (k > 0; right).

Figure 3: Plots of z = W

the cut Ay = (—oo,p_]. The functions (i, (2, (3 are defined and analytic on the sheets Ry,
Ro, and R3 respectively, and we have the jump relations:

Ge(®) = Qor(z), €AY,
Cot(7) = G3x(2), =€ Ao

On Ay, the function (; is real and ( and (3 are complex conjugate, while on Ay, the function
(3 is real and (7 and (y are complex conjugate, so that

Gx(z) = Qu(z), 7 €A,
Ct(7) = (x(x),  x €Ay
Near the origin, one may check from (LI)) that, as z — 0,

(4.5)

(4.6)

Cl(z):l—i-(’)(z), Ca(2) = ?/2+/<;2+O( 1/2>, (3(2) = ]f/2+k2+(’)< 1/2), (4.7)

k
in Case 1 (p_ = 0), while
G =m0 (1), 66 = R0 (22), )= 1+00),
(4.8)
in Case 2 (p4 = 0), where we have set k = (1 — ¢)(t — a(1 — t)) as before, and
V| k| 1 1
S L L I
t(1—1) t(1—1t) 2k
Next, we introduce the integrals of the (-functions,
Ai(z) = / C1(s)ds, (4.9)
q
M) = [ Glo)s (110)
q
A3(z) = C3(s)ds + Ao_(p—). (4.11)
p_
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Figure 4: The Riemann surface R, p— =0 and p; = p in Case 1, p_ = p and p; = 0 in Case
2.

The functions A; and g are defined and analytic in C\ (—o0, ¢, and the function A3 is defined
and analytic in C\ (—oo, p_]. By ([@1)-(38)), these functions are bounded in the neighborhood
of each branch point p_, p4, ¢. By (@4,

Ali(az) = )\gi(x) , I € Aq. (4.12)

From ([@2)-(Z4), it follows that, as z — oo,

M) =logz+ 6~ U _t)(tta(l_t)) +0 <zi2> (#13)

Ao(2) = t(lz_t) N 2\1& B %10gz+€2
+t+iiz/(%—t)+(1—t)(t;a(1_t))+@<ﬁ>7 (4.14)

As(z) = t(lz_t) + 2\1& ; %10gz+€3
_t+f/(%—t)+(1—t)(t2+za(1—t)>+@<Z3%>, (4.15)

where /;, j = 1,2,3, are certain integration constants.
We will need the following relation between ¢ and /3.

Lemma 4.1. We have {3 = {5 + mi.
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Proof. By the definition of Ay and A3 we have for z = —R on the lower side of the cut As,
o)) = [ Gis— [ Glis= [ @ -G
p7

(p-)- P

-R
_ / (C34 — C3-)(s)ds = G3(s)ds

YR,

where vg . is a contour from —R to p_ — ¢ on the lower side of Ay continued with the circle
around p_ of radius ¢, and then back from p_ —e to —R on the upper side of Ay. Here & > 0
is taken sufficiently small. Then we write

(e =) = [

1 Ja 1
mﬁ<@“*‘w1—w_t@—pJv2+2@—p4>ds

TR, t(s - p_) YR,e 2(8 o p_)

Since the integrand of the first term on the right-hand side is analytic in C \ (—oo,p_] and
behaves as O(s3/2) as s — oo (due to (@), it follows that the first term tends to 0 as
R — oco. For the second term we have

/ va ds + ez —0
Yz,e t(

s—p_)/2 t

as R — 0o, € — 0, and the third term is just simply —mi. Thus

4
(A2 —A3)(2) = — \éﬁ —7i+o(1) (4.16)
which gives the lemma in view of (£I4]) and (£I3). O

From (4.3l), the definitions of the A-functions, and the relations

%gl(s)ds = 2, %Cg(s)ds = —2mi,

(which follow by a residue calculation from the expansion ([£2)) of ¢; at infinity), where the
integrals are taken on a positively oriented closed contour around A;, we check that the
following jump relations hold true,

Ay () = M—(z) + 2mi, = € (—o0,pyl,

A+ (7) = Aog (), z€ A1 =[py,q],

Moo () = Do () 270, @€ popi] e
Aoy (2) = A3 () — 2mi,  Ao—(2) = A34(x), x € Ag=(—o0,p_].

A straightforward consequence of these relations is the following statement:

Lemma 4.2. Functions eM(®) | e*2() and e*3(2) are analytic and single—valued outside of A,
A1 U As, and Ay respectively.

In the sequel, we will need to compare the real parts of the A-functions on R and in
neighborhoods of Ay and A;y. This is the aim of the next lemma.
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Lemma 4.3. (a) The following inequalities hold true,

ReA1 <ReXs on (0,p4) in Case 1,
ReXs <ReXs on (p—,0) in Case 2,
ReA1 < ReXs on (g, +00).

(b) The open interval (p4,q) has a neighborhood Uy in the complex plane such that
ReX2(z) < ReAi(z), ze€ U\ (p+,q).
(¢) The open interval (—oo,p—) has a neighborhood Us in the complex plane such that
ReA2(z) < ReAs(z), z€Us\ (—o0,p-).
The neigbhorhood Us is unbounded and contains a full neighborhood of infinity.

Proof. 1t is easy to check (see also the left-most picture in Figure B]) that, in Case 1, (2(s) <
C1(s) < (3(s) for s € (0,p4 ). Hence, from the definitions of the functions \; and \g and ([@I2]),
we may conclude that Re A\; < Re g on (0,p4). In Case 2, we have (;(s) < (3(s) < (a(s) for
s € (p—,0) (see right-most picture in Figure B]). Moreover, since

z

(o =22 = [ (6= @)(e)ds + da-(p-) — das (o),
(P-)+
we get, along with the third jump relation in (£I7]), that Re A3 < Re Ay on (p_,0). Finally,
on (g,00), (1(s) < (2(s) < (3(s) so that the third inequality in assertion (a) is indeed satisfied.
On the + side of Ay, (A2 — A1)+ is purely imaginary. Its derivative ((2 — (1)+(2) is
purely imaginary as well. By inspection of the Riemann surface R, it can be shown that this
imaginary part is actually positive. Hence by the Cauchy-Riemann equations the real part of
(A2 — A1)(2) decreases as z moves into the upper half-plane, so that Re A2(z) < Re A1(z) for
z near A; in the upper half-plane. Similarly, Re A2(2) < Re Ai(z) for z near A; in the lower
half-plane, which shows assertion (b).
The proof of assertion (c) is similar. In order to see that U, contains a full neighborhood
of infinity, it is sufficient to use (EIG]), where v/a/t > 0. O

A consequence of Lemma [4.3] is that we may (and do) assume that contours A;t, defined
in Section [B] (and depicted in Figure 2) meet the real line at the branch point p_, and lie in
the neighborhood U of Ag where Re (Aa — A3) < 0.

Using functions A;, we can now define the second transformation of the RH problem.

e~ 0 0

Uz)=CX()| 0o  eME7am=) 0 , (4.18)

0 0 e_"(AB(z)_ﬁ)
where
10 0
0 1 —m% L™, if n is even,
00 1
=9 . . (4.19)

0 n% il Ln,  ifnis odd,
0 i 0
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and L is the constant diagonal matrix

By Lemma[42] the matrix-valued function U is analytic in C\ R.
Making use of the jump relations [B.I5)-(BI8]) for X and the definition (ZI8]) one easily
gets that the following jump relations for U:

M- (@)=Ait ()  pagn(hi-(z)=A2(2)) 0
Us(z) =U_(2) 0 en(A2— (z)=A2+(2)) 0
0 0 en(As— (2)= Az (2))
for z € Ry,
ei— (@) =A14(2)) 0 0
Us(z) =U_(2) 0 en(h2—(2) =Xz (2))
0 |z|*en(Ps-(@)=A2t(x)  en(As—(2)=As+ ()
for z € (p—,0) (in Case 2),
en(A1— (@) =Ary (x)) 0 0
Us(z) =U_(2) 0 0 — || e (Ns— (@)= A2y ()
0 || 2en(Ps— (@)= A2 (x)) 0

for z € (—o0,p_), and

10 0
Ui(z)=U_(2) [0 1 etomizmaegn(a=da)) | = 5 c AF
0 0 1

(4.20)

Using the jump relations ([d.I7T), one checks easily that the jump properties for U simplify

to the ones stated in the following proposition with the just introduced notation.

Proposition 4.4. The matriz-valued function U(z) defined by [AI8) is the unique solution

of the follo
1. U(z)
2. U(z)

wing RH problem.
is analytic in C\ (RUAT).
possesses continuous boundary values at (RUAF)\ {p_,0}, and
1 0 0
Up(x)=U_(z) [0 0 —z[7*], z€Ay=(—00,p_),
0 |z|* 0
I +aerMi=22)@) B, € (0,p) in Case 1,
Us(z) = U_(z) x wren e s, @ € (0,py) in Cloe
I+ |z|e"Ms= 2@ Bay - 2 € (p_,0) in Case 2,
en()‘2_>‘1)+(w) xa 0
Up(x) =U_(x) 0 erP2=M)-() 0| ze Ay =(py,q).
0 0 1
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Us(@) = U-(@) (I +2°e"™ OB, ) | 2 e (g,00)

(4.24)
Ui (2)

U_(z) (I + eiamz_ae”()‘2_)‘3)(z)E23> , z€AF.

(4.25)
3. As z — 0o we have

U(z)

/) \0 0 z /2

(4.26)
4. U(z) is bounded at p— if p— < 0, and has the same behavior as X (z) at the origin, see
ZI]) and B20).

Proof. Jumps (£.21))-([4.25)) are result of straightforward calculations and Lemma (.21

For the proof of the asymptotic condition in item 3 we note that property ([3.19) of X and
the asymptotic behaviors (4.13))-(@.13]) of the \;-functions yield

e~nM(2) 0 0
X(z) 0 e "2y 0
0 0 e_"(AB(z)_t(liz,t))
) 1 0 0 L0 0 1 0 0
(1 +0 <—>> 0 DA o 0 % 5i|fo =2 o
o —(=1)"/4 A4 —a/2
0 0 z 0 o 1) 0O 0 =z
1+0(2) 0 0
x L7 0 1- ﬁ + %2 + O(Z31/2) 0 (4.27)
0 0 1+ -85+ 2+ 0(45)
as z — 0o, where
t+4a(l —1) c? —nk

Cy =

g =n——m—m———= .
! 4Ja 2
If n is even, then by Lemma [Z1] we have that L~"™ commutes with all matrices before it.

The last matrix in the right-hand side of ([4.27)) can be moved to the left as in the proof of
Proposition Bl The result is that (£27]) is equal to

10 0 Ay /L0 0N (10 0N 0 0
LT[0 1 ic <I+O<Z>> 0 /4 o 0 % si|llo =2 o |,
00 1 0 0 VN0 Sio5 )0 0 2o

as z — oo. Then ([@26]) follows by the definition ([AI8])-(@20]) of U.
If n is odd, then by Lemma [l we have that

L™ diag(1,1,—1) = diag (e_"él, e "2 e_"zz)
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commutes with all factors before it in (£.27). The result now is that (£.27) is equal to

1 0 0 ! 1 0 0 10 0 1 0 0
L0 0 —i <I+O<;>> 04 o |0 % Hi|fo =2 o |,
0 —i ¢ 0o 0 zz14)\o i L 0 0 272

v2© o V2

as z — oo, and again (4.20]) follows by the definition ([AI8])-(£20) of U.
The behavior of U at the origin given in item 4 follows from the corresponding behavior
of X, and the fact that the A; functions all remain bounded near the origin. O

It follows from Lemma that the jump matrices in (£22]), [@24]), and ([@23]) tend to
the identity matrix I as n — oo at an exponential rate. Moreover, by [@IT), (A2 — A1)+ =
—(A2 — A1)_ is purely imaginary on Aj, so that the first two diagonal elements of the jump
matrices in (4.23]) are oscillatory. In the third transformation we open a lens around A; and
we turn the oscillatory entries into exponentially small entries.

5 Third transformation of the RH problem

Here, the goal is to transform the oscillatory diagonal terms in the jump matrices on A; into
exponentially small off-diagonal terms. This we do by opening a lens around Ay, see Figure
Bl We assume that the lens is contained in Uy, see Lemma [£.3]

A7 A7
Ay A
Ay Ap

Figure 5: Deformation of contours around Aj.

We use the following factorizations of the 2 x 2 non-trivial block of the jump matrix in

@.23),
en(AQ_)‘l)+(m) xa
0 n(Pa—A1)- (@)

B 1 0\/ 0 a° 1 0
- x—aen()\g—)\l),(x) 1 — > 0 x_ae"()\Z_)\l)Jr(x) 1)

T(z) = U(2) (1 £ maen(da=2n)(2) E21> , (5.1)

We set

for z in the domain bounded by Af and A1, and we let



for z outside of the lens.
Straightforward calculations show that 7(z) is a solution of the following Riemann—Hilbert
problem which is stated in the next proposition.

Proposition 5.1. The matriz-valued function T(z) is the unique solution of the following
RH problem.

1. T is analytic in C\ (RUAT UAY).

2. T has a jump T4 (2) = T—(z) jr(2) on each of the oriented contours shown in Figure[3.
They are given by

1 0 0
jr(x)=10 0 —lz|7*], x€ Ay,
0 |z|* 0

jT(z) =TI+ e:l:ouriz—ozen()\z—)\3)(2)‘E237 = A:I:7
. I+ zoerM=22)@ R, e (0,py) in Case 1,
Jr(z) = A3—A ,

I+ |z|®enPs=22)@) oy 1 € (p_,0) in Case 2,

0 z% 0
jrx)y=|—-2z"“ 0 0], z€Ay,
0 0 1

jr(z) =1+ z_ae"(’\2_)‘1)(z)E21, z € Ai,
jr(z) = I+ 2%e"M =@ p, - e (g, +00).

3. As z — oo, we have

1 1 0 0 1 0 0 1 0 0
T(z) = <I+(9 <—>> 0 24 0 0 % i [o =2 o (5.3)
SN0 0 ) \0 i J5 ) \o 0 e
4. For —1 < a <0, T(z) behaves near the origin like:
1 |z]* 1
T(z)=01[1 |z]* 1|, asz—0.
1 |z]* 1
For o =0, T(z) behaves near the origin like:
1 loglz| 1
T(z)=011 logl|z| 1], asz— 0 outside the lens that ends in 0,
1 loglz| 1
and
( 1 log|z| log|z|
O |1 loglz| log|z| |, asz— 0 inside the lens around Ag in Case 1,
T(2) = 1 log|z| log|z|
log |z| loglz| 1
O |loglz| loglz| 1], asz— 0 inside the lens around Ay in Case 2.
{ log|z| log|z| 1
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For o > 0, T(z) behaves near the origin like:

1 11
T(z)=01[1 1 1|, asz— 0 outside the lens that ends in 0,
1 11
and
1 1 |2|7@
Ol1 1 |27, asz— 0 inside the lens around Ay in Case 1,
T(z) = 1 1 |2|™@
N |z]7* 1 1
Ollz™* 1 1|, asz— 0 inside the lens around Ay in Case 2.
27> 1 1

5. T is bounded at p and q.

Proof. All properties follow by straightforward calculations.

Because of the prescribed behavior at the origin, it is not immediate that the RH problems
for U and T are equivalent. Reasoning as in [41, Lemma 4.1] we can still show that they are.
Thus in particular the solution of the RH problem for 7" is unique. O

6 Model RH problem for the global parametrix

In view of Lemma the jump matrices in the RH problem for 7' all tend to the identity
matrix exponentially fast as n — 0o, except for the jump matrices on Ay and A,. Thus we
expect that the main contribution to the asymptotic behavior of 1" is described by a solution
N, of the following model RH problem.

1. N, is analytic in C\ (A; U Ag).

2. N, has continuous boundary values on A U Ao, satisfying the following jump relations:

0 xz® 0
Not(x) =No—(z) [ —2=* 0 0], ze€Ay, (6.1)
0 0 1
1 0 0
Nog(x) =No—(z) [0 0  —|z[7*], z€As. (6.2)
0 |z|* 0
3. As z > 00, z€ C\ Ao,
) 1 0 0 0o 0 1 0 0
No(2) = <I+(9 <;>> 0 /4 o 0 % i fo =2 o
—1/4 1 1 —a/2
0o 0 =2V 0 5i 75 0o 0 2o

28



The asymptotic condition at infinity looks a bit awkward. However it is consistent with
the jump on As since it may be checked that

B_z1/4011iz°‘/20
G=0 . Ve\i 1)\ 0 o2)

0 ™

B+(x):B_(x)<|$|a . > z € (—00,0).

We solve the RH problem for N, in two steps. First we solve it for the special value o = 0
and then we use this to solve it for general values of «. In both steps we will use the mapping

satisfies

function (4.1))
1k
(1= cQ)?
with
c=1t(1l—1t) and E=1—-t)(t—a(l—1)), (6.4)

which gives a bijection between the Riemann surface R and the extended (-plane. The
mapping properties are summarized in Figure [@ for the two cases (Case 1 in the upper part
and Case 2 in the lower part of the figure).

The figure shows the domains

Ri=¢(Ry),  §=1,2,3

where R; is the jth sheet of the Riemann surface, and also the location of the points

CPZCQ(p)a Cq:C2(Q)7 Coo :C2(OO) = t(l—t) =

for the two cases. We observe that (24 (A1) and (24 (Ag) are in the upper half plane, while
Ca— (A7) and (2—(Ag) are in the lower half plane.
To solve the model RH problem for o« = 0, we use the polynomial D(()

D(¢) = (€ = )€ = (¢ = Coo)- (6.5)

The square root D(C)l/ 2 which branches at these three points, is defined with a cut on
Ca— (A1) U (a—(Asg), which, as noted before, are the parts of the boundary of Rs that are in
the lower half of the (-plane. We assume that the square root is positive for large positive (.

Proposition 6.1. A solution of the model RH problem for Ny is given by

F1(Gi(2) Fi(G(2) Fi(G(2)
No(z) = | F2(Ci(2)) Fa(C(z) Fa(G3(2)) (6.6)
F3(Gi(2) Fs3(C(2) F3(¢3(2)

where

_ 2 _(* _
ﬂ@:&%é%nﬂ@ZQ%ﬁ%,R@:&%ﬁ%L (6.7)

with D(C) giwven by ([@A). Furthermore, (* # (x, and Ky, Ko, K3 are explicitly computable
non-zero constants that depend on a and t.
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Ag Ay

R1

Ao Ay R2

R3

- Ro R3
R1
G\ 0 G Coo
Co (A1) ‘C/z—(Az)

®-— 0

Figure 6: Bijection (@I between the Riemann surface R and the extended (-plane in the

Case 1 (top) and 2 (bottom).

Proof. Note that each of the functions Fj, j = 1,2, 3, defined in (6.1)) satisfies

{Fj () = —F5-(0),

Fj(¢) = Fj- (),

¢ € IRy N{Im( < 0},
¢ € Ry N{Im¢ > 0},

because of the choice of the branch cut for D(¢)'/2. From this it follows that the jth row
(Nj1,Nj2, Nj3) of Ny given in (6.6]) has the following jumps on A;:

(Nj1)+(2) =
(Nj2)+(2) =
Ni3)+(2) =

—(Nj2)-(2),
E 1)-(2),

N. _( z € Ay,
Njs)-(2)



and the following jumps on As:

(Nj)+(z) = (Nj1)-(2),
(Nj2)+(2) = (Nj2)-(2), z € Ag.
(Nj3)+(2) = —(Nj2)-(2),

These are exactly the jumps required by (6.1 and ([€2]) when o = 0.
It remains to verify the asymptotic condition (6.3]) with o = 0. Since the computations
are straightforward but cumbersome, we give here the outline of the argument. Observe that

C1(o0) =0,  (2(00) = (3(0) = (oo - (6.8)
Function F} verifies

C
1)(0)1/2

Taking into account (G.8) and ([@2))-(4), we get that as z — oo,

G
1)(0)1/2

Nis(2) = F1(Go(2)) = O (z—3/4) L Nu(2) = Fi(G() =0 (z—3/4) .

Fi(¢) = Ky

+0(), <=0, AQO=0(C-)") . (=l

Nu(z) = Fi(Gi(2)) = K1

+0(1/2),

With K; = (2 D(0)'/? it yields
Nii(z) =14 0(1/z), Nig(z) = O(z73/%), Nis(z) = O(z73/4),

as z — 0o, which matches the asymptotic condition for the first row of Ny in (6.3)).
Analogously,

F(Q)=0(), ¢—0,
() = Bi(C = o) 2 4 BalC = 60 2+ O (€= 60)™?) , = o

where (1 and [ are explicitly computable in terms of K5, (* and the rest of the parameters
of R. By [&2)-(#4), and taking into account the second relation in (&G]), we have

Nai(z) = F2(Ci(2)) = O(1/2), z— o0,
Nos(2) = Fy(Ga(z)) = 2/ <51 + Bor V24 Byt 4 O <2_3/2>> , 2= 00,

Nog(2) = Fy(G3(2)) = i 24 <§1 — Bz M2 4 Bz 4+ O (z_3/2>> , 2z — 00,

where again Bj’s are explicit. Imposing the condition that El = 1/4/2 and 52 = 0, which
determines K5 and (*, we obtain that for a certain constant as,

N21 (Z) = O(l/z),

|
Noo(z) = 521/4 (1+ % +0(:732),
Nos(z) = %zl/‘l (1 + a—; + (9(,2_3/2)) ,
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matching the asymptotic condition for the second row of Ny in (6.3)).
Finally,

By(¢) = 0(), ¢—0,
M=)+ 0 (€= o)) s ¢ = oo

3
—
o~
N—
Il

where ~y; is explicitly computable in terms of K3 and the rest of the parameters of R. By
([£2)—(A4), and taking again into account the second relation in (4.0l), we have

N3i(2) = F3(Ci(2)) = O(1/2), z—o00,
Nio(2) = Ba(Ga(2) = =7 (Fu+ 32272 4+ 0 (7)), 2= o0,

Ns3(z) = F3(Ca(2)) = —i 2"/ <51 — T2+ 0 (2_1)> , 200,

where again ¥;’s are explicit. Imposing the condition that 4, =i/ V2, which determines K3,
we obtain that for a certain constant ag,

Ngl(z) = (’)(1/2),

N32(Z) = %Z_l/él <1 + 5 + O(Z_1)> )

2172
1
Nus(z) = 52—1/4 (1 - % + 0(2—1)) ,

as z — oo. This is precisely the asymptotic condition for the third row of Ny in ([G.3]). This
concludes the proof. O

To construct the solution for general «, we use functions

r1(¢) = log(1 — (), (€ Ry,
r2(¢) = log(1 — k¢) —log ¢ — log(1 — c¢), ¢ € Ra, (6.9)
r3(¢) = log(1 — () + i, ¢ € Rs.

where ¢ and k are as in ([G.4]). The branches of the logarithm are defined as follows.

e log(1—¢() vanishes for ¢ = 0, and has a branch cut along (2 (As) in Case 1, and along
C2—(Ag2) U [¢p, +00) in Case 2.

e log(1l — k() vanishes for ¢ = 0, and has a branch cut along (—oo,1/k| in case 1 (when
k < 0), and along [1/k,400) in Case 2 (when k > 0).

e log ( is the principal branch of the logarithm, i.e., with a cut along (—oc, 0].

With these definitions of the branches we have that r; is defined and analytic on ﬁj for
J =1,2,3. To see this for j = 2, it is important to note that 1/k is in Ry in Case 1, and 1/k
is in R3 in Case 2.
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Proposition 6.2. A solution of the model RH problem for general o is given by
eG1z) 0 0
No(2) = CoNo(2) 0 eG2(0) (6.10)
0 0 eaGg(z)
where Ny is given by (6.0]),
Gi(z) =1j(¢(2), =123, z€Ry, (6.11)
with 11, 9, T3 defined in ([69), and C,, is a constant matriz given explicitly in (614 below.

Proof. From the definitions (6.9) with the specified branches of the logarithm it follows that
the functions rj, j = 1,2, 3, satisfy the following boundary conditions

ra(¢) =11(¢) +logz, ¢ €IRy, 6.12)
ra(¢) = r3(¢) +1loglzl, (€ dRs,
where z = z(() is given by ([@I]). Then by (6.12]) and (G.I1]) we obtain
Goy(x) = logz + G+ (), x € Ay, (6.13)

Gax(x) = log|z| + Gsx(x), x € As.

Using (613]) and the jump propertes (6.1)), (62)) for v = 0, it is then an easy calculation to
show that (G.I0) satisfies the jump conditions (62]) and (E.T]).

We note that by (6.9]) and (G.11]),
1@ =1 —e(i(z), 2 =2(1 —cla(2)), %) =c(3(2) — 1,
and thus as z — oo by ([@.2), (£3), [@4),

1) =14 0(1/2),
er(z) _ 21/2 <\/a(1 - t) + t(l — t) + t(l — t)(t + 40’(1 — t)) + 0(2—3/2)> 7

2\/z 8y/az
eG’g(z) _ Z_1/2 <\/5(1 o t) o t(;\;gt) + t(l — t)(;j/_aia(l — t)) + O(Z_3/2)> ]

To obtain (6.3)) we should then take the constant prefactor C, in (G.I0) as

1 0 0 S| 0 0
Ca=|0 va( -t = =0 (vaa - —2GD(/a — )
0 0 Va(l 1) 0 0 (Va(l —t))~
(6.14)
Then with the choice of ([6.14]), we indeed have that NV, defined in (G.I0]) satisfies the conditions
in the model RH problem for general a. O

Lemma 6.3. The solution N, of the model RH problem given in Proposition has the
following behavior near the branch points

33



(a) In Case 1 we have

|z — a7 |z =g
Az -V 1 as z — q, (6.15)

(2 —q[TVt Jz—qTV 1

Z=p| Tz —p T L

|
No(z) =0 [|z=p[7"* [z =p|"* 1] asz—p, (6.16)
2 —p|7V* z—p[TV 1
and
1 0 0 P iV P
No(z) [0 2722 0 | =01 |27V 274 asz—0, (6.17)
0 0 2/2 1 |z|7V% |z~ W4

AR T
No(2) =0 ||z —q|™Y* |z—q|7/* 1 as z — q, (6.18)
R EE e

1 |z—p[7'/* [z —p|7/*
Na@) =01 [o=p V4 o pl ) asz—p, (6.19)
1 |z—p|™/* |z —p|7/1
and
Za/2 0 0 ’Z‘_1/4 ‘Z’—1/4 1
Nu(2) 0 292 0]l=0 ]2\_1/4 \z[‘l/‘l 1 as z — 0. (6.20)
0 0o 1 El A P A

Proof. Observe that for j =1,2,3, F;(¢) = O ((C - Qq)_l/z) as ( — (4, where Fj’s are defined

in 61). Furthermore, for the mapping @), ¢; (¢,) = G 1(¢) = ¢, and (3 1(¢,) is a regular
point of R. Since functions ¢; and (5 are bounded and have a square root branch at ¢, by

definition (6.6) we obtain (G.I5]) for Ny. Since the transformation in (6I0) does not affect
the behavior at ¢, this proves the first identity of the Lemma. The rest of the conditions is
analyzed in a similar fashion, and we omit the details. O

By (@I)-([62]), we have that det N, is analytic in C \ {0,p,q}, and by Lemma [G.3]
det No(2) = O (]z - 20\_1/2) as 2 — 2o where zg is any one of the branch points 0, p and gq.
Hence, det N, is entire. From (6.3)), lim,_, ., det No(z) = 1, and we conclude that

det No(2) =1, z€C. (6.21)

Comparing the local behavior in Proposition [5.]] and Lemma [6.3], we see that near the branch
points, the matrix TN, ! is not bounded which means that N, is not a good approximation
to T'. Hence we need a local analysis around these points.
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7 Parametrices near the branch points p and ¢ (soft edges)

We are going to construct a local parametrix P around q. The local parametrix around p can
be built in a similar way, and is not further discussed here. Consider a small fixed disk By
with radius 6 > 0 and center at ¢ that does not contain any other branch point. We look for
a 3 x 3 matrix valued function P such that

Figure 7: Construction of a parametrix around q.

1. P is analytic in Bs \ (RUAY).

2. P has a jump P, (z) = P_(z) jr(z) on each of the oriented contours shown in Figure[7]
given by the restriction of jr in Proposition [5.] to these contours. Namely,

0 xz* 0
]T(:E) = -z~ 0 0 , T E (q - 57 q) = AI N B57
0 0 1

Jjr(z) =1+ z_ae"(’\Q_)‘l)(z)Egl, z € Af N Bs,
gr(z) = I+ 2%e"M =@ p, - g (g,q 4 9).
3. Asn — oo,
P(2) = No(2)(I + O(1/n)) uniformly for z € dB; \ (RUAY),
where N, is the global parametrix built in Section

4. P is bounded as z — ¢, z € R\A{E.

The solution of the RH problem 1.-4.) can be built in a standard way using the Airy
functions; we follow the scheme proposed in [22] 24, 25] and developed, for instance, in

[7, 211 [42]. The function

2/3
1) = [30e -] (r.)
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is a biholomorphic (conformal) map of a neighborhood of ¢ onto a neighborhood of the origin
such that f(z) is real and positive for z > q. We may deform the contours Af near ¢ in such
27

a way that f maps Af N Bs to the rays with angles 5 and —%’T, respectively. We put

yo(s) = Ai(s), wi(s) = wAi(ws), wa(s) = w? Ai(w?s), w =e>™/3,

where Ai is the usual Airy function. Define the matrix ¥ by

Yo(s) —wals) O
U(s) = [vp(s) —wya(s) 0], argse(0,21/3),
0 0o 1
-yi1(s) —y2(s) O
(s)= | —vi(s) —ws(s) 0], argse (2n/3,m),
0 0 1
—y2(s) yi(s) O
U(s)= | —va(s) wi(s) 0], argse (—m, —27/3),
0 0 1
yo(s) wi(s) 0
U(s) = [wyo(s) wi(s) 0], argse (—2m/3,0).
0 0 1

Then (see e.g. [22] Section 7.6]), for any analytic prefactor E, we have that
P(z) = E(2)¥ (nz/?’f(z)) diag (z_o‘/2e%()‘2_)‘1)(z), 22732 A)(2) 1) (7.2)

satisfies the parts 1.-3. of the RH problem for P. The freedom in F can be used to satisfy also
the matching condition (4). The construction of F uses the asymptotics of the Airy function
Ai(s) as s — 00, and follows the scheme, exposed in the literature (see e.g. [40]), and we omit
the details here. The result is the following.

Proposition 7.1. The matriz-valued function P given in ((2) with E given by

220 0
E(z)=Nyz) | 0 2722 0
0 0 1
VT =m0\ [n'/0fVA(2) 0 0
x | —iv/mT —iym 0 0 n~YSF=1/4) o, (7.3)
0 0 1 0 0 1

satisfies all conditions 1.—4. in the RH problem for P.

8 Parametrix near the branch point 0 (hard edge)

From the local behavior of T'(z) as z — oo, described in Proposition [B.] it follows that the
local parametrix P at the origin will be different from the parametrices at the other branch
points. Fortunately, this kind of behavior has been analyzed in [41] (for a 2 x 2 matrix valued
RH problem), and in [45] (for a 3 x 3 matrix valued RH problem) and we use the construction
from these papers. There will be a new feature though in the case —1 < a < 0.
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8.1 Casel.

Let Bs be a small fixed disk with radius 6 > 0, now centered at the origin, that does not contain
any other branch point. Consider all the jumps matrices jr of matrix 7" on curves meeting
at 0, see item 2. in Proposition [5.1l The off-diagonal entry in jr on (0,6) is z®er(M1—22)(@)
which is exponentially small since Re (A\; —A2) < —¢ < 0 on [0,0). This suggests that we may
ignore the jump on (0,0) in the construction of the local parametrix. Note however, that 2%
is not bounded as z — 0 in case —1 < a < 0, which explains why we need an extra argument
for this case.

Figure 8: Contours for the local parametrix around 0 in the Case 1, for o > 0 (left picture)
and for —1 < o < 0 (right picture).

8.1.1 First part of the construction (which works for a > 0)

In this part we simply disregard the jump matrix on (0,6). Taking into account Proposition
BTl we thus look for a 3 x 3 matrix valued function @ such that

1. Q is analytic in Bs \ (A U AT).

2. Q has a jump Q4 (2) = Q_(2)jr(2) on (Ay UAF) N By, see the left picture in Figure 8
The jump matrices are given by

1 0 0
jr(z)=10 0 —|z[7*], x€(-4,0)=AsN By,
0 |z|* 0

Jjr(z) =1+ eiamz_ae"(A2_>‘3)(z)E23, z € A;E N Bs.

3. For —1 < a < 0, Q(z) behaves near the origin like:

1 ]z 1
Q(z) =01 |z2|1* 1], asz—0. (8.1)
1 ]z 1
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For a = 0, Q(z) behaves near the origin like:

1 log|z| log|z|
Q(z) =0 (1 loglz| loglz| |, asz—0. (8.2)
1 log|z| log|z|

For a > 0, Q(z) behaves near the origin like:
|27

O |27 |, as z — 0 in the lens around Ay, bounded by A3, (8.3)

O

1|, asz— 0outside the lens. (8.4)

[ S N ST
[ N T e

4. Asn — oo,
Q(2) = No(2)(I + O(1/n)) uniformly for z € dBs \ (Ag U AT), (8.5)
where N, is the parametrix built in Section [Gl
Consider

Q() = Q(a)ding (1, (£1)7=/26502-90E), (11727250229 | for = > 0,

(8.6)
where 2%/< denotes the principal branch, as usual. By Lemma [132] the diagonal factor in B3
is analytic in Bs \ (—6,0). It follows that the matrix valued function @ should satisfy:

/2

1. @ is analytic in Bs \ (RU A¥).

2. Q has a jump Q4 (2) = @_(z)jQ(z) on each of the oriented contours shown in Figure [§],
left. They are given by

1 0 0

j@(x) =10 0 —-1], z€(-4,0)=AyN By,
01 0

j@(z) =1+ eiamEgg, z € Ag: N B,

where we have used the last identity in (LI7).
3. For -1 <a <0, @(z) behaves near the origin like:

N 1 |Z|a/2 |Z|a/2
Q(z)=011 [2]%% |2|*?2], asz—0. (8.7)
1 ‘Z’a/2 ‘Z’a/2

For a =0, @(z) behaves near the origin like:

N 1 log|z| log|z|
Q(z) =0 |1 loglz| loglz| |, asz—0. (8.8)
1 log|z| log|z|
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For a > 0, @(z) behaves near the origin like:

L [2fo/2 |z|/2
|z|a/2 |Z|—a/2 , as z — 0 outside Aét, (8.9)
ofor2 [z

—

Q) =0

—_

and
1 |z|_o‘/2 |Z|—a/2

Qz) =0 (1 |2]7/2 |2]7*/2], asz— 0 inside Af. (8.10)
1 ’Z‘—a/2 ‘Z’—a/z

Although we have different expressions for @ for the cases n even and n odd, there is no
distinction between these two cases in the conditions on Q.

The problem for Q has a solution in terms of the modified Bessel functions of order «
see [41l Section 6]. Namely, with the modified Bessel functions I, and K,, and the Hankel

functions HS” and H? (see [II Chapter 9]), we define a 2 x 2 matrix ¥(¢) for |arg (| < 27/3

as
1,(2¢17?) LKa(2¢1?)
V() = T . 8.11
( <2m'<1/21;<2<1/2> 212K (212) &1
For 27/3 < arg( < 7 we define it as
v(0) 3 2(=0)) FHE (2(=0)') Lamio (8.12)
= / / €2 3. .
n(H2 (HY) (=02 w2 (HE) (2-0)1?)
And finally for —7 < arg( < —27/3 it is defined as
LD (2(-¢)'7?) —sae-ov

() = e~ 2Omios, (8.13)

(2 (HY) 2=0') w2 (HY) (2(=012)

Then we define a 3 x 3 matrix \Tf, given in block form by

V() = <(1) 01\11?001> , o= <(1) é) (8.14)

[The conjugation by o7 is needed to interchange the second and third rows and columns.|
The function

1 2

)= [pu 2] =[5 [@-aea]

can be continued analytically from Bjs \ (—0,0] to the full neighborhood Bg, giving a biholo-
morphic (conformal) homeomorphism of a neighborhood of the origin onto itself (see (4.1))
such that f(x) is real and positive for z € (0,6). Again, we may deform the contours Ay
near 0 in such a way that f maps A;t N Bjs to the rays with angles %” and —%”, respectively.
It follows from [41] that for any analytic prefactor E, we have that

Q2) = E(2)¥(n*f(2))
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satisfies the conditions (1), (2), (3) needed for Q. So we complete the construction of Q by
defining

Q(z) = E(2)¥(n’f(z)) diag <1, 20/2=5Me=29)(z) Z—a/ze%(xz—xaﬂz)) 7 (8.15)

where F, analytic in By, is chosen to satisfy the matching condition on 0B;. Using again the
results of [41], and taking into account that we have to interchange the second and third rows
and columns, we define

E(z) = Na(z) diag (1, 2 Za/z) diag <1, % (_11 —1@>>

x diag(l, (2mn) V2 £(2)"V4, (27n)M? f(z)1/4) . (8.16)

Here the branch of f1/4(z) is positive for z € (0,48). Observe that f1/4(z) = O (21/4) as z — 0,
so by (6I7),

1 1 1
Ez =01 2712 1 as z — 0.
1 27121
It is easy to check that
1 0 0
Ei(x)=E_(x) [0 i(f+/f-)"4(2) 0 , T €(=4,0).
0 0 —i(fr/f)Y4(2)

Since fj_/4(x) = z’fi/ﬁ‘(x) for x € (—6,0) and E cannot have a pole at the origin, we conclude
that F is analytic in Bs.

Finally, the matching condition (8.3]) in condition (4) of the RH problem for () is satisfied
by results of [41]. We have thus established the following,.

Proposition 8.1. The matriz-valued function Q defined by ®I5), ®IB), with ¥ as in (814
satisfies the conditions 1.—4. of the RH problem for Q.

Taking into account (B2I)) and that det ¥ = 1 (see [41]) we also conclude that
detQ(z) =1, =z¢€ Bs. (8.17)
If we would take () as the local parametrix for 7', we would define the final transformation as
R(z) =T(2)Q(2)™!, z¢€ B;.
Then R would be analytic in Bs \ (0, 00) with the following jump for x € (0,0),

R_(2) 'Ry () = Q)T (1) T4 (1) Q)
_ Q($) <I + xaen()q—)\z)(x)Em) Q(ZE)_l
= I + 2" 2@ () B1Q ()7L (8.18)

Lemma 8.2. For a > 0, the matriz Q(z)E12Q(x)~" is bounded as x — 0, x > 0.
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Proof. If o > 0, then it follows from ([84]) and [8I7) that both Q(x) and Q(x)~! are bounded
as ¢ — 0, x > 0, and the lemma follows.

For a = 0, the above argument, now based on (82]) instead of (8.4]), does not work, since
it would lead to a bound O(log |z|) as x — 0. To prove the lemma for a = 0, we look at the
precise construction of ). From (8II]) and the known behavior of I(¢) and Ky(¢) as ¢ — 0,

we obtain log €
_ 1 log
MO_O<1k%M>

Since det ¥(¢) = 1, it then follows by (814]) that

1 0 0
vOt=10 0 O(1) as ¢ — 0.
0 O(log¢l) O(loglcl)

Using this in (815) we obtain

1 0 0
Qz)t=1{o0 O(1) O(1) E~Yz), asx—0,2>0, (8.19)
0 O(loglz]) O(log |z[)

where E~!(z) is bounded near = = 0. Since

1
Q(x)EnQ(x) ' =Qx) | 0] (0 1 0)Qx)~"
0

1

and Q(x) | 0] is bounded by B2) and (0 1 0)Q(z)~' is bounded by (BIJ), the lemma
0

follows for oo = 0 as well. O

From Lemma [8.2] and the fact that Re (A\; — A2) < —c < 0, for some ¢ > 0, it follows that
the jump matrix (8I8]) is exponentially close to the identity matrix as n — oo, uniformly for
x € (0,6), in case a > 0. We take the parametrix P = @ in case « > 0.

This does not work if o < 0, since then we would get that Q(z)FE12Q(z)~" is of order
x®* as * — 0. Then for any fixed x > 0, the jump matrix is close to the identity matrix as
n — oo, but it is not valid uniformly for z € (0, 0).

8.1.2 Second part of the construction, for —1 < a <0

Let us analyze now the case when —1 < a < 0. Now we cannot simply ignore the jump
matrix of 7" on (0, d), so we will try to match all four jumps. Namely, we build a 3 x 3 matrix
valued function P such that

1. P is analytic in Bs \ (A U A5 U(0,0)).

2. P has a jump Py (z) = P_(2) jr(2) on each of the oriented contours shown in the right
picture of Figure 8l The jump matrices are given by

1 0 0
jT(x) =10 0 —\x!‘o‘ , T E (—5,0) = Ay N By,
0 |z|* 0
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Jjr(z) =1+ eimiz_ae"(A2_>‘3)(z)Egg, z € A;E N Bs,
jr(x) =I+a2%" M@ E, 2 e (0,0).

3. P(z) behaves near the origin like:

1 |z]* 1
Pz)=0(1 |21 1], asz—0. (8.20)
1 |z]* 1

4. Asn — oo,
P(z) = No(2)(I + O(1/n)) uniformly for z € 9B; \ (Ay U AF U (0,9)), (8.21)
where N, is the parametrix built in Section [Gl

We use the matrix-valued function @ given by formulas (8I5) and (8I6]), that worked as
a parametrix for the case a > 0. We take P in the form

P(z) = Q(2)5(2), (8.22)
where S is given in the four components of Bs \ (Ag U AT U (0,4)) as follows:
1
-7 - o n()\l—)\g)(z)E
S(z) t T ami? € 12,
for z in the region bounded by (0,§) and AJ, (8.23)
e2a7ri
-7 - o n()\l—)\g)(z)E
S(z) t T gami? € 12,
for z in the region bounded by (0,6) and A;, (8.24)
1 a, n(A1—2)(z eomi n(A1—A3)(z
S(z) =1+ 2 M=2)@) ., i€ Ai=28)(2) o
for z in the region bounded by Ay and A, (8.25)
2o T
o € a n(Ai—X2)(z € n(A—2A3)(z
for z in the region bounded by Ay and A5 . (8.26)

This construction is actually valid for any non-integer a.

It is a straightforward, although somewhat lengthy, calculation to show that P satisfies
all the jump conditions from item 2. in the RH problem for P. To check the jump on
Ay = (—6,0) one has to keep in mind that Aoy = A\3_ — 27 on Ag, see [AI7), and that z®
is defined with a cut on (—o0,0]. The conditions 1., 3., and 4. in the RH problem for P are
easy to verify from the above definitions and the corresponding conditions in the RH problem
for Q. For condition 4. we also need to note that Re (A — A;)(2) < —¢ < 0 for j = 2,3 and
z € B;.

In order to unify notation for @« > 0 and —1 < a < 0, we take as the parametrix in Bj
in the Case 1 the matrix valued function P = Q.5, where S = I if & > 0, and S is given by

E23)-BZ6), if —1 < o < 0.
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8.2 Case 2.

The construction of the local parametrix P near the origin in Case 2 follows along similar lines
as the construction in Case 1. In Case 2 the geometry of the curves in the RH problem for
T is shown in the right picture of Figure[@ Now the jump matrix on (—¢,0) is exponentially
close to the identity matrix if n is large, and in the first step of the construction we ignore
the jump on (—4,0), thereby giving us the contours as in the left picture of Figure [0

Figure 9: Contours for the local parametrix around 0 in the Case 2, for a > 0 (left picture)
and for —1 < o < 0 (right picture).

8.2.1 Construction for o >0

We start by constructing a solution to the following RH problem (see left picture of Figure
[@.
1. Q is analytic in Bs \ (A; U AT).

2. @ has a jump Q+(2) = Q—_(2) jr(2) on each of the oriented contours shown in Figure
They are given by

0 z* 0
jrz)=|—-2"* 0 0|, z€(0,0)=A1NDBs,
0 0 1

Jjr(z) =1+ z_ae"(’\Q_)‘l)(z)Egl, z € Af N Bs.

3. For —1 < a < 0, Q(z) behaves near the origin like:

1 ]z 1
Qz) =01 |2 1], asz—0. (8.27)
1 ]z|* 1

For v = 0, Q(z) behaves near the origin like:

log|z| loglz| 1
Q(z) =0 |loglz| loglz] 1], asz—0, (8.28)
log|z| loglz| 1
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For 0 < a, Q(z) behaves near the origin like:

2|7 1 1
Q(z) =0 |z|_a 1 1], asz—0in the lens around Ay, (8.29)
11
1 11
Q(z) = 1 1 1|, asz— 0outside the lens. (8.30)
1 11
4. Asn — oo,
Q(2) = Nuo(2)(I + O(1/n)) uniformly for z € dBs \ (A; U AT), (8.31)

where N, is the parametrix built in Section [Gl

With ¥ built in (BII)—(8I3]) we define a 3 x 3 matrix-valued function

T(C) = <U3\P(5003 ?) . o3= <é _01> : (8.32)

where now W is in the upper left block, and

Q(z) = B(2) B(n?f(2)) diag (1) (—2) /2302, (1) (—z)0/2e802-00C), 1),
(8.33)

for £Im z > 0, where (—2)®/2 is positive for z € (—6,0) and is defined with a cut on (0, +-00).
Here f is the conformal map

= [ - e n0)] =[5 [-wea] . e

and the analytic prefactor F is

B(2) = Na(e) diag ((~2)%,(~2)"/%,1) diag (% <1 i) ,1>
x diag ((2m)1/2 F)YA, (2mn) V2 f(2)" V4, 1). (8.35)

Then we find the following analogue of Proposition Rl

Proposition 8.3. The matriz-valued function Q defined by (833), ®35), with ¥ as in (R32)
and f as in 834), satisfies the conditions 1.—4. of the RH problem for Q.
8.2.2 Construction for —1 < a <0

The above constructed @@ can be used as a parametrix P for 1" in case o > 0. For —1 < a < 0,
the parametrix should also have the same jump as 7" on (—0,0), and we seek a 3 x 3 matrix
valued function P such that

1. P is analytic in By \ (A U AfuU (—6,0)).
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2. P has a jump P, (z) = P_(z) jr(z) on each of the oriented contours shown in Figure [0
right. They are given by

0 z* 0
jrx)=|—-2"* 0 0, =z€(0,0)=A1NBs,
0 0 1

jr(z) =1+ z_ae"(’\Q_)‘l)(z)Egl, z € A;E N Bs,
jr(z) = I+ |z|e"Ps=22)@) Bay - g e (=6,0).

3. P(z) behaves near the origin like:

1 |z]* 1
Pz)=0(1 |z2|* 1], asz—0. (8.36)
1 |z]* 1

4. Asn — oo,
P(z) = No(2)(I + O(1/n)) uniformly for z € 0By \ (Al U Ali U (—5,0)), (8.37)
where N, is the parametrix built in Section [6l
Just as in Case 1, we build P in the form (§22]),
P(z) = Q(2)S(2), (8.38)

where @ is the matrix valued function constructed by formulas ([833])-([833]), and S is now
explicitly given in each of the four components of Bs \ (A; U AT U (—6,0)) by

T

e _
S(Z) =1 - wzae"o‘?’ )\2)(Z)E32,
for z in the region outside the lens, (8.39)
eomi N aTi [V
S(Z) —J— wzaen( 3— 2)(z)E32 + men( 3— 1)(2)E317
for z in the upper part of the lens around Aq, (8.40)
T s (2) T eA)()
S(Z) =1- 1_620””.2 e 3Tz E32— 1—620‘7”6 3T Egl,
for z in the lower part of the lens around Aj. (8.41)

Then by straightforward calculations it can again be checked that all conditions 1.—4. of
the RH problem for P are satisfied.

In order to unify notation for @ > 0 and —1 < a < 0, we take as the parametrix in By
in the Case 2 the matrix valued function P = Q.5, where S = I if & > 0, and S is given by

E39)-E4D), if —1 < a < 0.
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9 Final transformation

We denote generically by Bs the small disks around the branch points 0, p and ¢, and by P
the local parametrices built in Bs. We define the matrix valued function R as

R(z) = {T(z)P‘l(z), in the neighborhoods Bs, (9.1)

- | T(2)N;1(2), elsewhere.

Then R is defined and analytic outside the real line, the lips Af and Aéﬁ of the lenses and
the circles around the three branch points. If a > 0, the jump matrices of 7" and N, coincide
on A7 and Ay and the jump matrices of T and P coincide inside the three disks with the
exception of the interval (0,6) in Case 1, and (—0,0) in Case 2. It follows that R has an
analytic continuation to the complex plane minus the contours shown in Figure

Figure 10: Jump contours for the RH problem for R, when o > 0: Cases 1 (top) and 2
(bottom).

We find that R satisfies the following RH problem, that we describe explicitly only in the
Case 1 (Case 2 is similar):

1. R is analytic outside of the contours in Figure

2. R has a jump R, (z) = R_(z) jr(z) on each of the oriented contours in Figure [I0, with
jump matrix

Jr(2) = No(2) j7(2)N; N (2), z€ AT UAFU(6,p—0) U (q+9,00), (9.2)
jR(Z) = Na(z)P_l(z)’ z € 635,
jr(z) = P(2) jr(2)P7'(2), 2 €(0,0).
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Figure 11: Jump contours for the RH problem for R, when —1 < o < 0: Cases 1 (top) and 2
(bottom).

3. R(z)=1+0(1/z) as z — oc.

Note that it is only after this final transformation that the RH problem is normalized at
infinity. Item 3. follows from (B.3]) and (G.3]) and the definition (@) of R.

If —1 < a < 0, the situation is even simpler, since now R has an analytic continuation
to the complex plane minus the contours shown in Figure [[1] so that only jumps (@2)—(@.3))
remain. By (820) and [830]), R(z) is at most O (|z|) as z — 0, so that the singularity at 0
is removable.

From the matching conditions for the local parametrices it follows that

Jjr(z) =1+ 0(1/n) as n — oo uniformly for z on the boundary of the disks.
If @ > 0, for z in the interval (0,0) (in Case 1) or (—6,0) (in Case 2), we have for some ¢ > 0,
Jr(z) =1+ O(z%").
On the remaining contours we have for some ¢ > 0,
jr(z) = I 4+ O(e~mly asn — 0o.

We can use standard arguments (see e.g. [7]) to conclude that
1
R(z)=1+0 — 9.5
@=1+0(-mips ). o, (9.5)

uniformly for z in the complex plane outside of these contours. Then by Cauchy’s theorem
also

R(2)=0 <m> : n— 0. (9.6)
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Thus, we obtain the following estimate which will be useful in the next section

R RG) = 1+ 770) (R@) - Ro) =1+ 0 (22)). (0.7

10 Proofs of the theorems

The proofs of Theorems are based on the asymptotic analysis of the kernel K,,(z,y).
If we use ([2.24]) and follow the steps of the RH steepest descent analysis, we find that for
z,y >0and x,y € Ay,

1
Kae) = 5= (0 nly) ) V5 )70 :
1 ” 1
:m@ yre M 0) X7 ()X (a) 8
1 o B AL+ ()
=Ty 0 VT U WU |0
1 B e+ (@)
:m(—e_nh,+(y) yae_NA2,+(y) 0)T+1(y)T+(:E) x—ae11()>\2,+(m) . (10.1)

This will be our basic formula for the kernel.

Proof of Theorem [2.4] We take = and y in the interior of Aj, and we may assume that the
circles around the branch points are such that z and y lie outside of these disks, so that

Thus, by (@1
T )Ty (0) = Ny () Ry (@) Ry (8) Na - (4)
_ x—y
= Nada) (140 (22 ) Mot
=I14+0(@x—y) asy—z,
and also
1 0 1 0 O
0 y* 0|77 W)Th(z) |0 27 0] =14+0(x—y) asy—uw.
0 0 1 0 0 1

Taking into account that on A both A\; and Ay are purely imaginary on Ay and Ay = E
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on Ay, we can rewrite (I0.1)) as

enilImAy (z)

1

K, (x,y) = m (_e—niImA1,+(y) eniIm A (y) 0) (I+0(x—y)) | emimi(@)
0
S (M1 Cart @04 @) mnitm Gt -2 4 Oz — )
2mi(x — y)
sin (n Im (As+ (4) = M. ()

= e pe— +0(), asy— =, (10.2)

where O(1) holds uniformly in n. Now we let y — z. Using (£9) and the L’Hopital rule, we
get that

Kn(@,2) = == Im G4 (2) + O(1) = = I+ (2)| + O(1), n— o,

(see e.g. ([A8), and so
1 1
lim —K,(z,z) = — Im {4 ()]
T

n—oo N
If x € Ry \ Ay, then it can be proved analogously that

1
lim —K,(z,x) =0.

n—oo n

This proves that the limiting mean density of paths exists and is supported on [p4,q|. This
proves Theorem [2.4] O

Proof of Theorem [27] Let x* € (p+(t),q(t)), where po(t) < q(t) are the end points of the
interval Ay, described in Theorem 24l Then p(z*) > 0, where p is the density given in (2.23]).
For given z,y € R, we take

* z * Y
Tp =2 + o Yn =T + o
np(z*) np(x*)

Then for n large enough, we have z,,y, € (p+(t),q(t)), so that (I0.2) holds. Then by Taylor
expansion,

I (0 () — A (0)) = (0 — )G (0) + O — )
Lt o) + 0 (5

np(x*) n
:ﬂi;ﬂ+@<%>,
n n
and therefore
1 sin(nlm (A4 (yn) — A1+ (2n)))
Ko(xn,yn) = : : +O(1/n
gy o on) " —1) m
sin(x — y)
=——+0(1/n),
EEEEA
which proves Theorem [2.71 O
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Proof of Theorem[2Z8 Take ¢ = f’(q) where f is the conformal map from (T1]). For z,y € R

xT

we put o, = ¢+ —55 and y, = ¢ + —45. This implies that

nB i) =, 0P f(ya) =y

If 2,y < 0, then we still can apply ([IQ.I]), but now, for n large enough, x,,y, belong to the
small disk Bs around ¢, so that

T(xp) = R(xy)P(zy)
= R(z)E(x,)0 (nz/s f(:cn)) diag (xT—La/%g(Az(mn)—Al(xn))’mgme—g(xgun)—xmxn))’ 1) 7

and similarly for T'(y,,). Therefore,

AL+ (Tn) 1
Ty () | zyoemre+@n) | = x;o‘ﬂe%()‘1*(x")+)‘2’+(“))R(;pn)E(xn)\IJ+ <n2/3f($n)> 1],
0 0

and

(_e—nA1,+(yn) yge—nkz,+(yn) 0) le(yn)
= 225 Q)P lm) (1 1 0) wi! (nz/?’f(yn)> E~ ()R (yn) -

As in [7, Section 9], we can show that

E™ (yn)R™ (yn) R(z0) B(2n) — 1.

Thus,
1
lim —— K, (tn,yn) = ——— (=1 1 0) ¥ 1 (2)P 1
o cn?/3 (1, yn) 2ri(z — y) ( O) + @)V () 0
~ Ai(2) A (y) — AY(2) Ai(y)
= pra— )
Similar calculations give the same result if = and/or y are positive.
The scaling limit near p in case t < t* follows in a similar way. U

Proof of Theorem[Z.9. Now we assume ¢t > t* so that we are in Case 2. For x and y are in
the J-neighborhood By of 0, we use the expression (I0.J) for K, (x,y) with T'= RP = RQS,
where S = I in case a > 0, or S is given by (840) in case —1 < a < 0. In both cases it
follows that

(e_n)‘l,+(y) yae_n)‘27+(y)) S;l(y) = (e_n)‘l,+(y) yae_n)‘zrk(y)) ,

en>\17+(1‘) en>\17+(x)
S+(.Z') x—aenA2,+($) — x—aeﬂ)\g’+(m) ,
0 0
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so that by (I0.1)

1
K, = = (—emM+) e mre+(v) 1 -1
@9) = 5 (—e y*e 0) Q7' (y) R (v)
en>‘1,+(w)
X R+(3§‘)Q+(3§‘) x_o‘e")‘zﬁ(x) . (103)
0

Let now x,y > 0 be arbitrary. Let ¢ = —f/(0) > 0 where f is the conformal map from
[B34) and take z, = 52, Yn = =z SO that

n’f(an) = —x/4,  n’f(yn) — —y/4

as n — oo. Then for n large enough, we have that x,, and y, are in the d-neighborhood Bg
of 0, so that we can use (I0.3]) with x and y replaced by x,, and y,,. We then have

Ry (2n)Qy(zp) = R(xn)E(:En)(I\’+(n2f(xn))
x diag <eam‘/2$7—La/2e%(A2,+(:vn)—>\1,+(mn))’ e—aﬂ/2$g/2€—%(A2,+(wn)—>\1,+(rn))’ 1) ,

and similarly for Ry (y,)Q+(yn). Thus,

ENA1,+(I7L) eonri/2
R, (xn)Q+ (xn) x;aenA2,+(xn) — x;a/2e%()‘1’+(x7l)+)‘2’+(x"))R(mn)E(xn)\/I)_,_ (n2f(£n)) o—0mi/2 7
0 0

and

(—emmdnrlum)ymemmha () 0) Q1 (yn) Ry (yn)
_ yg/2e—%(A1,+(yn)+>\z,+(yn)) (_e—am'/2 eomi/2 0) (I\j-l_-l (an(yn)) E_l(yn)R_l(yn) ]

Then it may be shown (see (O] and [7]) that
E™ (yn)R™ (yn) R(z0) B(zn) — 1,

and we arrive at

ami/2
. 1 1 Y a/2 R . ~_ ~ ¢ .
lim — K, (vp,yn) = —— (= —emami/2 ami/2 ) YT L(y /4)W 4) | e—omi/2
oo en2 (@n;yn) 2mi(x — y) (m) ( € ¢ 0) W/ )Y(z/4) | e 0

ol



To evaluate this further, we first note that by definition of \T/,

ani/2

e

(_e—am'/2 eam‘/2 O)Wll(y/4)\1’+(x/4) e—omi/2
0

| ' ani/2
_ (_e—onrz/2 eonrz/2) 0.3\11:1(—y/4)\11_(—$/4)0'3 <ee_am'/2>

' ' _ ami/2
= (e eom)w e (o) ()

-1

SHE () —3H (v5)
=, @)/ | MY/
Srivg (HD) (Vi) —imiva (BE) (v9)
§H (V) ~3Hi (/1) -1
e
where for the last line we used the definition of ¥(¢) in terms of the Hankel functions that is

valid for —7 < arg ( < —27/3. Since

1

= (HC(}) + Hﬁf’) = Jo

and since the above matrices with the Hankel functions have determinant one, it follows that
the above expression is equal to

(i) Jalvi) (o )
i (Ja(VOVIILWE) ~ VI Tal V)

Using this in the expression for the scaling limit we obtain the theorem. ]

11 Appendix: approach via equilibrium measures

In the appendix we indicate an approach via equilibrium measures. Our starting point is
the RH problem for X, see Proposition Bl Instead of the A-functions that come from the

Riemann surface we use the so-called g-functions to make the second transformation of the
RH problem.
As an intermediate step we first define

U(z) = X(2) diag(1, 2/t 2nvaz/t (11.1)

with the usual principal branch of the square root function. Then U satisfies the following
RH problem.

1. U(z) is analytic in C\ (RU A¥).
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2. U(z) possesses continuous boundary values on R U A;E denoted by (7+ and U_, and

~ ~ _n< T _@)
Up(x) =U_(z) (I +ax% 109t JF x € Ry,

(11.2)
N N 1 0 0
Up(x) =U(z) | 0 0 —fz[7* ], @€ (-o0,p), (11.3)
0 |x|* 0
1 0 0
Up(z) =U_(z) | 0 ghinlaal'/?/t 0 . ze(p_,0), (11.4)
0 |x|a e—4in\ax|1/2/t
Uy(2) = U_(z) (I + eiamz_ae_‘m(“z)w/tEgg) ze Af (11.5)
3. U(z) has the following behavior near infinity
N 1 1 0 0 10 0 1 0 0
U(z) = <I+ o <;>> 0 24 01/4 0 ? 4121 0 202 0/2
0 0 = 0 5t 7 0o 0 =z
zZ" 0 0
0 22 0 |, z—o00, 2z€C\(RUAY), (11.6)
0 0 2

4. U(z) has the same behavior as X (z) at the origin, see (320

Now we consider the following variational problem for two measures p1 and pe. Minimize

/ / log =y () v / / log ——

dm( )dp2(y)

//log dm( )dyz(y)Jr/( : z 2\ /az

— 11.
M=) ; > dpq(x)  (11.7)
over all pairs (1, 2) such that

supp(u1) C [0, 00), /dm =

(11.8)
supp(z) € (00,0, [ dua =172
and
uo < o, (11.9)
where o is the (unbounded) measure on (—oo, 0] with density

do  +a, _
%:E’l’\ V2, z e (—o00,0].

(11.10)
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It is possible to show that there is a unique minimizing pair (i, p2). The measures are
absolutely continuous with respect to Lebesgue measure and their densities are related to the
functions (; and (3 coming from the Riemann surface as follows

d 1
L (G -G,
% _do 1

(C34(z) = G- (7)) -

dr  dr ' 2mi
Thus
supp(p) = Ay, supp(p2) = (—o0, 0], supp(o — p2) = Ag,

and the constraint (IT.9]) on us is active only in Case 2.
The following variational equalities and inequalities hold for certain Lagrange multipliers
{1 and Is:

x 2vax [ =1y, x€ Ay,
2/log\x—sld,u1(s)—/log\x—sldug(s)—t(l_t)—k " { <li xeRi\Al (11.12)

x € Ay,

=y,
2/log | — y|dusa(s) — /log |z — y|dui(s) { - lz TER_\ As. (11.13)

This is a vector equilibrium for the pair of measures py and pe, supported on Ry and R_,
respectively, with the matrix of interaction

2 -1

-1 2 )’
characteristic of a Nikishin system [I3] [46] (see [2] for a survey), but with two additional
features:

(i) there is an external field

x 2y/ax
o) =0~

acting on R, motivated by the varying character of the orthogonality weights in (Z20);

(ii) there is an upper constraint (ILY) originated in the fact that wy/wy is the Cauchy
transform of a discrete measure on R_, see (3.2)). The upper constraint (IT.10]) is equal
to the limiting distribution of the points (3.3]) that are related to the positive zeros of
the Bessel function J,,.

We introduce the g-functions

5(2) = [logz = sdmi(s), =12, (11.14)
and define the transformation
U(Z) =0, diag (e—nh’ 1 enlz) [7(2) diag (e—n(fh(z)—h)’ en(g1(z)—gz(z)7 en(gz(z)—lg)) (11.15)

where [; and [y are the constants from (ITI2) and (ITI3]) and C,, is a constant matrix (see
the first matrix in the right-hand side of ([@I8])). Then U satisfies a RH problem.
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1. U(2) is analytic in C\ (RUAY).

2. U(z) possesses continuous boundary values on R U A;E denoted by U and U_, and

g1+ (2)=91- () xaen(gu(x)ﬂm(ﬂ—m(z)—ﬁ#@—h) 0
Usi(z) =U_(z) 0 elg1+ (2)—g1—(2)) ol, zeRy,
0 0 1
(11.16)
1 0 0
U+(JI) = U_(.Z') 0 0 _‘x’—a , T E (—OO,p_), (1117)
0 |z|* 0
1 0 0
U+(a:) _ U_(x) 0 e4m\am|1/2/te_n(g2+(gc)—gg,(m)) 0 = (p_,O),

0 |z|*e91+ @) =924 (2)=g2- (@) +l2) e—dinlaz|'/? [t gn(g2+ () g2 (2))
(11.18)
U_ (Z) (I + e:l:onriz—ae—4n(az)1/2/ten(2g2(z)—g1(z)—lg)E23> = A;: (1119)

S
—~
N
~—
I

3. U(2) has the following behavior as z — 0o, z € C\ (RUAF):

. 1 0 0 1 0 0\ /1 o 0
U(z) = <I+O<;>> 0 24 _01/4 0 % \/fi% 0 202 _0/2
0 0 z 0 VoL 7 0 0 z
(11.20)

4. U(z) has the same behavior as X (z) at the origin, see ([B.20]).

Due to the equilibrium conditions we have that the jump (II.I6]) simplifies on the interval
Al to

e-ﬂ(g1+(1‘)—917(1‘)) LUOC 0
Uy (x) =U_(x) 0 Mo+ @=g1-@) o ze A (11.21)
0 0 1

A calculation that uses the fact that us = o on (p_,0) shows that the diagonal entries of the
jump matrix (IT.I8) on (p—,0) are equal to 1, so that

Us(z) = U_() (I + ya:\“e"@lﬂx)—g%(x)—g%<x>+l2>E32) z € (p_,0), (11.22)

with an off-diagonal entry that is tending to 0 as n — oo. Of course the jump (II22]) is only
relevant in Case 2.
We can then go on by opening a lens around A; as discussed in the main part of the text.
We conclude this appendix by giving the relation between the g-functions and the A-
functions coming from the Riemann surface. We have

91(2) = Mi(2) — 41, (11.23)
D) = le) = ~Ma(e) + s~ U e (11.24)
92(2) = =X3(z) + t(lz— 5t 2@ + L. (11.25)
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with constants ¢, 2, and ¢3 appearing in ([@I3)-(@I5). These relations and {@I3])-@ID)
show that

g1(z) =logz — (=0 42_ al=9) o <Zi2> : (11.26)
g2(z) = %logz + s ;lcj/(i_z_ H_(a-ut ;—Za(l — 1) +0 <z3—1/2> , (11.27)
as 2z — OQ.
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