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Abstract

Motivated by new progress in the theory of ideals of Bloch maps, we introduce
(p, o)-absolutely continuous Bloch maps with p € [1,00) and o € [0, 1) from
the complex unit open disc I into a complex Banach space X. We prove a Pietsch
domination/factorization theorem for such Bloch maps that provides a reformulation
of some results on both absolutely continuous (multilinear) operators and Lipschitz
operators. We also identify the spaces of (p, o)-absolutely continuous Bloch zero-
preserving maps from I into X* under a suitable norm nPB - with the duals of the

spaces of X-valued Bloch molecules on D equipped with the Bloch version of the
(p*, 0)-Chevet-Saphar tensor norms.
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1 Introduction and preliminaries

For any Banach spaces X and Y, £L(X, Y) denotes the Banach space of all continuous
linear operators from X into Y, under the operator norm. In particular, £(X, K) is
denoted by X*. As usual, By stands for the closed unit ball of X.

Recallthat T € L(X, Y) iscalled p-summing with p € [1, co) if there exists C > 0
so that

(ZHT(x,-)nP) <C sup (Z!x*(an’)
i=1

*
x*€Byx \ ;2|

for any n € N and x1, ..., x, € X. The infimum of such constants C is denoted by
7, (T), and the Banach space of all p-summing operators from X into Y, under the
norm 7, by IT, (X, Y).

In the eighties, Matter considered the ideal of (p, o)-absolutely continuous linear
operators forany p € [1, c0) and o € [0, 1), with the aim of analysing super-reflexive
Banach spaces, providing its main properties in the papers [13, 14].

Let us recall that a linear map 7: X — Y is called (p, o)-absolutely continuous
for p € [1,00) and o € [0, 1) if there exist a Banach space Z and a p-summing
operator § € I1,(X, Z) for which

1T < IxI” IS@I'™  (x € X).

Weset o (T) = inf{m,(S) 1=01 where the infimum is taken over all Banach spaces
Z and § € I1,(X, Z) such that the above inequality holds. Let I, ; (X, Y) be the
Banach space of all (p, o)-absolutely continuous operators from X into Y, under the
NOrm 7 .

In the nineties, L6pez Molina and Sanchez Pérez investigated on the factorization
properties and the tensor norms related to these operator ideals in the papers [11,
12, 19]. Roughly speaking, the ideal of (p, o)-absolutely continuous operators can
be considered as an interpolating ideal between the p-summing operators and the
continuous operators since

(X, Y) C I, 0 (X, Y) € L(X,Y)
with
1Tl <7po(T) <7p(T) (T €Ip(X,Y)).
We refer the reader to the book [9] for a complete study on p-summing operators.
In the second decade of the twentieth century, Achour, Dahia, Rueda and Sédnchez
Pérez dealt with the factorization of both absolutely continuous polynomials and
strongly (p, o)-continuous multilinear operators in [1, 2]. Besides, Achour, Rueda

and Yahi [3] extended these studies for Lipschitz maps from a metric space into a
Banach space.
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Our main purpose in this paper is to introduce and establish the most notable
properties of a notion of (p, o)-absolutely continuous Bloch map on the open unit
disc D € C, in terms of the concept of p-summing Bloch map. From now on, unless
otherwise stated, X will denote a complex Banach space.

If H(D, X) represents the space of all holomorphic maps from D into X, a map
f € H(D, X) is called Bloch if

o5 () =sup |1~ 1zP) | f'@] s 2 € D} < 0.

The linear space of all Bloch maps from D into X, under the Bloch seminorm pg, is
denoted by B(D, X). The normalized Bloch space g(]D), X) is the closed subspace of
B(D, X) formed by all those maps f for which f(0) = 0, under the Bloch norm pg.
For simplicity, we write B (D) instead of g(lD), C). Numerous authors have studied
these function spaces (see, for example, the monographs [4] for the complex-valued
case, and [20] for the vector-valued case).

In a recent paper [6], the p-summability of operators was adapted to address the
property of p-summability in the setting of Bloch maps, as follows.

For any p € [1, 00), we say that amap f € H(D, X) is p-summing Bloch if there
exists C > 0 such that forany n in N, A1, ..., X, inCand zy, ..., z, in D, one has

1 1
<Z|w ||f/(zi>||”> <C sup (Z|Ai|”|g’<z,->|’”> :
8

i=1 €Bgm) \i=1

The infimum of the constants C for which this inequality holds, denoted by nll,g ,

defines a seminorm on the linear space I"I[lf (D, X) of all p-absolutely continuous
Bloch mapsAfrom D into X. Furthermore, this seminorm becomes a norm on the
subspace H[lf(ID), X) consisting of all those maps f € Hf (D, X) sothat f(0) =0. A
complete study on these spaces can be consulted in [6].

Now, we introduce the Bloch analogue of the notion of (p, o)-absolutely continuous
operator.

Definition 1.1 For any p € [1, 00) and ¢ € [0, 1), we say that amap f € H (D, X)
is (p, 0)-absolutely continuous Bloch if there exist a complex Banach space Y and a
map g € Hff (D, Y) such that

||f/<z>||§( )ng«z)nl-‘f (ceD).

1 —|z)?
In such case, we put
7h () =inf {75 @'~}

taking the infimum over all complex Banach spaces Y and all g € Hg (D, Y) such
that the above inequality holds. Hf’ﬂ (D, X) stands for the linear space of all (p, o)-
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absolutely continuous Bloch maps f: D — X. The linear subspace of Hf,a D, X)
consisting of all those maps f for which f(0) = 0 is denoted by Hg’ - D, X).

We divide the contents of this paper into some sections. We start by showing that
(HE’O(D, X), JTEO) can be identified with (Hf(D, X), nf). For this reason, the results
that we establish in this paper extend some obtained in [6]. In a clear parallel with the
linear setting, the class Hf’n can be considered as an interpolating class between the
classes I'IB and B.

In Sects.2 and 5, we prove that [l'[ P fjg] is an injective Banach normalized
Bloch ideal. Sections3 and 4 are devoted to both versions of Pietsch domination
theorem and Pietsch factorization theorem for (p, o)-absolutely continuous Bloch

maps on . We also address the invariance of the space (Hf D, X), nf ) by Mobius
transformations of ID. In Sect. 6, we introduce and analyse the so-called (p, o)-Chevet—

Saphar Bloch norms dB on the tensor product space G(D) ® X, where G(D) is the
Bloch-free Banach space If p* =ocoforp =1,and p* = p/(p—1) forl < p < o0,

we show that (H - D, X*), n ») can be canonically identified with the dual of the
completion of the space Gg() ® X.

N

2 Banach structure

We begin with an easy result on interpolation which can be compared to [13, Propo-
sition 3.3]. We will need the following class of Bloch functions. For each z € D, the
map f,: D — C defined by

l_
fz<)——( 20w e ),
_ZUJ

is in E(D) and pp(f;) =1= (1 — |z|2)fz’(z) (see [10, Proposition 2.2]). Clearly,

f. € IBD, C) with 75 (f:) < 1 forany p € [1, 00).
Given two semi-normed spaces (X, px) and (Y, py), we will write (X, px) <
(Y, py) to indicate that X C Y and py(x) < px(x) for all x € X.

Proposition 2.1 If p, g € [1, 00) with p < q and o € [0, 1), then

(M5 oM@, X), 750y = M5, X). 75 < (M5 @, X).75,)
<@, .x).75,) < (BD. X). ps5).

Proof If f € HE’O(D, X), there isamap g € H?(D, Y) for some complex Banach

space Y such that H /(2 H < ”g’(z) ” forallz e D.Givenn € N, A; € Candz; € D
foralli € {1,...,n}, we get

(Z Ik ||f/<zl->||”> < (Z Ik ||g/(z,~)||”>
i=1 i=1

W Birkhauser
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1

n »
<75 sup <Z|>»,-|”|h/(z,~>|”> ,

heBgpy \i=1

hence f € HE(D, X) with nf(f) < nf(g), and passing to the infimum over all such
complex Banach spaces Y and all such maps g, one has pp(f) < nEO(f).

The inequality (HE(D, X), nf) < (HE’O(D, X), JTEO) is a particular case of the
following. If f € ME(D, X), then

1
| F@| <xff) sup [¢'@]=<mEf) .
gEBE(D) 1 - |Z|
1\ .
:nf(f) (1——|Z|2) |fz/(Z)|l (z e D).

as for the second inequality we use the supremum is taken over g’s in B, and that
p5(8) = (1 —[z*) | ¢'()|. Hence f € TIE (D, X) with

7B () < 7B@B(HTe )7 = 2BpHnBir' e < 7B,

If f € 5 (D, X),then f € TIE (D, X) with7 P, (f) < 75, (f) follows readily
by applying [6, Proposition 1.1].

If f e HEG(D, X), we can take a complex Banach space ¥ and a map g €
N5, v) such that

lrol= (=) l¢@l'™ e

1—z)?

It follows that
l—o
=P =(a-1Pld@l)  <me'™ @eb,

hence f € B(D, X) with pg(f) < pp(g)' ™7, and taking infimum over all such
complex Banach spaces Y and such maps g, we conclude that pg(f) < n[fg( f). O

The case 0 = 0 in the next result follows from Proposition 2.1 and [6, Proposi-
tion 1.2]. In fact, we can adapt the proof of [6, Proposition 1.2] to yield a more general
result.

Proposition 2.2 (Hgg D, X), nfa) is a Banach space for any p € [1,00) and
o €[0,1).

Proof Assumethato € (0,1).1f f € HEU D, X) andnfig (f) =0,thenpp (f) =0
by Proposition 2.1, and so f = 0. We now prove the triangle inequality. Fori =1, 2,

) Birkhauser
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consider f; € HEG (D, X), a complex Banach space Y;, and g; € HE (D, Y;) such
that

1 a -
5@l < (=) lsol” ceo.
Let Y be the £;-sum of Y| and Y>, and let I;: Y; — Y ‘tle the canonical injec-
tion. The map g = Ziz:l rrf (g1)7% (I; o g;) belongs to Hf (D, Y) and nf (g) <
Zizzl nf (gi)' 7. Using Holder’s Inequality, we get

2
=3Il = () Shiol”
i=1 i=

2
1 o . l1—0o B
B <l—lz|2> >l @], @t
i=1 !

-0 o
() (i | @ st o Hy) (iﬂff (gol—”)
i=l ' i=1

<1 Iz |2) lg' @ 1y_g (nff (g™’ —I—nf (g2)1_0>0 (z € D).

IA

Thus Y2, fi € 1B (D, X) with

2 2 o 2
b (Z ﬁ) < (an (gn‘—") 2B @) <Y 7B
i=1 i=1

i=l
Passing to the infimum over all such complex Banach spaces Y and such maps g1 and
g2, we deduce that JTEU (Ziz:l fi) < Zizzl JTEU (fi)-
Let A € Cand f € Hlli(, (D, X). We have a complex Banach space Y and g €
Hf (D, Y) such that

||f’<z>!|f<1 )Hg%z)ll]“’ (z € D).

1
—|z?

Therefore,

, 1 a ’ l—cr_ ; 7 %
65) <z>||slkl(—1_|z|2) s’ @I _<1—|z|2> (r8)

Since Aﬁgl e MBM, X), we have Af € MB_ (@, x) with 78, (.f)
—0

nf ()\ﬁg) = Iklnf(g)l_”. For . = 0, we obtain NEO af) =0

[A nfia (f). For A # 0, we deduce thatnfja A f) <A 715(, (f). Hence T[EU (f) <

1—0o

(z € D).

IA
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AT 7B, (). then M 7B, (f) < 7B, 0f). and thus 78, . f) = M 7B, ().
So (HEU D, X), nffa) is a complex normed space.

To prove its completeness, let (f;) be a seAquence in Hfﬂ (D, X) for which
Zf,il nEU (fn) < oo. Since pg < 78 on Hf’a (D, X) (by Proposition 2.1) and

~ P, -~
B (D, X) with the norm pp is a Banach space, there exists f € B (D, X) such that

Yo\ fa = f for pg. We will prove that > oo | f, = f for nfg. Let & > 0, and for

each n € N, we can take a complex Banach space Y,, and a map g, € l'[f (D, Y,,) for
which

ol = (=) e ol cen.
with
78 (e~ < 7B, (f) + 21
Then

o o
S wBen' ™ =Y b, () +e.
n=1 n=1

Letg = Z;’;lnf (gn) (I, 0gn) € Hf (D, Y), where Y is the £;-sum of all ¥,, and
I,: Y, — Y is the canonical injection. Hence

00 00 1 o .
Irol=Yinel <Y (=) laol;
n=1

n=1

1 (e} Y o0 - o
= (2=) 1w el; (an(gn)l ) ey

n=1

This implies that £ € 15 | (D, X) with

M

LSOO DY (gn)“”) Tp(9)' 7

1

IA

M2

o /0o 1—o
( 3 (gn)‘”> (an’ <gn>‘”>
n=1

o0
7B e <Y B, () +e.
n=1

1

K
I

M

n=1

) Birkhauser
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Moreover, we have
n o0 o0
Tho (f - ka) =7p, ( > fk) < Y 2B men,
k=1 k=n+1 k=n+1

and thus ) 2, f, = f for nEU. m]

3 Pietsch domination

Our next result is a reformulation for (p, o)-absolutely continuous Bloch maps of
Pietsch domination theorem for (p, o )-absolutely continuous operators stated by Mat-
terin [13, Theorem 4.1]. However, to prove our result, we will apply an unified abstract
version of the Pietsch domination theorem established by Pellegrino and Santos in [15,
Theorem 3.1] (see also [5, 16]). Our proof is based on [6, Theorem 1.4 and Lemma
1.5].

Let us recall that B (D) is a dual Banach space (see, for example, [20]) and therefore
we can consider this space equipped with its weak™* topology. Let P(BE(D)) be the set
of all Borel regular probability measures p on (Bgm)- w™*).

Given u € P(BE(]D)))’ p €[l,00)and o € [0, 1), consider the inclusion operators

Ioo,p/(1—0): Loo() = Lpj1—o)(i1)
and
joo: C(Bg(py) = Loo().
We will also use the map
ip: D — C(Bg(D))

defined by

() (8) = g'(2) (g € Bgpy 2 € ID)) :
and, for a complex Banach space X, the isometric linear embedding
tx: X = Loo(Bx+)
given by
ix() ") =x*(x) (x* € Bx+, x € X).

Theorem 3.1 (Pietsch domination). Let p € [1,00), 0 € [0,1) and [ € E(D, X).
The following are equivalent:

W Birkhauser
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(1) femy, D, X)
(2) There is a constant C > 0 and a measure . € P (BE(D)> such that

1 o L\ T v
| f'@|=<c (/ (( 2) I ()" ) dp (h))
Bam) 1—1z|

forall z € D.
(3) There is a constant C > 0 such that

n 1-o
P
(ZIM'“ |7 <Zi>||1”cf> <C
i=1

(o () o))
sup [Ail (—) h' (zi) )
heBgp VI U\ — |z ’

foralln e N, \; € Cand z; € D foralli € {1, ..., n}.

Furthermore, the infimum of the constants C > 0 in (2) (and in (3)) is JTE & ().

Proof (1) = (2):If f € Hll?’ - (D, X), then there exist a complex Banach space Y
andamap g € Hf (D, Y') such that

||f’(z)||§< ) lg@I'™"  (zeD).

1—z?

By [6, Theorem 1.4], there is a measure u € P (Bg(D)) such that

lg'@] < B ( /B

and therefore

B(D)

1
|h/(z)|pdu(h)) (zeD),

I @l = (

1— 1z

) e @l
1—0o

B 1—0o 1 7 / l-o ]f,, !
h du (h D).
<789 </BE®) ((1_|Z|2> | @) ) u()) (z e D)

(2) = (1):By[6, Lemma 1.5], there existsamap k € E(ID), Lo (1)) with pg (k) =
1 such that ¥’ = j o tp. In fact, k € Hf (D, Ly (1)) with nf (k) = 1. By (2), we

) Birkhauser
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can write

) el

1 o ) - % P
<—1 — |Z|2) |h'(2)] ) du(h)

i, :
)

( [ e ey on @) (h))
Bgm

1 7
:(1—Iz|2) I&' @]

where g = CT5 (I, p 0 k) € TIB(D, L, ().
(2) = (3): If (2) holds, then

el

P

)Cﬁ(]oo,p 0 joo ©tp) (2) (h)’p du (h)>

el
r

1—o
Lp(u)’

n , . P
(Z a5 | £ @) )

i=1

1 o X = p
—0
. W) | f]. @) ) du(h)>
— I<i
1—o

- 1 7 / 1—-0o % o
il [ —— ) £ @)
2 i
= 11—zl
-0
N
<C sup i(lh‘l( : 2)0 |h/(Zi)|la)lJ p
heBgp, \iT] 1 — |zl

foralln e N); e Candz; € Dforalli € {l,...,n}, and this proves (3).

<c / ol (— >6< ! )1_0 %d (h) 5
=& S, ) \mp g

3B)= (2):LetR: BE(D) X(DxR) xR — |:0, +oo|: be given by

1 a o
R (h, (z.2).b) = [A| (—2) n' @] 77 1bl,
1 — |z

W Birkhauser
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and let S : E(D, X)x(MxR) xR — |:O, +oo|:be defined by

S @0, by = |f @] bl

Then f is R-S-abstract p/(1 — o)-summing (see definition in [15]) since

1—o

1-0
(ZS . <Zf’%‘>vbf>‘p“) = (Z(m 17 @l |b,~|)1"o)
i=1

i=1
P

n 1 o | T— I’U
<C sup (m(—) W) |b-|)
heBap, (Z i) el e

i=1

el

n > P
=C sup (ZR(h,(z,»,x»,bi)l'a)

heBgmy \i=1

Then, by [15, Theorem 3.1], there are C > O and n € P (BB(ID))> such that

l—o
P

S(ﬁ(z,)»),b)SC(/
B

forall (z, ) € D x R and b € R. In particular, we have

N N\ o
I @ §C(/B <<1—|z|2) I @) ) d,u(h)> zeD).
B(D) -k

R(h, (z,2),b) T du (h))

B(D)

4 Pietsch factorization
We now present the analogue for (p, o)-absolutely continuous Bloch maps of Pietsch

factorization theorem for (p, o)-summing operators. Its proof is based on those of [6,
Theorem 1.6] and [7, Theorem 3.5].

Theorem 4.1 (Pietsch factorization). Let p € [1,00), o0 € [0,1) and f € g(]D), X).
The following are equivalent:

() fend, o x).

) Birkhauser
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(2) There exist a measure |1 € P(Bg(D)), amap h € g(]]]), Loo(w)) and an operator
T € L(Lp/a-o)(), Loo(Bx*)) such that the following diagram commutes:

loo.p/(1-0)

Loo() ————— Lp/a—0)(1t)

1 Ik

D X — % 0o (Byv)

Furthermore, nfg(f) = inf {||T|| pp(h)}, the infimum being extended over all
such decompositions of tx o f as above, and this infimum is attained.

Proof If (1) holds, then Theorem 3.1 provides a measure u € P(BE(D)) such that

1-o

1 o Y % o
If @) =78, / (( 2> '@ ) dp(g) (z € D).
By \\1— 2l

By [6, Lemma 1.5], there exists a map & € g([DD, Loo()) with pg(h) = 1 such that
h' = joo o tp. Denote the closed linear subspace

Sp/1—c) = lin(Ioo, p/(1—0)(h' (D)) € Lp/1—0) (1),
and define 7o € L(S,/(1-0), Loo(Bx*)) by
To(o.p/1-0) (B (2))) = tx(f'(2))  (z € D).
Notice that || Ty|| < nﬁa(f) since

> i ToUoo,pja1-0) (W (zi))

i=1

Ty (Z o Ioo,p/aaxh’(z,-)))

i=1

o0 oo

ix (' (i)

< el [ex (F @] o =D el | £ @)
i=1

o i=l

B . . 1 )J 1o 1—0>lpad v
_np,o<f)§|a,|</3m <<—l—lz,~|2 |g'(0) 1(g)

pa<f>Z '“’

i=1

and

= Ssup
SEBB(D)

= Ssup
gEBB(D)

Za,g (zi)

i=1

lot; |
1 " |2 'Z f (zi)

ZallD(Zl)(g)‘

i=1

W Birkhauser
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> aih'(z)

i=1

D i joo(tp(z))

i=1

n
ZaitD(Zi)
i=1 o
n
Ioo.p/(1-0) (Z “ih/(Zi))

i=1

Leoo () Loo(i)

Zailoo,p/(lfo)(h/(zi))

i=1

Lpja-o) Lpja-o)

foranyn € N, o; € C*and z; € Dforalli € {1, ..., n}. By the injectivity of the
Banach space £oo(By+) (see [9, p. 45]), there exists T € L(Lp/(1—-0) (1), Loo(Bx+))
such that TlSp/(Hy) = Ty with || T|| = || Tp||. This allows us to conclude that cy o f/ =

T o Lo pj(1-o) © h' With | T|| pp(h) < 75, (f).
Conversely, assume that 1y o f' =T o I, p/(1—0) © h" as in (2). We have

1—o

=z 1o
(wag Hf’<z1->|\'f“> = (Zlml’—’v Htx<f’<zi>>!|;f">
i=1

i=1

o L\
= ZMJE ||T(Ioo,p/(lfo)(h/(2i)))”Olgg

i=1
P
1

l—o
n p o
< || (Z 2417 | Ioo,p/u—w(h’(zr))IIL;;’(._W))

i=1

n » D I_TU
=TI (Z il =7 ||h/<Zf>H£o§<m)
i=1

el

n )\'i %ﬂ P
<|IT1 p5(h) (Z #)

_pP
i1 (1= 1z|HT™

1-o

n o P I3
1 . T—o
=TIl pp(h) (Z <|)»i| (m) \fl (Zi)|1 ) )

i=1

lI—o

n 1 o o o ﬁ P
< ITIl pB(h) S;JP (Z<Ml|(l——|zi|2) &' ()] ) )

8€bBm) \i=1

foranyn € N,A; € Candz; € Dforalli € {1,...,n}. Hence f € HEU(D, X) with
”,;B,a(f) < |IT|l pg(h) by Theorem 3.1. o

We now relate (p, o)-absolutely continuous Bloch maps with (weakly) compact
Bloch maps which were introduced in [10].

Let usrecall that the Bloch range of a function f € H(ID, X), denoted by rangz( f),
is the set

[0 -1P ' @ex:zeD].

) Birkhauser
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A map f € H(D, X) is called (weakly) compact Bloch if rangg(f) is a relatively
(weakly) compact set in X.

Proposition 4.2 Ifp € [1, c0)ando € [0, 1), then every (p, o)-absolutely continuous
Blochmap f: 1D — X is weakly compact Bloch, and if in addition X is reflexive, then
f is compact Bloch.

B
Proof Let f € T1 p’U(D, X). Hence Theorem 4.1 guarantees that

(xof) =txof =Tolsxp/i-c)oh’ =T o (s pji-e)oh),

for some measure u € P(BE(D)), an operator T € L(L p/(1—0)(1), Loo(Bx+)) and a

map h € E(D, Loo(p)). Assume first p > 1 and then the reflexivity of L p/(1—q) (1)
shows that tx o f € B(D, £ (Bx*)) is weakly compact Bloch by [10, Theorem 5.6].
Now, the equality rangg(tx o f) = tx(rangg(f)) yields that f is weakly compact
Bloch. The case p = 1 follows from the previous case when o € (0, 1) and from
Proposition 2.1 and [6, Corollary 1.7] when o = 0.

So we have proved that rang ( f) is relatively weakly compact in X, and therefore
relatively compact in X whenever X is reflexive. O

5 Injective Banach normalized Bloch ideal

Motivated by the theory of operator ideals between Banach spaces [17], the concept
of a Banach normalized Bloch ideal on DD was introduced in [10, Definition 5.11].
Proposition 1.2 in [6] asserts that [H[l? , rr[? ] is an injective Banach normalized Bloch
ideal for any p € [1, 0o). We now show that [Hfﬂ,
using [10].

715 -] enjoys the same property

Proposition 5.1 [H[fia, n[lja] is an injective Banach normalized Bloch ideal for any
p €[l,o0)and o € [0, 1).

Proof Note that we only need to prove the case o € (0, 1).

(N1): By Propositioil 2.2, (HE’U(D, X), 771?,0) is a Banach space with pgp(f) <
7B, (f) forall fe i, M, X). R

(N2): Letg € B(D) and x € X. Letusrecall that g - x € B(D, X) with pg(g-x) =

p1(g) |lx|| by [10, Proposition 5.13]. Assume g # 0. Foralln € N, A; € Candz; € D
foralli € {1, ..., n}, it holds
el
1”0) e

1-0
(Z il 77 | (g ) (z,->||1"v> = p5(g) x| (Zw”n
i=1

g , .
por (ps(g)> 0

> (r (=) ) 7)
< ps(g) llxll sup (IK'I (7) W (zi) ) ,
heBgo \ U\ — [z l
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and s g - x € T8, (D, X) with 75, (¢-x) < pg(9) llxll. Since pp(g) lx]l =
pB(g - x) <7y (g x), we have ), (g - x) = p5(g) lxl.

(N3): Let f € Hllia M, X), T e L(X,Y)andlet g : D — D be a holomorphic
function with g(0) = 0. The Pick—Schwarz Lemma assures that

(1=1z2PIlg@I <1-1g@* (zeD).

Letusrecallthat T o fog € g(]D), Y) by [10, Proposition 5.13]. We have

l—o

n )4
(Z M= ||<Tofog)’<zl-)||lfa)

i=1

n )4
= (Z il T |7 (fF (g ) g/ (zi))nliﬂ)

i=1

n ) A
<|7| (Z(w g’ @] | £ (e (m)ll)l'v)
i=1

2
€Bap, lg (zi)]

=\ 7
= ITll7p5q (f) sup (M g G I (g G|~ <|6(Zl)|2> )
heBgp) \i=1 1 —lg ()l

—_

B . ’ 1 7 % B
<|ITlnpq (f) sup nillg @l (g @)™ (———
P 1-

N

_ lfn P
<ITIxf, () sup | |,|< |,|2> (hog) @' “) )

=1

=

€B BD)

n - N\ 7
< ITI7pq () sup <| l|< - |2) ¥ @l ") ) :
1 l

€6Bm) \i=

where pp(hog) < pr(h) by [10, Proposition 3.6]. Therefore, To fog € Hfﬁ D, X)
with 73, (T o f 0 g) < 1Tl wy, (/).

(D: Let f € B(D,X) and let t: X — Y be a linear isometry so that t o f €
B _ (D, Y). We have

l—0o

(S rel™) " - <Z|x =

i=1

(' G >||w)

1-0

- (Z 2175 o £)' (z,->||"’a>

i=1

) Birkhauser



29  Page 16 of 25 A.Bougoutaia et al.

1—o

=\ 7
pa(Lof) sup (Z <| z|< 2) ’h/(Zi)|l_G> )
heBgp, — |z

and thus [ € H?U (D, X) with TL’EU (f) < nﬁa (to f). The reverse inequality
follows from (N3). O

The Mobius group of D, designated Aut(ID), consists of all biholomorphic bijections
from 1D onto itself. Let us recall that a linear space A(D, X) € B(D, X), under a
seminorm p 4, is Mobius-invariant if: (i) there is C > 0 such that pg(f) < Cpa(f)
for all f € A(D, X); and (ii) f o ¢ € AD, X) with p4(f o ¢p) = pa(f) for all
¢ € Aut(D) and f € A, X).

By Proposition 2.1, (HE’U(D, X), nfg) < (B(D, X), pg). Moreover, by the proof
of (N3) in Proposition 5.1, one has that if f € Hf’a (D, X) and ¢ € Aut(DD), then
fogpenB (D, X)withnB (fo¢) <78, (f).and this factalso yields 75, (f) =
nEU((f op)ogp™l) < nfa(f o ¢). So we have stated the following result which
extends [6, Proposition 1.3].

Corollary 5.2 (I'IB D, X), JTB o) is a Mobius-invariant space for p € [1, 00) and
o €[0,1). O

6 Duality

With the aim of studying the duality of the spaces HE’ - (D, X*), we first introduce
the Bloch analogues of the (p, o)-Chevet—Saphar norms on the tensor product of two
Banach spaces. We refer the reader to the references [8, 18] for a complete study on the
theory of tensor product. As usual, for any linear spaces E and F, the tensor product
E ® F equipped with a norm « is denoted by E ®, F, and its completion by E®, F

Towards our aim, we recall some concepts and results of [10]. For each z € D,
a Bloch atom of D is the functional y, € g(]DD)* given by y,(f) = f'(z) for all
f e l?(]D)). The named Bloch molecules of 1D are the elements of the space

lin({y;: z € D) € BOD)*,
and the Bloch-free Banach space of D is the space
G(D) :=Tin({y.: z € D)) < BD)*.

Themap I': z € D — y. € G(D) is holomorphic with ||y.|| = 1/(1 — |z|?) for all
zeD.
Define now the space of X-valued Bloch molecules of D by setting
lin(MD) ® X :=lin{y. ®x: z € D, x € X} € B, X*)*,
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where y, ® x: g(D, X*) — C is the functional given by

. ®x) () =(f'(),x) (f e BOD, X).

Plainly, each element y € lin(I'(D)) ® X can be expressed as y = > ;| Aiyz; ® X;
forsomen e N,A; € C,z; e Dand x; € X fori =1, ..., n. Moreover,

y(H) =Y xlf'@)nx)  (f €BD XY).

The following family of norms contains the p-Chevet—Saphar Bloch norms on
lin(I'(D)) ® X introduced in [6, Subsection 2.3].

Definition 6.1 Let p € (1,00) and o € [0, 1). We define the (p, o)-Chevet-Saphar
Bloch norm dll,gﬁ ony €lin(I'(M)) ® X by

~ 1 o —
dfa<y>=inf[( sup (max (w(—z) W )] )))
heBgp, \ISisn 1=zl

n 1-0o
1
x (Z ||xl-||'—v> ,
i=1
~ n 1— 1—
dS,(y)=inf { | sup (| l|< 2) |h' (zi)| )
heB&D) . | l|

i=1

pr—(l-0)

n " ¥
x (Z ||x,-||p*”w>
i=1
oy 1o\ 7
|A-|(—) h'(z) )
.:1( Sz el

dS () =inf | sup (
1
1—0o
1
X(max IIxilll-”> }
1<i<n

heB BD)
the infimum being taken over all the representations of y as Y '_; iy ® xj.

1-0o

=

The following result concerning Bloch reasonable crossnorms introduced in [6,
Definition 2.5] is based on [6, Theorem 2.6].

Given a complex Banach space X, let us recall that a norm « on lin(I'(D)) ® X is a
Bloch reasonable crossnorm if it satisfies the two conditions: (i) & (y; ®x) < ||yl [|x|l
forall z € D and x € X; and (ii) Given g € g(D) and x* € X*, the linear functional
g®x*: lin(FM)) ® X — C given by (g ® x*)(y; ® x) = g’(z)x*(x) is bounded on
lin(I'(D)) ®q X with lg @ x*[| < pp(g) lIx* .
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Theorem 6.2 d[l;i, is a Bloch reasonable crossnorm on lin(I'(D)) ® X foro € [0, 1)
and p € [1, oo].

Proof For o = 0 and p € [1, o], the result was stated in [6, Theorem 2.6]. We will
prove it here for o € (0, 1) and p € (1, 00). For p € {1, oo}, the proofs are similar.

Lety € lin(I'(D)) ® X and let Z?:l AiYz; ® x; be arepresentation of y. Clearly,
db,(y) = 0. Given 1 € C, it is immediate that

*

n o p P
P 1 =6\ -7
df,a(k)/) = |Al| sup E (Ikil <—1 B |2) |h' (z0)| 0)
— I<i

heBgp) \ i=1

pr—(-0)
*

n *
PR A
x (§ :nxinp*w)
i=1

From this inequality, we infer that dB,(y) = 0 =A|A|d1§a(y)Aif A = 0, and
that dff(ky) < |,\|d,§f(,(;:) if 4 # 0. In this case, dﬁg(y)A: d}ja(rl(xp) <
|A=1d5 , (hy).hence [A[d5 , () < dﬁggy),andthus alsodS , (y) = A1d5 , ().

To prove the triangular inequality of dzlf, o letyr, 2 €lin(F(D)) ® X and & > 0.
We can choose representations

n m
Y= Z)"l,iVZ],i ®xii, V2= Z/\z,inZ,,- ® X2,
i=1

i=1

so that
p* 1;75 p¥—(1-0)
; 1 ’ / =\ " o\
Sup Z il (| ——=] [ @) ZHXLI‘HP**“*"’
heBam) \ izt 1—|z1.4] =
and

1—
P* p*=(l-0)

m o =
E HXZi p¥—(1—-0)

i=1

m 1 o %
sup {A2,'| <) |h/(zz,')lﬁ)
heBgm, ; ( T\ |Z2,i|2 l

are less or equal than dejo (y1) + ¢ and dé - (12) + &, respectively.
For r, s € RY arbitrary, define

—1 .
FTUALi Ve i=1,...,n,

A3V = {S_l)\z,i—n)/zz,i_,, i=n+1,...,n+m,
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and

§sx2i—p I=n+1,....,n4+m.

Plainly, y1 + y» = Z:’:lm A3,iVz;,; ® x3,; and, in consequence, dﬁg(yl + 1) is less
or equal than

n+m 1 o . 1=
sup il | ——= ) [F(@.0)| “’)
heBg ) ; <‘ l’ (1 - }Zii}z) ‘ l

n+m p*i(’lﬂia)
P
(2 s 7= )

i=1

1—o

A simple computation produces

— T—o

P\ P
I—o

n+m | | 1 >0| |1 . —
sup Ml |l —= | M @] )
heBgp) ; ( l (1 - |Z3’i|2 l

n 1 o 1— 1-o
<|r ' sup (M,- (—) |/’l/(Z1,')| 0)
heBgm) ; | 1 - |Zl,i|2 l

m 1 o 1 j
+ s sup | D0 (|A2,i| <—2> [P (22,0 _0)
heBgm) \ i=1 1— |Z2,i|

and

n—+m

Z x3.i || 7 fi = =7 Sy Z B3 i +sp*—(1 ) Z 2,1

i=1 i=1

e D .

Since p*/(1—0) > land (p*/(1—0))* = p*/(p* — (1 —0)), Young’s Inequality
gives us

p* p*

3 l—o n+m 1 o , - -0
dy (i +7) < — sup | Y| rail | ——5) W @)
14 1—- ’23,,'!
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n+m

L rodzo) > a7

< (1—0)7_£ sup Xn:(PL | ( 1 >”|h/( )|lrr)lla
= 1,i I — 21,i
p* heBg<D) i=1 ' 1— }Zlyi‘z '

(p* = (1 — o )r 77 &
+ >
p i=1

_(,)

p*
,,*,(],,,)

1]

% l-—o I—o
* P P
_r m o -0
(1—o0)s 10 1 1—
t———— | swp | D (P2l ——) W@’
P heBgm \ i=i 1= |z
(P — (1= 0))s 70D e
p*
In particular, taking above
s« l**O'
B _lo " 1 7 l—o SN
r=y,r+e 7 sup [ Y (||| ———=) [FEul
heBgm) \ i=1 = |z1.]

p* p*

—~ _l1-0o m 1 o B 1—-o
S=(d§,a(7/2)+8) P sup Z<}K21‘<1’2> |h/(12,i)\1 G)

heBgp) \ i=1 = |z2.i

one obtains dfg y1 + ) < déa (1) + dﬁ, (y2) + 2¢, and the arbitrariness of &
yields

dy,(n +y2) <d5 . (v) +d5 . (1)

To conclude that d Ilf - 1s a norm, note that the Holder’s Inequality gives

n 1 o .
<Y Il (1_—|Z|2> lg' @) 7 Il
i=1

e

n

D (¥>U g'(@)' 7" ()
1—z?

i=1

pf=(-0)

P o

n 1 o , o 1—
Ml ——— i
< ZQ ‘(1—|z,-|2> g’ (z0)] )

i=1

n ])*
D x| 70
i=1

PN = ' =U0)

S 1 7 ’ 1—0o llla " . *L p¥
< (3 (=) el i)
heBgm) \ i=1 — |zl =
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whenever g € Bpp, and x* € Bx-+. Note that the value |Z?=1 kig/(zi)x*(xi)| is
independent on the representation of y seeing as

D higl @)t (x) = (Z)‘i)’zi ®xi) (g-x") =y(g x),

i=1 i=1

and taking infimum over all representations of y produces

8 @x* )| <dB, () (8 € By, ¥ € Bx+).

i=1

Now, if dE - (¥) = 0, the above inequality gives

(Z/\iX*(xi)Vz,-) (&) = Z)\ix*(xi)g/(zi) =0 (g € Bgp,. x* € Bx*) .

i=1 i=1

For each x* € By, this implies that > ;' A;x*(x;)y;; = 0, and since I'(D) is
linearly independent in G(ID) (see [10, Remark 2.8]), we secure that x*(x;)A; = O for
alli € {1,...,n},hence A; =0foralli € {1,...,n}since By separate points, and
soy =2 hivy ®x =0.

To finish, we show that dﬁ » 1s a Bloch reasonable crossnorm on lin(I'(D)) ® X:

(i) Givenz e Dand x € X,

1-o

~ 1 o I IP,U P
—0
dS,(y:®x) < | sup ((—2> ' (2)] ) llxll
heBgg, \\1 —[z]
llxl
< —_— = .
ST P vzl llxll
(ii) Forany g € g(]D) and x* € X*,
n n
(e ® x| =Y M@y ®xi)| = | Y hig'(zi)x*(xi)
i=1 i=1

< ZM 8" @] [x* @) < psle) |7 Z |2 i 1

i=1

= p5(@) | **| Z %l [ £ @) Ixi 1l = pi(e) || Z |4l

i=1 i=1

x <;>J | f1( ')’1_0 llxi I
1= jgp) Mot b
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el

n 1 o | i * p*
< pato '] | 32 (1t (=) szl
P 1=z
pr=(l-0)
n P* p*
x (Z ||x,~||ﬂ*<lv>)
i=1
« 1—-o
n L ¥

1 g . I—o
<pp@ x| sup Z(|xi|(m> @) )

€Bgm) \ i=1

pr=(l-0)
£3

n »* P
< D ==
i=1

Passing to the infimum over all the representations of y yields

(g ®x) ()| < pB(g) [x* | d5, ().
Therefore, g ® x* € (lin(I'(D)) ®,5 X)* and ||g ® x*|| < pp(g) Ix*|.
p.o

O

We are now in a position to address the duality of the space of (p, o)-absolutely
continuous Bloch maps from ID into the dual space X * of a complex Banach space X. In
the proof of the following result, we will make use of Proposition 2.1 and Theorem 3.1.

Theorem 6.3 Let p € [1,0) and o € [0, 1). Then HEU (D, X*) is isometrically
isomorphic to (G(D)® B X )*, via the canonical pairing

AO@) =D 1 (G, xi)
i=1

forall f € B (D, X*) andy = Y, Ay ® xi € lin(T(D)) @ X.

Proof For 0 = 0, the result follows from Proposition 2.1 and [6, Theorem 2.8].

Assume o € (0, 1). We are going to prove the case | < p < oco. The case p = 1
follows similarly.

Let f € HE,U(IDD, X*) and define the linear map Ag(f): lin(I'(D)) ® X — C by
setting

M) =Y w(f@x) = vy ®x € lin@(D) & X).
i=1

i=1
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Since p/(1 —o) > 1l and (p/(1 —0))* = p/(p — (1 — o)), Holder Inequality and
Theorem 3.1 provide

Ao (W] =

Z f (zi), xl

i=1

Z Al [ £/ GO Dl

1— p—(1—0)

= (Z('M ||f’<zl'>||)‘p“) (Z ||x,-||p(’fa>>
i=l1

i=1

1—-o

B Xn: 1 ’ | / |1—O' lfa !
<7, ,(f) sup <|)»'| <—) h'(z;) >
p.o hEBg(D) — 1 1— |Zi|2 i

p—(1-0)
- _p r
D Il 7=
i=l1

Calculating the infimum on all the representations of y yields

1Ao(HYI = 7B, (HdB. ().

Hence Ag(f) is continuous on lin(I" (D)) ®,8 X with [ Ag(f) < n’ o ()
Clearly, G(D) ® X is a norm-dense linear subspace of (D) dB X and therefore
we can find a unique continuous map A(f): G (]D))® g X — (C extendmg Ao(f).
Further, A(f) is linear and || A(f)|| =J|A0(f) Il ,
In this way, we define a map A : I'Iﬁg(]D), X*) — (Q(D)@dg X)*. By [6, Corol-
= . p*.o
lary 2.3], A is linear and injective since HE’U (D, X*) € B(D, X*). We now prove that
A is a surjective isometry. For it, let ¢ € (Q(D)@d,g X)* and define F,: D — X*
p¥o
by

<F¢(Z)7x>=(p(yz ® x) (zeD, x e X).

Apparently (see, for example, the Rroof of [6, Proposition 2.4]), F, € H(D, X*) and
Fy = f(/’7 for a suitable map f, € B(D, X*) with pg(f,) < ll¢ll.

To prove that f, € l'[ﬁg(]D), X*),letn € N,A; € Candz; € Dforalli €
{1,...,n}.Givene > 0,foreachi € {1, ...,n},wecanfindx; € X with ||x;|| < 14¢
so that

(f(;(Zi),xi) = ”f;(Zg)H )
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Obviously, T: C* — C defined by

T(tn,..otn) =Y tidi | £ (z)

i=1

’ (t19""tn)ecn9

nd

o

isin (C*, || - ll(p/a—a)=)*

Il

(Z(lm Ifpelh™)

i=1

If {1, . ) (py—oys < 1, we get

T, ...t =

n
<llpldy. , (Z iy ® z,-x,-)

i=1

n
@ (Zfi)»i)/z,- ®Xi)
i=1
» 1-0 p—(—0)
S 1 7 ’ 1o\ =7 ’ u P 7
<ligll sup Z(w(—z) W () ) > litixg || 7=
heBgm \'5 1=z P
, \ l=o
- 1 e 1—0o liﬁ” i
=1 +9lell sup (IM(*) h'(zi) _> ,
heBgp, Z RACIAS "ol

i=1

therefore

n P

> (l )™

1—o

n 1 o 1 % P
< llell sup <|)»'| <—> W (zi) _6> ,
heBgp, Z BAVIEITAE Wzl

i=1

and consequently Theorem 3.1 tells us that f, € HEU (D, X*) with nEO (fo) < lloll.
Now, forany y = Y "', Aiy; ® x; € lin(I'(D)) ® X, one has

n n n
A =Y hilfpG)xi) =D higly ®x) =9 [ Y dive, ®xi | = o),
i=1 i=1 i=1
and A(f,) = ¢ on Q(D)@d,g X. Further, nllf(,(f(p) < | A(fp)]|- This completes the
proof. n O
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