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Abstract. Let X and Y be compact subsets of R with at least two points.
For p > 1, let AC?(X) be the space of all absolutely continuous complex-
valued functions f on X such that f' € LP(X), with the norm ||f|y =
Il + I/ llp- We describe the topological reflexive closure of the set
of linear isometries from ACP(X) onto ACP(Y). Using this description,
we prove that such a set is algebraically reflexive and 2-algebraically re-
flexive. Moreover, as another application, it is shown that the sets of
isometric reflections and generalized bi-circular projections of ACP(X)
are topologically reflexive and 2-topologically reflexive.
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1. Introduction

For normed spaces F and F, let B(E, F) be the set of all continuous linear
operators of E to F. If E = F, we will write B(E) instead of B(E, E). Let S
be a nonempty subset of B(E, F'). Define

refa,(S) ={T € B(E,F): T(e) € S(e), Ve € E},
refuop(S) = {T € B(E,F): T(e) € S(e), Ve € E} ,

where S(e) = {L(e): L € S} and S(e) denotes its norm-closure in F'. We say
that the set S is algebraically reflexive (respectively, topologically reflexive) if
ref,ig(S) = S (respectively, refi, (S) = S).
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The problem of the reflexivity of different classes of bounded linear oper-
ators has attracted a considerable attention in the last decades. Originally, the
first investigations of this kind are due to Kadison, Larson and Sourour by con-
sidering the classes of derivations and automorphisms on algebras of operators
[19,22,23]. With regard to isometries, Molndr in [25] began the study of the
reflexivity of the group of all surjective linear isometries on the full operator
algebra B(H) on a Hilbert space H. In [27], Molnédr and Zalar established the
reflexivity of the isometry groups of some important Banach spaces including
the function space C'(X) for a first countable compact Hausdorff space X. Now,
there are a lot of studies on the reflexivity of sets of surjective linear isometries
between different function spaces (see, for example, [3-5,7,8,15,16,28]).

Moreover, motivated by the Kowalski-Stodowski theorem [21], Semrl re-
laxed the linearity assumption for (approximate) local maps as explained be-
low:

2refue(S) = {A € F¥:Ve,u€ E, 35., € S|
Seule) = Ale), Seu(u) =Au)},
2refiop(S) = {A € FF:Ve,u € B, H{Se,untnen CS|

Tim S un(€) = Ale), Tim Se(u) = A(u)},
where F'¥ denotes the set of all maps of E to F. The set S is said to be 2-
algebraically reflexive (respectively, 2-topologically reflexive) if 2-ref,;(S) =S
(respectively, 2-refi,(S) = S).

In [32], Semrl dealt with the 2-algebraic reflexivity of the set of auto-
morphisms and derivations on operator algebras. Molndr [26] initiated the
study of 2-topological reflexivity of the isometry groups of certain C*-algebras.
Then, in the context of function spaces, Gy6ry [11] obtained the first result
on 2-algebraic reflexivity of the isometry group of Cy(X), where Cy(X) de-
notes the Banach space of all continuous complex-valued functions on a first
countable, o-compact Hausdorff space X vanishing at infinity. We also refer
to [12,13,15,16,18,24] for some related results done on spaces of continuous
scalar-valued functions.

In this paper, we are concerned with the reflexivity of sets of linear op-
erators between ACP(X)-spaces. Let us recall that for p > 1, ACP(X) is the
space of all absolutely continuous functions f: X — C such that ' € LP(X),
with the norm [|f|ls, = || Il + [|//|l,- More precisely, in the main results of
the paper we give a complete description of operators in G(AC?(X), ACP(Y))
and refio, (G(ACP(X),ACP(Y))), where G(ACP(X),ACP(Y)) stands for the
set of all surjective linear isometries from ACP(X) onto ACP(Y’). Then we
apply them to obtain the algebraic reflexivity and 2-algebraic reflexivity of
G(ACP(X),ACP(Y)). Moreover, as other consequences of the main results, it
is shown that the sets of isometric reflections and generalized bi-circular pro-
jections of ACP(X) are topologically reflexive and 2-topologically reflexive.
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We finally remark that the key tools, as in some previous works, are the
Gleason-Kahane—Zelazko theorem and a spherical variant of the Kowalski—
Stodkowski theorem given in [24].

2. Preliminaries

Let X be a compact subset of R with at least two points and let f be a
complex-valued function on X. Let us recall that f has bounded variation if
the total variation V(f) of f is finite, that is,

n

V(f) = SUP{Zf(fUi) — f@i-1)|:n €N, 2o,21,..., 20 €X,

i=1
x0<x1<...<xn}<oo.

Moreover, f is said to be absolutely continuous if for every € > 0, there exists
a 0 > 0 such that

DIfb:) — flan)| <e

i=1
for each finite family of non-overlapping open intervals {(a;,b;): i =1,...,n}
with a;,b; € X for all i € {1,...,n} and Y, (b; — a;) < 6. We denote the
space of all continuous (respectively, absolutely continuous) functions on X by
C(X) (respectively, AC(X)). It is easily seen that each function in AC(X) has
bounded variation.

For p > 1, we let ACP(X) denote the space of all functions f € AC(X)

such that f € LP(X), with the norm

1Al = 1 lloe + 111,

where ||f|l, = sup{|f(x)| : @ € X} and [|f']l, = (f |f'[")"/?dp (u is the
Lebesgue measure on R). Moreover, note that ACP(X) is an algebra because

for any f,g € ACP(X), we have fg € AC(X) and

1(£9) lle < 1 llpllglloc + 1l f o llg"llp < oo

Moreover, ACP(X) is sup-norm dense in C(X) by the Stone-Weierstrass
theorem.

The symbol 1x stands for the function constantly 1 on X and idx for the
identity map of X. Given a normed space E, we denote by Idg the identity
operator of E. Also, T denotes the unit circle of C.

We finish this section with some comments on the case p = 1.

Remarks 1. (1) Let mx = min(X) and Mx = max(X). Since X is compact,
[mx, Mx]\X is an open subset of R, whence [mx, Mx|\ X is the union of
a countable number of disjoint open intervals. Let us recall that that each
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function f € AC(X) has the unique extension F' to [mx, Mx] formed
by linearly interpolating on each of the open intervals in [mx, Mx]\ X
(see the expression in equation (3.1) of [6], and also [29, Lemma 1.1]).
Moreover, we have F' € AC([mx, Mx]) with || f| . = [|F|l and V(f) =
V(F'). We know that F” exists a.e. on [mx, Mx] and V(F) = fri:[; |F’|dp.
Then, taking into account that the set of all isolated points of X is a null
set, indeed, a countable set (since it is a Lindelof space), we deduce that f
exists a.e. on X, and so clearly we have I’ = f’ a.e.on X and f’' € L'(X).
Hence we have AC'(X) = AC(X) and | f'|1 < V(f) for each
f € AC(X). The latter inequality may be strict. For example, if X =
0,1 U {2}, [|(idx)’|l1 = 1 < V(idx) = 2. Moreover, (AC*([a,d]), |-|x) =
(AC([a, b)), [l + V())-
(2) The definition of AC*(X) as the set

{f € C(X): f exists a.e., f' € L'(X)}

in both [17, Example 7] or [30, page 188] does not coincide with the
space AC(X) even if X is an interval. For example, the Cantor function
is in AC*([0,1]) but not in AC([0,1]). So it seems that the condition of
absolute continuity has been dropped here (also, compare with [1, page
49] and [2,10,20]).

3. Results

In the sequel, unless explicitly stated, X and Y are two compact subsets of R
with at least two points. We denote mx = min(X) and My = max(X), and,
similarly, my = min(Y) and My = max(Y).

Before stating the results, let us mention that G(ACP(X), ACP(Y")) stands
for the set of all surjective linear isometries from (AC?(X), ||-||5;) onto (ACP(Y),
|-IIs;). Further, for the case X =Y, we denote this set by G(ACP(X)).

In the first main result of the paper we describe the surjective linear
isometries in G(AC?P(X), ACP(Y')). Before stating the theorem, let us bring a
result of [17] which will be applied in our proof.

Theorem 1 [17, Theorem 4]. Let A be a complex subspace of C(X) (the space
of all continuous complex-valued functions on a compact Hausdorff space X)
such that

(i) A is sup-norm dense in C(X),
(i1) the norm on A is giwen by the formula ||f|eo + [Ta(f)|| for all f € A,
where T4 is a linear map from A into a Banach space,
(iii) A contains the constant function 1x and Ta(lx) = 0.

Assume that B is a complex subspace of C(Y) which satisfies the analogous
assumptions (i)—(4i). Then any isometry T from A onto B with T(1x) = 1y
is of the form
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T(f)=fod (fe€A),
where ¢ is a homeomorphism from'Y onto X.
Theorem 2. Let T € G(ACP(X),ACP(Y)). Then there exist a (unique) uni-

modular function h in ACP(Y) with b’ =0 a.e. on'Y and a (unique) homeo-
morphism ¢: Y — X in ACP(Y') such that

T(f)(y) = hy)f(oly)  (f € ACP(X), y €Y).
Moreover, h =T(1x) and ¢~* = T—1(1y)T~!(idy) € ACP(X).

Proof. First we assume that p > 1. We obtain the representation of T' by
considering the two cases as follows.

Case 1. u(X)=pu(Y)=0.

Clearly, (AC*(X),||5) = (AC(X), |..) and (AC*(Y), |-]l5) = (AC(Y),
|-l)- Since AC(X) and AC(Y') are sup-norm dense in C(X) and C(Y), re-
spectively, from the Banach—Stone theorem it follows that there exist a con-
tinuous function h: Y — T and a homeomorphism ¢: Y — X such that

T(f)=h-fo¢  (feAC(X)).
Since T'(1x) = h and |[T(1x)| ., = ||kl = 1, it follows that h € ACP(Y)
with B’ =0 a.e. on Y.

Case 2. max{u(X), 1(Y)} > 0 (of course, after obtaining the representation of
T it easily follows that u(X) > 0 if and only if u(Y") > 0 because an absolutely
continuous homeomorphism between X and Y is established).

By an argument similar to [17, page 203] we prove that the function
|T(1x)| is constant and unimodular. We first show that |T'(1x)| is constant.
Otherwise, there exists yo € ¥ such that |T'(1x)(yo)| < |T(1x)]|co- It is clear
that for each f € ACP(X), there exists @ € T such that ||[1x + af|lec =
1+ || flloo, which yields

Ix + aflls = 1x + aflle + 1f o =1+ [ flle + £ = 1+ I f]l=,

and so

IT(Lx) +oT (Nl =1+ 1T(Hlls = ITOAx)]s + 1T(Hlls

because T is an isometry. Since ACP(Y) is sup-norm dense in C(Y'), we can
choose a function k € ACP(Y") such that

[Elloe = T (1x)lloe = [T(1x) (o)l

and
kW) < 1T(1x)[loo — 1T (1x)(y)] + % (IT(1x) o = IT(1x)(w0)))  (yeY).
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For each y € Y we have
ITAx) )+ kW) < TAx) )] + [TAx) e — 1T(Ax) ()]
1

t3 (1T(1x) oo = 1T (1x)(yo)])
=T(1x)[e + % (IIT(1x)[oo — [T(1x ) (y0)1)

1
— 710l + 5 e

and in consequence,

IT(1x) + aklleo <sup{|T(A1x)(W)|+ [k(Y)|: y € Y} <[ T(1x)lloc + %Hkllw
From the latter relation and taking o € T with
IT(1x) + aklls =1+ [kl = IT(Ax)]s + (K],
it easily follows that
IT(1x) + akllz = [T(1x) + okl + [T (1x)" + k||,

1
S N7 oo + S 1Elloo + IT(Lx)llp + 1+

1
= IT@x)ls + lIEls = 1kl
<T(x)lls + K5,

which is impossible. This contradiction shows that |T'(1x)| is a constant func-
tion. Now we prove that [|[T(1x)'||, = 0. Clearly, it is valid if u(Y) = 0. So
let us consider the case where pu(Y) > 0. Since u(Y) > 0, the dimension of
the subspace £ = {f': f € ACP(Y)} of LP(Y) is strictly greater than 1. If
IT(1x)||, # 0, we can choose g € ACP(Y') such that T'(1x)" and ¢’ are not
proportional because dim(£) > 1. Hence for each § € T, taking into account
that LP(X) is strictly convex, we have

IT(1x) + Bglls = IT(1x) + Bl + I1T(1x)" + B[l
<NTAx)llso + llglloe + 1TCx) Nl + llg"llp
=[T0x)ls + llglls =1+ llgll=,

a contradiction. Hence ||[T(1x)'|l, = 0, and so 1 = ||[T(1x)[|s = |[T(1x)]/sc.
which yields that the constant function |T'(1x)| is unimodular. Therefore,
T(1x) is a unimodular function with ||T(1x)’|l, = 0.

Let x be a unimodular function in ACP(X) with ||x’||, = 0. Hence x’ =0
a.e. on X. If f € ACP(X), then ||f - X|loo = || flloo and (f - x)" = f" - x a.e.
on X, which yields [[(f - )/}, = [|f'll, and, in consequence, |1f - xlly; = |1
Thus T, : AC?(X) — ACP(X), defined by T, (f) = f - x, is a linear isometry.
Moreover, T), is surjective because given g € ACP(X), similarly to above, one
can see that f =%-¢g € ACP(X) and T\ (f) = g. Moreover, it is easy to see that
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(ACP(X),|||ls;) satisfies the assumptions (i)—(iii) in Theorem 1. Now, taking
into account that 7T'(1x) is a unimodular function with || T'(1x)’[|, = 0, from
Theorem 1 we infer that

T(f)=h-feo¢  (f€AC’(X)),

where h = T'(1x) and ¢: Y — X is a homeomorphism. Note that h € ACP(Y')
with i/ = 0 a.e. on Y, as desired.

Now, suppose that p = 1. As in Case 2, we will see that |T(1x)]| is
a constant function. Our aim is to show that || T(1x)’|l1 = 0, which finally
implies that T'(1x) is a unimodular function and so we can again obtain the
representation of T from Theorem 1.

We assume, without loss of generality, that (YY) > 0. First we prove the
following claim.

Claim. For each y € Y, we have

[ mraldn=oer [ sy ide=o.
[my,y]NY [y,My]nY

The claim is clearly valid if y € {my, My }. So we suppose that my <
y < My . Define

T(1x)() z € [my,y]NY,
gy(2) =
2T(1x)(y) = T(1x)(2) =z € (y, My]NY.

Clearly, g, € ACHY). Take f = T1(gy). As above, there exists a € T such
that

lagy + T(1x)lls = [oT(f) + T(x)lls = 1T(Hlls +1 = llgylls + 1.

Hence

lgyllz +1 = llagy + T(1x)lls = llagy + T(1x)lloeo + llagy, + T(1x) [,
< gyl +1IT(1x) Moo + llgylln + 1T (Lx )11
= llgylls +IT(Ax)lls = llgylls + 1,

which yields

leegy +T(1x)lloo = llgylloc + [IT(1x)loc

and

laegy + T (1)l = llgy [l + 1T (Lx) 11
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From the second equation it follows that

/ gl + T(Lxc) |dp + / g, + T(1x)|du
[my y]NY ly,My]nY

- / gl ldps + / 19! dps + / T(1x) |dp
[my ,y]NY ly, My NY [my,y]NY

4 / T (1x) |dp,
[y, My]nY

which implies that

/ gl + T(1x)'|dpt = / gL ldps + / T(1x)|du
[my ,y]NY [my,y]NY [my ,y]NY

and

/ lag! + T(Lx ) |du = / gL ldu + / T (1) |d.
[y, My ]NY [y, My ]NY ly, My |NY

From the definition of g, we get

[ asuirax =z [z
[my,y]NY [my,ylNY
and
/ |—oz+1\|T(1X)/|d,u:2/ |T(1x) |dp.
[y,My]ﬁY [y,My]ﬂY

From the first equation it follows that o = 1 if f[my sy |T(1x) |du # 0, and
from the second one we conclude that « = —1 if f[y Mylny |T(1x) |du # 0.
Then at least one of the following equations holds

/ T(1x)|du =0, or / T(1x) |dp = 0,
[my,y]NY [y, My ]NY

as claimed.

Now we prove that ||T(1x)'|li1 = 0. To the contrary, suppose that
IT(1x)|l1 > 0. Take a positive scalar € such that ¢ < [|[T(1x)'[|1. Since
T(1x) € L*(Y), there exists 6 > 0 such that [, |T(1x)|dp < € holds for all
measurable sets £ C Y with u(E) < 6. We can choose a finite set {zg, - , 2 }
in the compact set Y such that my = 20 < 21 < -+ < 2z, = My, and
2i — zi—1 < 8 for each i with (z;_1,2,) NY # 0 (1 < i < n). Now from
Claim it follows that there exists i, 1 < i < n, such that [, |T'(1x)'|du =
f[z%h%]m, |T(1x)'|du. Meantime, from the choice of 4 and the points z; it

follows that f[z1~71 .y | T(1x)'|dp < e. Therefore

IT(Lx )|l = /[ T <
Zi—1,2i|N

a contradiction.
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From the representation of 7" in all situations, it easily follows that
¢ = hT(idx) € ACP(Y). Furthermore, ¢~ € ACP(X) since one can see that
T-1: ACP(Y) — ACP(X) has the form

T (g)(x) =T '(1y)(2)g(¢~ " (x))
= h(¢~1(x)g(o~ (x)) (9 € ACP(Y), z € X),
and s0 ¢~ = T-1(1y)T(idy) € ACP(X). O

Remarks 2. (1) From Theorem 2, we deduce that if T is in G(ACP(X), ACP
(Y)), then T is an isometry with respect to the uniform norms, whence
IT(DIle = 1l and [T(FY Il = 1]l for all f € ACP(X).

(2) In Theorem 2, h is not necessarily a constant function and ¢ is not neces-
sarily monotonic (compare with [16, Theorem 1] and [14, Corollary 4.3]).
For example, let X = [0,1]U{2} and define the surjective linear isometry
T: ACP(X) — ACP(X) by

T(f)(x) = h(zx)f(o(z))  (z€X),

where h(z) = —1if x € [0,1] and h(2) =1, and ¢(z) =1 —x if z € [0, 1]
and ¢(2) = 2.
However, if X is an interval, then A is a constant function and ¢ is
monotonic. To see it, assume that X is an interval, indeed, X = [mx, Mx]
(and so Y = [my, My]). From the previous part, ||A'||, = [|[T(1x)’[|, = 0.
Hence

V() = I < W (Mx — mx)'=7 =0
by the Holder’s inequality, which yields V(h) = 0, whence h is a constant
function. Moreover, from the intermediate value theorem, one can see
that the homeomorphism ¢: [my, My| — [mx, Mx]| is monotonic.

(3) Since (AC'([0,1]), [-ll5) = (AC([0,1]), -]l + V()), Example 1 in [16]
shows that the space G(AC*([0, 1])) is neither topologically reflexive nor 2-
topologically reflexive. However, we will observe that the isometry groups
of ACP(X)-spaces are algebraically reflexive and 2-algebraically reflexive.

Definition 3. Given a nonempty subset S of B(E, F'), the elements of refy;q(S)
and refi,p(S) are defined as local S-maps and approximate local S-maps, re-
spectively. Similarly, the elements of 2-ref,;,(S) and 2-refio, (S) are referred to
as 2-local S-maps and approximate 2-local S-maps, respectively.

We state the second main result of this paper which gives a complete
description of approximate local isometries from AC?(X) into ACP(Y).

Theorem 4. Let T € refiop(G(ACP(X), ACP(Y))). Then T is an isometry of
the form
T(f)(y) =hy)f(o(y))  (f € ACP(X), y €Y),

where h is a unimodular function in ACP(Y) with ||F'||, =0 and ¢: Y — X
is a surjective function in ACP(Y).
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Proof. We prove the result through several claims.

Claim 1. [T(f)lls = flls: IT(Nllse = [Iflloc and 1TC/)Nlp = [1fllp for all
f e ACP(X).

Let f € ACP(X). Then there exists a sequence {1, }nen in G(ACP(X),
ACP(Y)) such that lim, . Tf ., (f) = T(f). It is clear that lim, . |Tf.n(f)|/s
= NTN)lgs lmpoo [Tra(f)lle = 1Tl and Lm0 [Trn(f)llp =

ITCf) [lp- Since | Tyn()lls = 1f s 1Trn(Hllo = 1l and [ Trn(f)llp =
|lf'|l, for all n € N by Remarks 2 (1), the claim holds.

Claim 2. For every f € ACP(X), there exist a sequence {hf,:Y — T},en
in ACP(Y') with ||h) . |l, = 0 and a sequence of homeomorphisms {¢fn:Y —
X}nen in ACP(Y) such that

Jim_ hyn(f e 610) =T():

Since T' € refiop (G(ACP(X), ACP(Y))), the claim is a quick consequence
of Theorem 2.

Claim 3. h:=T(1x) is a unimodular function in ACP(Y") with ||h']|, = 0.

Clearly, T'(1x) € ACP(Y). By Claim 2, there exist a sequence {h1 ntnen
of unimodular functions in AC?(Y') with [|h} ||, = 0 for all n € N such that
T(lx) = lim hyy ..
Since the convergence in the ||-||s;-norm implies pointwise convergence, for each
y €Y we have T(1x)(y) = lim,—o0 h1y n(y) and thus

T(Lx) ()| = lm [Py n(y)] = 1.
That convergence also implies that

IT(x)llp = Tim [|Ay, llp = 0.
This proves the claim.
Claim 4. (ACP(X), |- |lo = ||l + V(:)) is @ Banach space.

Suppose that {f, }nen is a Cauchy sequence in (ACP(X), |- |lo). In partic-
ular, {f, }nen is a Cauchy sequence in the Banach space (AC(X), |||l . +V(-)),
and so there exists f € AC(X) such that

1 = flloo + V(fn = f) = 0.

Moreover, { f} }nen is a Cauchy sequence in the Banach space (LP(X), || - [p).
whence there exists g € LP(X) such that || f, — g||[, — 0, which implies that
|.fr. — glli — 0 because

17 =gl < ILf = gllp (X)) 77— 0
by the Holder’s inequality.
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On the other hand, in view of Remarks 1.(1) we have that ||f/ — f'||; <
V(fn—f) for all n € N, and since V(f,, — f) — 0, it follows that || f/, — f'||1 — 0.
Thus we conclude that g = f’ a.e. on X. Hence f € ACP(X) and || f,— f]lo — 0.
Therefore (ACP(X), || - |lo) is a Banach space.

Claim 5. There exists a norm || - ||, equivalent to the complete norm || - ||o,
which makes AC?(X) a Banach algebra with maximal ideal space X .

First note that if {f, }nen is a convergent sequence in (ACP(X), || - [lo) to
f € ACP(X) and g € ACP(X), then f,g — fg because

1fng = Fgllo < llfn = fllc 19l +V(9) [ = Fllo

+V(fn = H9lloe + 19l 15 = F'llp + 1 = Flloo 191l — O
Now, taking into account Claim 4, from Theorem 10.2 in [31] it follows that

there is a norm || - ||, equivalent to the complete norm || - ||p, which makes
ACP(X) a Banach algebra.
We show that if f € ACP(X) such that {# € X: f(z) = 0} = 0, then

1x/f € ACP(X). We note that 1x/f € AC(X) and also (1x/f) € LP(X)
because

, N1
/Yl = ([ gdn) < gl < o,

where m = min{| f(x)| : € X'} is a positive scalar. Furthermore, it is obvious
that ACP(X) is self-adjoint. Now, from Proposition 4.1.5 (ii) in [9] we infer
that the maximal ideal space of ACP(X) is homeomorphic to X.

Similarly, there exists a norm ||-||” which makes AC?(Y") a Banach algebra
and its maximal ideal space is homeomorphic to Y.

Claim 6. For each y €Y, the map Sy,: (ACP(X), || - ||) — C defined by
Sy(f) =hWT(Hly)  (f € AC(X)),

18 a unital multiplicative linear functional.

Fix y € Y. Clearly, Sy is linear and

Sy(1x) = h(y)T(1x)(y) = h(y)h(y) = [y)]* =
by Claim 3. To prove its multiplicativity, define T),: (ACP(X),| - ||) — C by

T,(f) =Ty  (f € ACP(X)).

From the above claim, there is a positive scalar M such that || - [0 < M]| - .
Since Ty, is linear and

Ty (DI =1TH W < ITDls = fllg < 1fllo < M £

for all f € ACP(X) by Claim 1, we infer that T} is continuous. Take now
f € ACP(X). By Claim 2, there exist a sequence {hy,: Y — T},cyin ACP(Y)
and a sequence of homeomorphisms {¢,: Y — X},en in ACP(Y) such that

T(f) = nlLH;o hf,n(f © ¢f,n)'
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We can assume, without loss of generality, that the sequence {hf,(y)}nen
converges to Ay, € T. Therefore we have

Ty(f) = T(F)(y) = I hy o () f(&1.0 () = Apy i f(670()) € To(f),

since the spectrum o(f) of f is compact. Applying a spherical variant of the
Gleason-Kahane-Zelazko theorem [24, Proposition 2.2}, we conclude that S, =
T,(1x)T, is multiplicative.

Claim 7. There exists a surjective function ¢: Y — X in ACP(Y) such that
T(f)(y) = h(y)f(@(y)) for ally €Y and f € ACP(X).

Using Claim 6, we deduce easily that the map S: (ACP(X),| - ) —
(ACP(Y), [ - ||') defined by

S(Hy) =hy)T(f)ly) (f€AC!(X), yeY)

is a unital algebra homomorphism. From Gelfand theory (see, e.g., [9, Theorem
2.3.25]) and Claim 5 we conclude that S induces a continuous map ¢: ¥ — X
such that

S(H) = floly)  (f € AC(X), yeY),
which implies that

T(f)(y) =hy)f(o(y)  (f € ACY(X), yeY).

Notice that ¢ = hT(idx) € ACP(Y). To show the surjectivity of ¢, assume
on the contrary that there exists zo € X \ ¢(Y). Since ¢(Y) is compact, we
can take a function f € ACP(X) such that f(zg) = 1 and f(x) = 0 for all
x € ¢(Y). Hence T(f)(y) = h(y)f(o(y)) = 0 for all y € Y, a contradiction
because T is injective by Claim 1. O

Now we prove that every local isometry from ACP(X) into ACP(Y) is a
surjective linear isometry.

Corollary 1. The set G(ACP(X), ACP(Y")) is algebraically reflezive.

Proof. Let T € refy,(G(ACP(X),ACP(Y))). By Theorem 4 there exist a uni-
modular function h € ACP(Y) and a surjective function ¢: ¥ — X in ACP(Y)
such that

T(f)(y) =hy)f(o(y))  (f € ACY(X), yeY).

Define fo: X — R by fo(x) = x—mx+1 for all z € X. Clearly, fy € ACP(X),
and then by Theorem 2 there exist a unimodular function hy, € ACP(Y') and
a homeomorphism ¢, : ¥ — X in ACP(Y") such that

hy) fo(¢(y)) = T(fo)(y) = by (W) o5 (y) (€Y.
Consequently,

h()(o(y) —mx +1) =T(fo)(y) = hsy (¥) (D5, () —mx +1)  (y€Y).
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Now, taking into account that h,hy, are unimodular functions and fy is a
positive function, it follows that ¢(y) — mx + 1 = ¢4, (y) — mx + 1 for all
y € Y. Hence ¢ = ¢, . Again, from the above relation we infer that h = hy,.
Then for any f € ACP(X) we have

T(f)(y) = hy)f (@) = hspW) (D) =Tr(NHly)  (yeY).
Therefore T' = Ty, € G(ACP(X),ACP(Y)). O

We also show that every (approximate) 2-local isometry between AC? (X)-
spaces is an (approximate) local isometry.

Theorem 5. (1) Every approximate 2-local isometry of ACP(X) to ACP(Y)
is an approximate local isometry.
(2) Every 2-local isometry of ACP(X) to ACP(Y') is a local isometry.

Proof. Let A € 2-refiop(G(ACP(X),ACP(Y))). We first prove that for each
y €Y, the functional A, : (ACP(X),| - ||) — C defined by

Ay(f) =ANy)  (f € ACP(X)),

is linear, where ||-|| is the norm presented in Claim 5. Since A is an approximate
2-local isometry, it is easily seen that A, is 1-homogeneous. Now, let f,g €
ACP(X) and take a sequence of unimodular functions {hs g n}nen in ACP(Y)
and a sequence of homeomorphisms {¢f4,: Y — X }nen such that

Jim hg g0 (Y)f(D5,90(y) = A)(Y),
Jim Dog g0 (9)9(D5.9.0(4)) = Alg)()-
Thus

Ay(f) = Aylg) = Tm Dy on(y)(f = 9)(¢1.9.n(Y)) € To(f = g)-

Then by the spherical variant of the Kowalski-Stodkowski theorem [24], A, is
linear. Hence A is linear by the arbitrariness of y. Therefore A € refio,(G(AC?
(X),ACP(Y))). This proves (1), and (2) is obtained with an analogous proof.

O

From Theorem 5 and Corollary 1, we immediately obtain the following
result, which shows that every 2-local isometry of ACP(X) to ACP(Y) is a
surjective linear isometry.

Corollary 2. The set G(ACP(X),ACP(Y)) is 2-algebraically reflexive. O

We next study the topological reflexivity of other distinguished subsets
of linear transformations of ACP(X).

Let FE be a Banach space. Let us recall that an isometric reflection of F
is a linear isometry T: E — E with T? = Idg; and a generalized bi-circular
projection of E is a linear projection P: E — E such that P + 7(Idg — P)
is a linear surjective isometry for some 7 € T with 7 # 1. Note that any



186 Page 14 of 19 M. Hosseini, A. Jiménez-Vargas Results Math

isometric reflection of E is surjective. The symbols G?(E) and GBP(E) stand
for the sets of isometric reflections and generalized bi-circular projections of
FE, respectively.

The next theorem characterizes the isometric reflections on ACP(X)-
spaces.

Theorem 6. An isometry T: ACP(X) — ACP(X) is an isometric reflection if

and only if there exist a function h € ACP(X) with h(x) € {£1} forallz € X,

and a homeomorphism ¢ € ACP(X) with ¢*(x) = x for all z € X such that
T(f)(x) = h(x)f(o(z))  (f € ACP(X), x € X).

Proof. Let T € G?(ACP(X)). By Theorem 2, there are a unimodular function

h in ACP(X) and a homeomorphism ¢: X — X in ACP(X) such that
T(f)(x) = h(x)f(o(z))  (f € ACP(X), z € X).

Since T? = Idacr(x), it follows that

fla) = T*(f) () = T(T(f))(z) = [M@)]*f(¢*(x))  (f € ACP(X), z € X).
Taking above f = 1y, we deduce that [h(2)]?> = 1 for all + € X, and thus
h(z) € {£1} for all © € X. Also, by considering f = idx, we obtain that
x = [h(z)]?¢?(x) = ¢?(x) for all z € X.

Conversely, suppose that T has the form as in the statement. Then an
easy verification yields

T2(f)(z) = [M(x)]*f(¢*(2)) = f(z)  (f € ACP(X), = € X).
Therefore T' € G*(ACP(X)), as desired. O

We can deduce that every approximate local isometric reflection of
ACP(X) is an isometric reflection.

Corollary 3. The set G2(ACP(X)) is topologically reflexive.

Proof. Let T € refyo,(G2(ACP(X))). By Theorem 6, for f € ACP(X), we can
take a sequence of unimodular functions {h¢, }ney in ACP(X) with hy,(x) €
{#1} for all z € X, and a sequence of homeomorphisms {¢,}nen of X in
ACP(X) with ¢7, = idx satisfying

nler;o hf,n(f o ¢f,n) =T(f).

Obviously, T' € refo, (G(ACP(X))) and, by Theorem 4, we can find a unimod-
ular function h € ACP(X) and a surjective function ¢: X — X in ACP(X)
such that

T(f)=hfeog)  (feAC(X)).
Hence h = T(1x) = lim,,—.cc h1 4, and since hq, ,(x) € {£1} for alln € N

and ¢ € X, it is deduced easily that h(z) € {£1} for all z € X. Define
fo(x) =2 —mx + 1 for all z € X. We have

h(foo¢)=T(fo) = nh~>nc}o hgyn(fo o dfom)-
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Since the convergence in the ¥-norm implies uniform convergence, and fo(z) >
0, h(z), hf, n(x) € {£1} for all 2 € X, we conclude that

nlgg@ [l foo drm — foo@llec =0.

Hence lim,, . [|¢fy,n — @|loc = 0. Now, given 2z € X and € > 0, taking into
account that ¢ is continuous and lim,,_.o ¢, »(x) = @(x), one can find ng € N
such that [|¢f,, — ¢l < €/2 and |¢(dg,n(x)) — ¢*(2)| < €/2 for all n > ny.
Then for any n > ng, we have

|65 (2) = 0*(2)] < 1D (Df0.0(2)) = DS g0, (2))]
+0(dn(@)) — ¢*(2)| <,

which yields lim,, o ¢fc0’n(x) = ¢?(x). On the other hand, for each n € N and
z € X we have ¢?c0,n(x) = z, which finally implies that ¢*(z) = z. Therefore
T is an isometry of the form T(f) = h(f o ¢) with ¢? = idx and h? = 1y,
and, in consequence, 7' € GZ(ACP(X)) by Theorem 6. O

The next theorem gives a complete description of generalized bi-circular
projections on ACP(X)-spaces.

Theorem 7. A map P: ACP(X) — ACP(X) is a generalized bi-circular projec-
tion if and only if P = (1/2)(Idace(x) + T) for a unique T € G*(ACP(X)).

Proof. The proof of the sufficiency is easy. To prove the necessity, assume that
P € GBP(AC?(X)). Then T := P + 7(Idacr(x) — P) € G(ACP(X)) for some
7 € T\ {1}. By Theorem 2, we can find a unimodular function h € ACP(X)
and a homeomorphism ¢: X — X in ACP(X) such that

[P+ r(Idacrx) — P)I(f)(@) = h(x)f(¢(x))  (f € ACP(X), z € X).
Moreover, h = T(1x) and ¢! € AC?(X). Then
P(f)(z) = (1 =) [=7f(z) + h(x)f(¢(x)]  (f € AC"(X), z € X).

Since P? = P, we have the following equation:

Tf(@) = (r+ Dh(2)f($(x)) + h(@)*f(6*(2) =0 (f € ACP(X), z € X).

Suppose that there exists zo € X such that zg # ¢(z0) and ¢ # ¢?(x0). Take
a function fo € ACP(X) such that fo(z0) = 1 and fo(¢(z0)) = 0 = fo(d?(x0)).
Observe that taking f = fy and © = z(¢ in the equation above, we obtain
7 =0, a contradiction. Hence ¢(x) = x or ¢?(x) = z for all z € X. In any case
we conclude that ¢? = idy.

We now distinguish two cases. If ¢ # idy, choose o € X such that
xo # ¢(x0) and consider g € ACP(X) such that g(xg) = 1 and g(¢(zg)) = 0.
Substituting now in the above equation, first f = g and x = x¢, and after
f = 1x and any x, we infer that 7+[h(z0)]? = 0 and 7—(7+1)h(z)+[h(2)]> = 0
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for all z € X, respectively. Hence 7 = —1 and [h(z)]?> =1 for all 2 € X. Thus
h(z) € {—1,1} for all x € X and the formula of P yields

P(f)(x) = % [f(x) + h(x) f(e(x)]  (f € ACP(X), z € X).

Therefore P = (1/2)(Idacr(x) + T'), where T' € G*(ACP(X)) by Theorem 6.
In the another case, if ¢ = idyx, taking f = 1x in the equation we get

[h(z) = 7)[M(z) = 1] = [M(x)]? = (1 + Dh(z)+7=0 (x € X).
Since 7 # 1, from the above relation it follows that for each z € X, either
h(z) =1, or h(x) = 7. If h(xz) = 1 for all z € X, then we have P = Idacr(x),

and so P is of the desired form. Now, assume that h(z) = 7 for some z € X.
Hence, for any f € ACP(X), we obtain

f(x) if h(z) =1,
P(f)(x) =
0 if h(z) =1
So by taking h: X — {1,—1} by h(z) = 1 if h(z) = 1 and h(z) = —1 if
h(z) =7, we have h € ACP(X),
T(f)=hf  (f € ACY(X))

belongs to G*(ACP(X)) by Theorem 6 and also P = (1/2)(Idace(x) + 7), as
desired. O

Corollary 4. The set GBP(ACP (X)) is topologically reflexive.

Proof. Let P € refyo,(GBP(ACP(X))). By Theorem 7, for each f € ACP(X)
there exists a sequence {T', tnen in G?(ACP(X)) such that

P(f) = lim ! [(Idacrex) + Trn)(f)]

n—oo 2
whence (2P —Idacr(x))(f) = limy, oo Tt,n(f), which shows that 2P —Idacr(x)
€ refiop(G2(ACP(X))). Thus 2P —Idacr(x) € G*(ACP(X)) by Corollary 3 and
therefore P € GBP(AC?(X)) according to Theorem 7. O

Finally, we show the 2-topological reflexivity of the set of generalized
bi-circular projections of ACP(X)-spaces.

Corollary 5. The set GBP(ACP(X)) is 2-topologically reflexive.

Proof. Let A € 2-refi,,(GBP(ACP(X))). According to Theorem 7, for any
f,9 € ACP(X), there exists a sequence {T 4. n}nen in GZ(ACP(X)) such that

A(f) = lim % [(Idace(x) + Trg.0)(f)]

n—oo

A(g) = lim 2 [(dacrx) + Tram)(9)]

n—oo 2
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Hence, for every f,g € ACP(X), we have
2A(f) —f= nILH;O Tf,g,n(f)a
QA(g —9= nlglgo Tf,g,n(g)v
and this says that 2A—Idacr(x) € 2-refyop (G*(ACP(X))). Hence 2A—Idscr(x)
€ G%(ACP(X)) by Corollary 3. Therefore, from Theorem 7 we conclude that
A € GBP(ACP(X)). O
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