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Abstract

In this paper, we prove that any projection in the convex hull of three surjective linear
isometries on AC(X) is a generalized bi-circular projection, where AC(X) denotes the
Banach space of all absolutely continuous functions on a compact subset of R with at
least two points. We also show that the trivial projections are the only projections on
AC(X) which can be represented as the average of three surjective linear isometries.
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1 Introduction

The study of projections in the convex hull of surjective linear isometries was initiated
by Botelho [2], who proved that any projection on C(X) expressed as the convex
combination of two surjective linear isometries is a generalized bi-circular projection,
where C(X) is the Banach space of all complex-valued continuous functions on a
compact connected Hausdorff space X. Let us recall that a projection P on a Banach
space is said to be a generalized bi-circular projection if there is a unimodular scalar
A, different from 1, such that P 4+ A(Id — P) is an isometry, where Id is the identity
operator [5] Motivated by [2] such projections were studied on spaces of Banach-
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valued continuous functions [3], spaces of Lipschitz functions [4], spaces of Hilbert-
valued analytic functions [6] and spaces of absolutely continuous functions [9].

Meantime, some work has been done to characterize projections on Banach spaces
which are in the convex hull of three surjective linear isometries. One can see the
results dealing with such projections defined on continuous function spaces C(X) for
a compact connected Hausdorff space X in [1] and Lipschitz function spaces Lip(X)
and lip(X%) with 0 < « < 1 for a compact 1-connected metric space X with diameter
at most 2 in [4].

In this paper, we study projections in the convex hull of three surjective linear
isometries on absolutely continuous function spaces AC(X) for a subset X of the real
line with at least two points. More precisely, it is shown that such a projection must be
a generalized bi-circular projection. We also prove that the trivial projections are the
only projections on AC(X) given by the average of three surjective linear isometries.

2 Preliminaries

In this section, we recall some definitions and fix notations. Throughout the rest of the
paper, X is a subset of R with at least two points.

A function f: X — C is said to be absolutely continuous if given € > 0, there
exists a § > 0 such that for every finite family of non-overlapping open intervals
{(aj, bj): i =1,...,n} whose extreme points belong to X and Y 7_,(b; — a;) < 6,

we have Y 7, [ f(bi) — f(ai)| < €.
We denote by AC(X) the Banach space of all absolutely continuous functions
f: X — C, equipped with the sum norm

1Al =1 fllo + V()
where
[ flloo :=sup{lf(x)]: x € X}

and V(f) is the fotal variation of f defined by
n
V(f) = sup { D 1f () — f (i)l
i=1
nelN, xp,x1,...,x, €X, xg<x1 <+ <Xp

Itis worth pointing out that for every closed subset /' C X and every pointx € X\ F,
there exists a function f € AC(X) such that f(x) # 0 and f|r = 0, where f|r
denotes the restriction function of f to F.

Now, let us mention that by idxy and 1y we mean the identity function and the
function constantly 1 on X, respectively. We denote by Id the identity operator on
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AC(X). Meantime, let MH(X) denote the set of all monotonic absolutely continuous
homeomorphisms of X onto itself. As usual, T stands for the set of all unimodular
complex numbers.

Next, we state a result due to Pathak [11] which characterizes surjective linear
isometries of absolutely continuous function spaces AC(X) (see also [10, Example 7]
and [8, Corollary 4.3]).

Theorem 2.1 [11, Theorem 2.10 and Lemma 2.3] A map T: AC(X) — AC(X) isa
surjective linear isometry if and only if there exist a map ¢ € MH(X) and a scalar
A€ Tsuchthat Tf = Af o forall f € AC(X). O

Finally, we bring the following result saying that generalized bi-circular projections
are the only projections on AC(X) written as the convex combination of two surjective
linear isometries.

Theorem 2.2 [9, Remark 3.3] A projection P on AC(X) is in the convex hull of two
surjective linear isometries if and only if there exist a number \ € {1, —1} and a map

@ € MH(X) with ¢*> = idy such that Pf = (1/2)[f +Af o @] forall f € AC(X).O

3 Results

Our purpose is to characterize those projections on AC(X) which belong to the convex
hull of three surjective linear isometries.

Throughout this section, we assume that, unless explicitly stated, P = Z?:l o T;
is a projection on AC(X), where 0 < o; < 1 with 21‘3:1 aj=land T; f = A f og;
for all f € AC(X), with A; € T and ¢; € MH(X) fori = 1, 2, 3 (see Theorem 2.1).

Since P is a projection, we have

i [iAn f(@P(0)) + @b f (@2(g1 () +asha f (@3(01(0))
+ e [@rh £ (@1 (@2(0) + aha f@30) + a3ha £ (g3 (2(0)) ]
+ @33 [0617\1f(<ﬂ1(§03(X))) + a2 f(@2(93(x))) + 0637\3f(§0§(X))]
= 1A f(@1(0) + a2 f(p2(x)) + @3]z f(3(x)). @.1

forall f € AC(X)and x € X.
For the proofs of our main results, we will need a series of lemmas.

Lemma 3.1 The following assertions hold:

(1) We have either 21-321 aihi =1, or Z?:l a;iA; = 0. Moreover, ifZ?Z] aiN =1,
then \{ =X\ = A3 = 1.

(2) Foranyi, j € {l,2,3} withi # j, we have 0 # a;\j + o jA; # 1.

(3) Foranyi, j € {1, 2,3}, we have a;\; — ajAj # 1.

@ If P £0, thena; < 1/2 foralli € {1,2,3}.

@ Springer



3492 M. Hosseini, A. Jiménez-Vargas

Proof (1) If we take f = lx in Eq. (3.1), then (33, a;A)2 = Y3_, ai A, which
implies that either Z?:l aihi = 1 or Z?:l aiA\; = 0. Moreover, since C is
strictly convex, itis clear that \; = Ay = A3 = 1 if Z?:l oA\ = 1.

(2) Let us assume that a1 A1 + aaAr = 0. It follows from Part (1) that oz = 0 or
o3 = 1, a contradiction. Furthermore, if ajA| + aoA> = 1, then 1 < «; + ap,
which yields a3 = 0, and it is impossible.

(3) If ajA; — ajA; = 1 for some i, j € {1,2,3} (clearly, i # j), then we get
1 < o; + «;, which is impossible as above.

(4) As P # 0, take f € AC(X) such that || f|lx = 1l and Pf = 0. Then o1 T f +

o> f = —a3T3f. Hence, by taking norms, it follows that o1 + a2 > 3.
Similarly, op + 3 > o1 and @1 + @3 > «». Thus, as 2?21 o = 1, it is easily
inferred that o; < 1/2 foralli € {1, 2, 3}. |

Here let us fix some notation. For each x € X, we set

Sy = {p1(x), p2(x), p3(x)} .

If Card(Sy) denotes the cardinality of S, we put
Xo:={x € X: g1(x) =¢g2(x) = @3(x)} = {x € X: Card(Sy) = 1}.

We also express the set X\ X¢ as a partition of the following sets:

{
(xeX: x=9;x) =@&x) #¢x},
Ci = {x eX:x=¢;(x) #Fp;j(x)= (Pk(x)}»
fxeX: x=0i) #0;(0) # @x) #x},
E ={x € X: Card(S, U {x}) =4},

where i, j,k € {1,2,3}and k #i # j # k.
Lemma3.2 If X = X, then P =0or P =1d.

Proof For simplicity, take ¢ = ¢;. Since ¢; = ¢, = @3, we have Pf =
(3 aiN) fogforall f € AC(X). In view of Lemma 3.1, if 37_, ay\i = 0,
then P = 0. Otherwise, if 37, a;A; = 1, we have Pf = f o ¢ forall f € AC(X).
Since P is a projection, we get that f o 9> = f o ¢ for all f € AC(X). Hence,
considering f = idy, from the above relation it is deduced that 9> = ¢. Now, taking
into account the injectivity of g, it follows that ¢ = idy, and thus, P = Id. O

To avoid discussing on trivial cases, in the next lemmas it is assumed that P is a
proper projection.

Lemma 3.3 We have E = W and A; = @ for everyi € {1, 2, 3}.
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Proof First, it is shown that A; = ¥ for i € {1, 2, 3}. We assume, without loss of
generality, that i = 3. Suppose, on the contrary, that A3 # (. Let x € A3. Then we
have x # ¢1(x) = ¢2(x) # @3(x) # x. Since @1 (x) does not belong to the set

F = {3, 010300), @2(0300). 9} (0, 300}

we can choose f € AC(X) with f(¢1(x)) = 1 and f|r = 0. By considering f in Eq.
(3.1), we get

a1 [a3A3 f(@3(@1(x)))] + a2A2 [a3As f(@3(02(x)))]
+a3A; [0137\3f(90§(x))] = 1A + a2z,

that is,

a3Az [@1A1 + @Al £ (@3(91 (X)) + a3A] f(93(x)) = a1A; + aala.

Since a1 A1 + aaA2 # 0 by Lemma 3.1, the above relation shows that at least one of
the two points ¢3 (¢ (x)) and go% (x) must be equal to ¢ (x).

If ga%(x) # @1(x) = @3(¢1(x)), then by taking a function f € AC(X) with 0 <
f =<1, f(p1(x)) =1and f =0on FU{(p_%(x)},it follows that a3 A3[a1 A +aaAz] =
a1A| + oAz, which yields «3A3 = 1, and consequently, «3 = 1, a contradiction.

Now, if (p32(x) = ¢1(x) # @3(p1(x)), similarly by choosing a suitable function
we can conclude that a%)\g = a1A| + azA;. Hence, from Lemma 3.1, we have either
a%?\g = —a3A3,0r a% = | —a3. The first case yields @3 = 1, which is a contradiction.
The second case implies thatas = (—14+/5)/2 > 1/2, and itis impossible by Lemma
3.1. Thus, <p§(x) = ¢1(x) = @3(p1(x)), which especially yields ¢g3(x) = ¢1(x)
because of the injectivity of ¢3, a contradiction. Therefore, A3 = @.

We now prove that E = . Contrary to what we claim, let x € X with Card(S, U
{x}) = 4. We assume, without loss of generality, that &1 = max{ay, oz, o3}. Since
¢1(x) does not belong to the set

A= {0, 43, 01 @), 0120, g1 (030D |

we can select a function f € AC(X) with 0 < f < 1 such that f(¢1(x)) = 1 and
fla = 0. Then Eq. (3.1) becomes

a1 [@aAr f@2(e1(x))) + @3A3 f(¢3(e1(x)))]
+ s [ha f(@300) + eda £ (@3(02(0)) |

+ a3 [ha f (2003 + asha f (GE )]
= ai. (3.2)
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Ifo; = ay = a3, Eq. (3.2) reduces to Y3y ;) MeAj f (9 (@k(x))) = 3A, which
clearly implies that at least three points in the set

B = {020010). ¢3(01 (). $3 (2, 03(0200)). 23 ). 3 ()}

must be equal to ¢j (x), but this is impossible because B does not contain three equal
points.

Now, assume that the relation oy = oy = «3 is not valid, which especially yields
a1 > min{oy, @3}. Hence, taking into account that o = max{o, a2, a3} and o; < 1
for each i € {1, 2, 3}, from (3.2) one can easily conclude that at least two points (in
fact, exactly two) from the set B must be equal to ¢;(x). Since x € E, it is deduced
that 1 (x) = @2(@i (x)) = @3(p;(x)) with i, j € {1, 2, 3}. Thus, from Eq. (3.2) it
follows that @1 < aza; + a3a;j, which taking into account that o; > min{ao, a3},
implies that o < Ol% + Ol% = Za%, whence «; > 1/2, a contradiction by Lemma 3.1.

O

Lemma3.4 (1) Iffor somei € {1,2,3}, Bi # 0, then o; = 1/2. Moreover, \; = 1
(resp., \; = —1) when Z?:l ai\i =1 (resp., Z?Zl aihi =0), ajA; + oA =
1/2for j,k e {1,2,3} withk #i # j # k.

(2) Ifforsomei € {1,2,3},C; # ¥, thena; = 1/2and\; = 1. Further, p;o@; = ¢j,
and we have either \j = A\ = Land o jAj +oguAe = 1/2, 0r N\j = N = —1 and
ajNj o =—1/2for j, ke {1,2,3}withk #i # j # k.

Proof (1) With no loss of generality, suppose that i = 3. Let x € Bz. Then x =
01(x) = ¢2(x) # @3(x). In the following, we show that p3(x) = @2(p3(x)) =
@1(p3(x)).

If p2(p3(x)) # @3(x) # @1(p3(x)), then by considering f € AC(X) with
f(p3(x)) =1and f|r =0, where

F = {010, 01030, 20930 B30}

in Eq. (3.1) it follows that a1 Aoz Az + o Ara3A3 = a3A3, which yields a1 A1 + oAy =
1, a contradiction by Lemma 3.1. Then ¢3(x) = ¢1(¢3(x)), or ¢3(x) = @2(¢3(x)).
If p2(p3(x)) # @3(x) = @1(p3(x)), then choose a function f € AC(X) with

flp3(x)) = 1 and f(p1(x)) = f(p3(x)) = f(p2(¢3(x))) = 0. Hence, from Eq.
(3.1), we have

a1 A3z + oo Aoa3A3 + a3z A = 33,

which gives 2a1A| + a2A2 = 1. Now, if Z?:l a;A; = 0, then from the latter equation
it follows that «jA; — @3A3 = 1, which is impossible by Lemma 3.1. Therefore,
Z?:l o;A; = 1. Thus, a3A3 = ajA;, which shows that @3 = «;. On the other hand,
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by choosing f € AC(X) with f(x) = 1 and f(¢3(x)) = 0, Eq. (3.1) reduces to

a1A1 [e1 A1 + aaAa] + Az [o A + a2As]

+ a3A3 [0627\2f(§02(§03(x))) + 0637\3f(¢§(x))]
= a1 + a2,

and so

fetAs + aahal? + ashs [axha f (@2(03(0)) + asda £ (@R ()| = anhi + .

So, taking into account that ¢ (¢3(x)) # ¢2(x) = x and (p% (x) # @3(x), it follows
that (p%(x) = x. Then we choose an f € AC(X) with f(x) = 1 and f(¢3(x)) =

f(@2(p3(x))) = 0 and obtain
[1A1 + Ao ] + 03A3 = arA) + ao)o.

AsA; = A = A3 = 1, we have (1 — a3)? + a% = 1 — a3, which yields a3 = 1/2,
and since o] = o3, we obtain oy = 0, a contradiction.

Similarly, it is proved that the relation ¢;(¢3(x)) = @3(x) # @1(p3(x)) leads
to a contradiction. Now, from the above discussion one concludes that ¢3(x) =

P2(p3(x)) = ¢1(@3(x)), as desired.
Moreover, taking f € AC(X) with f(¢3(x)) = 1 and f(p1(x)) = f(<,0§(x)) =0,
from Eq. (3.1) we have

a1A1a3As + a3z + azAzag A + aaA2] = azAs,

and so ajA; + @aha = 1/2. Now, if Y3 a;A; = 0, then asA3 = —1/2, which
implies that @3 = 1/2 and A3 = —1. Furthermore, if Z?:l aiAi = 1,thenaz = 1/2
and A3 = 1.

(2) Let x € C3. Then x = ¢3(x) # ¢1(x) = ¢2(x). Select a function f € AC(X)
with f(p1(x)) = 1 and f|4 = 0, where

A= o). i), G}
Then, from Eq. (3.1), it follows that

a1y [a3As f(@3(01(x)))] + a2Az [a3As f(@3(01(x)))]
+ a3A3 [ A1 + aaA2] = a1 A + a2A;,

and so a3A3 f (@3(¢1(x))) +a3A3z = 1 because A1 +a2Ay # 0 by Lemma 3.1. Since
0 < a3 < 1, from the above it follows that ¢3(¢1(x)) = ¢1(x), whence 2a3A3 = 1.
The latter equation especially shows that @3 = 1/2 and A3 = 1.

If 21'3:1 O[,')\,' = 1, then 7\1 = )\2 = )\3 =1 and 0[1}\1 +O[27\2 =1- 0[37\3 = 1/2.
Meantime, if Y3, a;A; = 0, then ajA; + ashy = —a3A3 = —1/2, which yields
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—1 = 2a1A 1 4+ 202\,. Since o +ap = 1/2, we infer that A\ = A, = —1 by the strict
convexity of C. O

Lemma3.5 Ifi € {1,2,3} and x € D;, thena) = ar = a3 = 1/3.

Proof We prove the result by an argument similar to that of [1, Lemma 2.3]. Assume
that x € D;. Then we have x = ¢1(x) # ¢2(x) # @3(x) # x and we can rewrite Eq.
(3.1) as follows:

ik [k () + axho f (92()) + @3hs f (3 ()]
+ e [ @A (@1 (2(0) + axha f @300) + asha (g3 (2(0) ]

+ s [@rh £ (g1 (g3 () + @a f@2(0300) + ashs £ (g (0)]
= M f () + Ao (2(0) + asha f (93(0)). (3.3)

Choose a function f € AC(X) such that f(x) = 1 and f(p2(x)) = f(p3(x)) =
f@1(@2(x)) = f(p1(p3(x))) = 0. Then Eq. (3.3) reduces to

A + cah [@2ha f (G300)) + @sha f (3(02(0)))

+ s [@2ha f(ga(gs () + ada (@300
= a17\1. (3.4)

Taking into account that oy < 1, from the above relation it follows that at least one
point in the set

D = {63, ¢3(@200), e2(030)), ¢ 0) |

is equal to x. Meantime, note that at most two elements in D are equal. Then, noting
at the following claim, which is proved at the end of the proof, we deduce that x is
equal to exactly two elements in D. Hence, one of the following cases may happen:

x = 3 (x) = p3(pa(x)),
x = pa(p3(x)) = @3(p2(x)), (3.5)
X =93(x) = ¢3(x).

Claim 3.6 (1) If x = 2(¢; (x)) fori € {2, 3}, then x = @3(¢;(x)) for j € {2, 3}.
(2) If x = @3(¢i(x)) fori € {2, 3}, then x = @2(p;(x)) for j € {2, 3}.
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By considering f € AC(X) with f(pa(x)) = 1 and f(x) = f(p3(x)) =
F@3(x) = f(@2(e3(x))) = 0in Eq. (3.3), we get

a1A1eaAs + o MafarAr f(@1(92(x))) + @33 f(@3(92(x)))]
+ s [@nh f (@i g3 () + asha (@300
— . (3.6)

Moreover, if we choose f € AC(X) with f(¢3(x)) = 1 and f(x) = f(g2(x)) =
F(@3(x) = f(@3(¢2(x))) = 0in Eq. (3.3), then

Mk + ks [anAn £ (@1 (2(0) + aha f (3 ) |

+ azAslariAr f(@1(@3(x))) + a2)a f(@2(p3(x)))]
= a3\s. 3.7

Now, from (3.4)—(3.7) we can see that one of following disjoint situations may happen
for the points of Dj:

it ={x e Di: x = F(0) = g3(62(2)), 92(0) = B3() = 91 (@2(0)),
¢3(1) = ¢1(g3()) = @a(93 ()}

D =[x € Di: x = g3(x) = g3(2(1)), 02(x) = G (x) = 1 (p3()),
P3(x) = @1(p2(x)) = p2(p3(X))},

D3 = {x € D1t x = ¢2(93(0) = 93(92(x)), 92(x) = 93(x) = @1 (92(x)),
0300 = o1(3(0) = g3 () |

Diy={x e Di: x = 23(0) = ¢3(02(0), 92(0) = 93 (x) = 91 (@3(1)),
030 = o1(2(0) = 3 () |

Dis =[x e Di: x = g3(0) = ¢}(0), 02(¥) = 1(42()) = 3(2()),
P3(x) = @1(p3(x)) = p2(p3(0))},

Dig =[x € Di: x = g3(x) = (), 2(¥) = ¢1(93()) = 3(¢2(x)),
P3(x) = @1(p2(x)) = @2(3(x))} .
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For each x € Dqy, Eq. (3.3) becomes

[N} + axhat@ahs + aah) | @) + [2erhiand + 3R] F(ga()
+ [2aiA o33 + azAzazAz] f(@3(x))
= a1 AL f(x) + a2 f(@2(x)) + a3z f(@3(x)).

Since x # ¢2(x) # @3(x) # x, by taking a suitable function in the above equation it
follows that 2a1A| + a2A2 = 1, which taking into account Lemma 3.1, implies that
Z?: 1@iA; = land A = Ay = A3 = 1. Then one can obtain easily the following two
equations

(3.8)

1 =2a1 + ay,
o] = Ollz + ax (a2 + a3).

For x € Dj,, we have

(0373 + e2ha(@2ha + a3h) | £ ()

+ [a1A1aoA2 + a3A3(a1 A + a3A3)] f(@2(x))
+ (1A 13z + ajA oA + azAzanAs] f(e3(x))
= aiA f(x) + a2 f@2(x)) + a3A3 f(@3(x)),

which, by choosing proper functions, implies that

a1 < af + oo + a3),
ay < ojon + a3(og + az), (3.9
o3 < 03] + oo + oos.

For x € D3, we have
[a%A% + 20620637\27\3] J(x)
+ RaiAoohs + o331 f (g2(x)

+ [anhieshs + a3 + eshsonda | £ (o)
= 1AL f(x) +a2ha fp2(x)) 4 o323 f (93 (x)),

which similarly shows that

ar < af +2e03,
ar < 2010 + 03, (3.10)
a3 < 20103 + oc%.
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If x € Dy4, then

[01127\% + 2052063)\27\3] fx)
+ [0117\10!27\2 + oA a3z + “%Ag] f@2(x))

+ [arhiashs + e2donih + @3N £ 9300
= 1AL f(x) + a2da fp2(x)) + a3A3 f (93 (x)),

which yields

ap < 0112 + 20003,
ay < oajop +oz(og +az), (3.11)
a3 < ajaz + ax (o) + o).

For x € Dis5, we have

[ + 3N + 3N ] F @)
+ [21A 1222 + o2 Aoa3A3] f(@2(x))
+ [2oA a3z + azAzanAa] f(@3(x))
= 1A f(x) + a2 f(@2(x)) + a3A3 f(93(x)),

which gives 1 = 2a1A; + a2A2. Now from Lemma 3.1 it easily follows that
2?21051'7\1' = land Ay = Ay = A3 = 1. Now, the following equations can be
derived immediately

{1=2a1+a3, (.12)

1 =201 + as.
For x € Dyg,
[ + 3N + 3N ] F @)
+ [a1 A2 + M3 A3 + oA azAs] fga(x))

+ [a1A1a3As + oA oA + azAzaAs] fe3(x))
= 1A f(x) + a2 f(p2(x)) + a3A3 f(93(x)),

which gives
a) <al+aj +ai,
ay < ajon + a3 + azag, (3.13)

a3 < o1 + o3 + 3K .
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It is easy to check that the unique solution of the systems (3.8)—(3.13) is] = a2 =
a3 = 1/3. This completes the proof of Lemma 3.5. O
Now, we turn to the proof of Claim 3.6.

Proof We only prove the first part because the second one will be similar. Contrary to
what we claim, suppose that x = ¢2(@;, (x)) where iz € {2, 3}, and x # ¢3(g (x)) for
k=2,3.Put jp € {2,3}\{iz}. If we consider f € AC(X) with0 < f <1, f(x) =1
and f(93(92(x)) = f(@2(9},(0)) = f(@3(x)) = 0 in Eq. (3.4), then we have

AT + N, = @A (3.14)
which yields
ar < af 4 . (3.15)

Moreover, by taking f € AC(X) with 0 < f < I, f(¢2(x)) = 1 and f(x) =
Fle3(x) = f(p3(x) = f(@a(e3(x))) = 0in Eq. (3.3) we get
a1 A 12z + a2z [ A1 f (@1 (02(X))) + a3z f(@3(92(x)))]
+ s [k (@rlgs () + ada (@300
= O[z}\z. (3.16)

Since o1 < 1, it easily follows from the above that ¢, (x) must be equal to at least one
of the points in the set

{<P1(<02(x)), ©3(92(x)), p1(p3(x)), §0§(X)} .

Assume that ¢ (x) # @3(@px(x)) for k = 2, 3. Then by taking the preceding f such
that f(¢3(er(x))) =0 (k = 2, 3) in Eq. (3.16), we obtain that

aj Ay + oA ranAr f (@1 (92(x))) + a1A a3z f(@1(p3(x))) = ax)s.

The above relation clearly shows that ¢ (¢2(x)) or @1 (@3(x)) must be equal to ¢ (x).
Let us assume that ¢ (x) = ¢1(¢;, (x)) where i1 € {2, 3}. It is apparent that ¢, (x) #
@1(pj, (x)), where ji € {2, 3}\{i1}. Then from the above relation, we get ajAjoAs +
ajAoj Ai; = az)Ao, which implies that

ay < ap(on + ;).

If i1 = 2, then op < 20702, and so @y = 1/2. Thus, according to (3.15), 1/2 <
1/4 + arat;, < 1/4 4+ (max{ay, a3})?, which verifies that 1 /4 < (max{a2, a3})?, and
hence, max{ay, a3} > 1/2, a contradiction.

Now, assume that i{ = 3. Thus, oy < aj(a2 + a3) = a1(1 — o). If 01 < ap,
then oy < (1 — 1) which implies that 1 — «; > 1, a contradiction showing that
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o1 > op. Next, from (3.15) it follows that o] < a% + may, < a% + oja;,, which
yields 1 < o + o4, and it is impossible.

Therefore, from the above discussion, we infer that ¢ (x) is equal to (exactly) one
of the points ¢3(¢2(x)) or <p§ (x). Let us suppose that ¢ (x) = ¢3(@i;(x)), where i3
is either 2 or 3. Obviously, ¢2(x) # @3(¢j;(x)), where j3 € {2, 3}\{i3}. Moreover,
consider f € AC(X) with0 < f < 1, f(g3(pj;(x))) = 1 and f(x) = f(g2(x)) =
f(p3(x))) = 01in (3.3), and we have

a1 Ao f(p1(p2(x))) + a1diasAs f (g1 (g3(x)))
+ o, A j, f(@02(0), (X)) + a3A3ejs A js f(@3(@)5(x)))
= 1A 1022 f(@1(92(x))) + 1A 1asAs f(@1(93(x))) + cadaajy A j, f@2(9), (X))
+ 0[37\301.,'37\./'3 =0. (3.17)

We next show that
Mo j,Nj, + a3z Ay # 0. (3.18)
Otherwise, we have
araaj,Nj, = —a3Aza A . (3.19)

If Z?:l a;A; = 1, then from Eq. (3.19) we get o j, = —a3aj;, which is impossible.
Hence, Y3, a;A; = 0.

If j» = jz,then from (3.19) we deduce that oAy = —a3A3, which is a contradiction
by Lemma 3.1. Now, suppose that j» # j3. Let j» = 2 and j3 = 3. If @1 (¢ (x)) #
@2 (x) for k = 2, 3, from (3.16) we have a1 AjaaAs + a3AzanAy = aaA;, which yields
a1A1 + a3A3 = 1, a contradiction by Lemma 3.1. Then, we have either ¢ (¢2(x)) =
@2(x) or p1(p3(x)) = ¢2(x). From (3.16), we have two possibilities:

(1) a1 Ao + oA taoAr + a3A302A2 = apAg; in consequence, 2 A +a3A3 = 1,
and so ajA; — apAy = 1, a contradiction (Lemma 3.1),

(2) ajA1aoAy + a3A3ai A + a3AszapAy = aAy, which shows that a1 AjaaAy —
a3A303A3 = ooy, and from (3.19) it follows that ajAjan)s + a3A; = ar)s,
whence a1 A| + axA> = 1, a contradiction (Lemma 3.1).

If jop = 3 and jz = 2, then from (3.19), axA203A3 = —a3AzaA2, which is
impossible. Therefore, Eq. (3.18) holds.

Now, taking into account (3.17), (3.18) and the fact that ¢ (¢2(x)) # @1(p3(x)),
it is easy to see that (exactly) one of the points @1 (@2(x)) or ¢1(¢3(x)) must be equal
0 93(¢3 (). Put @1 (¢, (1)) = 93(¢3(x) and 1 (91, (1) # ¢3(0j () ({r1, 11} =
{2, 3}). Let us rewrite (3.16) and (3.17) as

ajArands + oAy Ay @1 (9 (X)) + a3Aza; Ay = aoAs, (3.20)
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and

(1A 1ar Ar + a3Aza s A i) f@3(@); (X)) +axdaj, A, fea(p), (X))
= 061)\10{”)\,1 + Olz)\zotjz}\jzf(goz((pjz x))) + 0{3)\30!]'3)\1'3 =0. (3.21)

Next, it is shown that

ajAap Ay +azAza Ay # 0. (3.22)

Otherwise,
1A 1o Ay = —a3A30 A . (3.23)
If Z?:l a;A; = 1, then from (3.23) we get o, = —a3aj;, a contradiction. Hence,
Z?:l aiA; = 0. If r; = ja, then again from (3.23), ®1A| = —a3A3, a contradiction

(Lemma 3.1). Thus, r; # j3.If r{ =3 and jz = 2, then a1 A\j3A3 = —a3A302A2 by
(3.23), which leads to a contradiction. If 1 = 2 and j;3 = 3, then from (3.23) we have

aihjaohy = —a3A3. (3.24)

Based on the fact that ¢1(¢;, (x)) # @2(x) or ¢1(¢;, (x)) = @2(x), from (3.20) we
have either

(1) ajAtaoAy + azAzaaAr = apAy, whence o A1 + a3A3 = 1, a contradiction, or

(2) aihaaAs + ahjesds + a3A300ls = ax)z, and so from (3.24), —a3A3 +
a1 A 13Nz +a3AzaoAr = apAg, and hence, a3A3[—a3A3 + a2 + A 1] = ax ),
which yields —20%7\% = ap ;. Consequently, from (3.24) we get 2o A japAr =
asAy, which gives o1 = 1/2 and A\; = 1. Moreover, again from (3.24) it
follows that a% = ojap and —7\% = A1A2. On the other hand, from (3.14),
afA] + axloai, A, = agAq, and then putting o; = 1/2 and A = 1, we get
M, A, = 1/4. 1t in = 3, then apAoazAsz = 1/4, whence a3 = 1/4. Thus,
a% = a3 = o1/4 = 1/8, and so a3 = 1/2, a contradiction. Also, if i = 2,
then a% = 1/4, and ap = 1/2, which is impossible.

Now we deduce (3.22).
Finally, we claim that

ajAiap Ay + a2 a A, + azAza A # 0. (3.25)
Otherwise,
Ay Ay + a2l A j, + o3z Ay = 0.

If Z?:l a;A; = 1, then oy, + azaj, + ajaj; = 0, which is impossible. Hence,
Z?:l aihi =0.
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If ri = jo = j3, thent; = ix = i3. If ¢1(¢; (x)) = @2(x), from (3.20) we have
aiAooAy + o (A + a3A3) = a2, and consequently, o A; — oy, = 1, a
contradiction.

Now, assume that ¢1(¢;, (x)) # ¢2(x). From (3.20) we have ajAjonAy +
a37\3a,~3ai3 = 0[2}\2.

If i3 = 2, then from the above relation we get o1A; + a3A3 = 1, a contradiction.
Now, suppose that i3 = 3. Then (3.20) and (3.14) become

ai Aoy + a3\ = aohs, (3.26)
and
aIAT + aohaazAs = @Ay, (3.27)

By adding (3.26) and (3.27) together, we obtain a1 Ajaa Ap +a%?\%+a§?\§+a27\2a3 A3 =
—a3A3, and so ajA;(—a3A3) + a3A3(—a A1) = —a3As3; thus, oA = 1 — 1A,
which verifies that «; = 1/2 and A; = 1. Now, from (3.27) one can conclude that
1/4 + arAra3A3 = 1/2, whence

1
a3y = T (3.28)

On the other hand, from (3.26), (1/2)a2A; 4+ 323 = ax)2, which yields
1
2k = aiA3. (3.29)

Combining (3.27) and (3.29), we get 1/4 + 237\ = 1/2, and so &3] = 1/8;
consequently, oz = 1/2, which is impossible.

Assume that | # jo = j3. Thus, ajAja, Ay = —(02A2 +a3A3)aj, A j, . As before,
one can see 21‘3:1 a;A; = 0, which easily implies that aj Aoy Ay = @A, A j,, and
SO

arl)\rl = ajz}\jz’ Qry = Qj, }\rl = 7\j2. (3.30)

Let jo = j3 = 3 and r; = 2. Based on the fact that ¢;(p3(x)) # ¢@2(x) or
01 (@3(x)) = @2(x), from (3.20) we have either

(1) ajAtazAy + azAszaaAr = apAy, a contradiction, or

(2) a1 Ao + a1 Aja3A3 + a3AzaAy = apA;, which taking into account (3.30) it
follows that ajAjaaAr + a1 A1aa Ay + a3A3aoA2 = apA;, and so (A + oA +
a3A\3 = a1\ — axAp = 1, a contradiction.

If j» = j3 = 2 and r; = 3, similarly, based on the fact that ¢ (¢2(x)) # ¢2(x) or
01 (@2 (x)) = @2(x), from (3.30) and (3.20) we have either

(1) a1 i)z + @33 = az)z, and 50 a1 Aj + oAz = 1, which is impossible, or
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(2) arihaads + oo +a3A% = an)s, and so from (3.30) 2a1 A ja)s + @3] =
asA2, which gives and so «1A; — @3A3 = 1, which is impossible.
Now, assume that r| = j» # j3. If (j A1 + a2A2)aj,Aj, = —a3A3aj;A )y, then as
before, Z?:] a;A; = 0, and consequently, the above relation reduces —a3Aza j,Aj, =
—a3A3aj;Aj; and so

Olj27\j2 =Olj3?\j3. (3.31)

If j3 =2 and j, = r; = 3, similarly to above, based on the fact that ¢ (¢2(x)) #
@2(x) or p1(p2(x)) = ¢a(x) from (3.31) and (3.20) we get

(1) ajAtaoAy + azAzaaAr = apAy, a contradiction, or
(2) ajAtaoAy + aj Ao + aszA3zaaAy = apAp, and then, 201A] + a3A3 = a A —
oAy = 1, a contradiction.

Now, if r{ = j» = 2 and j3 = 3, then analogously from (3.31) and (3.20), it follows
that either

(1) a1A1aoAs + a3A3a0A = ap)o, and in consequence, oj A1 + @3A3 = 1, a contra-
diction, or

2) ajA1a3As + ajAja3As + a3zA30A) = oAy = a3A3, and so A —a3A3 =1, a
contradiction.

Next, suppose that j3 = r; # jo. Clearly, 2?21 aiA; = 0 as above, and we get
(1A + O{37\3)05j37\j3 = —a27\2aj2?\j2, and so

ajsNjy = ajphj. (3.32)

If j» =3 and j3 = 2, from (3.32) and (3.20) we have either

(1) aiAjaaAs + @3N = ax)s, and taking into account (3.32), @i Ajaas + a3A] =
a2y, and so a1 A] + ooy = 1, a contradiction, or

(2) a1Aa3)s + a1 A ja3As + a3A3 = ax),, and so from (3.32) A — ks = 1, a
contradiction.

Similarly, if jo = 2 and j3 = 3, from (3.32) and (3.20) we have either

(1) ajAtaoAy + azAzaoAr = apAyp, whence o A| + a3A3 = 1, or
(2) ar A1y + a1 Aoy + 330y = aoAo, which implies that o1 A} + oA +
a3A3 = 1, and so ajA| — apAy = 1, a contradiction.

Finally, (3.25) is also valid.
Now, taking into account (3.18), (3.22), (3.25), one can easily see that Eq. (3.21)
leads to a contradiction. This contradiction proves Claim 3.6. O

The following theorem states that each projection on AC(X) expressed as the aver-
age of three surjective linear isometries is a trivial projection.

Theorem 3.7 If P is a projection on AC(X) given by the average of three surjective
linear isometries, then P = 0 or P = 1d.
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Proof Assumethat P = (1/3)(T1+T1>+T3),where T; f = A; fog; forall f € AC(X),
with ¢; € MH(X) and A; € T foralli € {1, 2, 3}, according to Theorem 2.1.

Step 1 We have either all ¢;’s are increasing, or all of them are decreasing.

Since for each i € {1, 2, 3}, ¢; is a monotonic homeomorphism, we have either
pi(myx) = mx or gj(myx) = My, where mx = min(X) and My = max(X). Hence,
we conclude that Card(S,,,) € {1, 2}. If Card(S,,,,) = 2, then from Lemma 3.3 it
follows that mx € B; or mx € C; for some i € {1, 2,3}, which is impossible by
Lemma 3.4 (here we have «; = 1/3). Therefore, Card(S,,,) = 1, which especially
proves the claim in Step 1.

Step2 X = X).

On the contrary, assume that x € X\ Xg. Taking into account Lemmas 3.3 and 3.4,
we immediately conclude that x € Dy for some k € {1, 2, 3}. Let us assume that
k = 1. Thus, we have x = ¢1(x) # ¢2(x) # @3(x) # x. Based on the order of
the points, we are in one of the following situations (the other cases are similar by
permutating indices 2 and 3):

@ x =¢1(x) < g2(x) < p3(x),
(b) p2(x) < p3(x) < x = @1(x),
©) p2(x) <x = g1(x) < @3(x).

First, let us rewrite Eq. (3.1):

NN )+ Ao f (@200) + M3 f (93]
+ 22 [ M (@1 (020) + M2 f @360 + M f (@3(0200))

+ MIAF(@1(@300)) + Mo f (02(93(0))) + A3 f (93 (x)]
=3[A1f(@1(x0) + A2 f(92(x)) + A3 f(p3(x0))]. (3.33)

Taking f € AC(X) with0 < f < 1, f(x) = 1 and f(g2(x)) = f(p3(x)) =0, Eq.
(3.33) becomes

N+ 2 [N @102 + M f R0 + M Fga (20|

+ 23 [ AL S @1 @3000) + A2 f @2(9300) + M f (@3 (0) | = 3Ar.

Since A1, A2, A3 € T, from the above equation it follows that at least two points in the
set

{0102 3 ). 0330200, 91930, 02(0300)). 3 ) |

must be equal to x. Clearly, one of the following cases may occur:

(i) x = cpg(x) = p3(p2(x)),

(i) x = @3(x) = p3(x),
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(i) x = @3(2(x)) = @2(@3(x)),
() x = ¢3(x) = p2(p3(x)).

In the following, we show that none of those four cases can happen. According to
Step 1, either all ¢;’s are increasing, or all ¢;’s are decreasing.

Firstly, we assume that all of them are increasing. Consider Case (a). Since ¢ is
increasing, we obtain

x=g1(x) < p(x) < P3(x) < pa(@3(x)),

which clearly implies that none of the cases (i)—(iv) can occur.

The argument in Case (b) is similar to Case (a).

Consider Case (c). Since ¢; is increasing, (p% (x) < ¢2(x) < x, which shows that
(i) and (ii) cannot happen. Moreover, since ¢3 is increasing, then

3 (2(x))) < 93(x) < P3(x).

Ifx = (p% (x),then ¢3(x) < x, which is a contradiction showing that (iv) never happen.
Now, suppose that (iii) holds. Again since @3 is increasing, we have

P (x) < x < @3(x) < PF(x),

which yields ¢ (x) # go%(x). Taking f € AC(X) with0 < f <1, f(¢2(x)) = 1 and
@) = fle3(0) = f(93(x)) = f(93(x)) = 0, Eq. (3.33) reduces to

A2 4+ AtA2 f (@1 (@2(x))) + A1A3 f (@1 (93(x))) = 3A;,

which implies that @1 (¢2(x)) = ¢1(p3(x)). Consequently, ¢ (x) = @3(x) because ¢
is injective, which is a contradiction showing that (iii) cannot occur.

Secondly, we assume that all ¢;’s are decreasing. Consider Case (a). Since ¢ is
decreasing, we have

P3(x) > @2(x) > x > @1(p2(x)) > @1(p3(x)) (3.34)

Taking into account (3.34), if Case (i) holds, we can choose f € AC(X) with 0 <
[ =1L fles) = Land f(x) = flp(0) = fp3(0) = flpi(2(x) =
f(p1(p3(x))) = 0. From Eq. (3.33), we get

AMA3 4+ A2 [Mf((ﬂ%(X)) + 7\3f(¢3(<ﬂ2()6)))] + A3 f(@2(@3(x))) = 3A3,

which shows that A{A3 + A3A2 f(¢2(@3(x))) = 3A3 by (i), whence |3 — A;| < 1 and
it is impossible.

If Case (ii) holds, again taking into account (3.34), we can select f € AC(X) with
0=<f =1 f(p3(x)) = land f(x) = fg2(x)) = f(p3(p2(x))) = f(p1(p2(x))) =
f(p1(93(x))) = 0.Hence, from Eq. (3.33) and (ii), we can get A\; + A2 f (02 (¢3(x))) =
3, which is impossible.
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For Case (iii), from (3.34), we can choose f € AC(X)with0 < f < 1, f(p2(x)) =
Land f(x) = f(p3(x) = f(@1(2(x)) = f(p1(e3(x))) = f(g3(x)) = 0. Now,
from Eq. (3.33) we conclude that AjA, + A%f((p% (x)) = 3A2, which is impossible.

In Case (iv), from (3.34), we can take f € AC(X) with0 < f <1, f(¢3(x)) =1
and f(x) = f(@3(p2(x))) = f(p1(p2(x))) = f(@1(p3(x))) = f(p2(x)) = 0. Then
Eq. (3.33) gives AiA3 + A3 f (93 (x)) = 3A3, which yields a contradiction.

The argument for Case (b) is similar to Case (a).

Consider Case (c). Since ¢, is decreasing, it follows that (p%(x) > @r(x) >
@2 (p3(x)). If @2(93(x)) = x, then x > ¢2(x) > x, which is a contradiction showing
that (iii) and (iv) are impossible.

If 3(p2(x)) = x, then x = @3(p2(x)) > @3(x) > x because @3 is decreasing,
which implies that (i) does not hold.

Since ¢ and ¢, are decreasing, it is clear that ¢3(x) > ¢1(x) = x > ¢1(@3(x))
and g3(x) > x > @(x) > @ (p3(x)). Take now some f € AC(X) with 0 <
=L flgax)) = Land f(x) = flpa(x)) = flp2(p3(x))) = fle1(p3(x))) =
f(p3(@2(x))) = 0. If (ii) holds, Eq. (3.33) gives A1A3 + MoA; /(@1 (¢2(x))) = 3A3, a
contradiction.

The above discussion proves Step 2. Now, Theorem 3.7 follows from Lemma 3.2.

O

As observed, the trivial projections are the only projections as the average of three
surjective linear isometries while, as proved below, it is not true for the projections in
the convex hull of three isometries.

Theorem 3.8 A projection P on AC(X) is in the convex hull of three surjective linear
isometries if and only if P is a generalized bi-circular projection, i.e., Pf = (1/2)[ f+
Af o @l forall f € AC(X), where A € {1, —1} and ¢ € MH(X) with ¢* = idy.

Proof We only prove the necessity because the proof of the sufficiency is easy by [[7],
Corollary 3.3]. Let P be a projection on AC(X) such that P = Z?zl o; T;, where
0<a < lwich?zlozi =land T;f =A;fog forall f e AC(X),withA; € T
and ¢; € MH(X) for all i € {1, 2, 3}.

According to Theorem 3.7, the result is valid if «; = «p = «3. Otherwise, from
Lemma 3.4 it follows that any two of the statements C| # @, C> # 0, Cz # @ (resp.,
By # 0, B> # (), B3 # (§) cannot occur simultaneously, and also the conditions
C; #¥and B; # () withi # j are incompatible. Then, taking into account Lemmas
3.3 and 3.5, we have the following possibilities:

() X = Xp.

2) X =XoUB;fori =1,2,3.

3) X=XoUC;fori=1,2,3.

4) X=XoUB;UC; with B; #0 # C; fori = 1,2, 3.
Case (1). Then P = 0 or P = 1d by Lemma 3.2.

Case (2). Here we have ¢; = ¢ with j, k € {1,2,3}\{i}, and also from Lemma
3.4, it follows that A; € {1, —1}, and

1
Pf=3 [Aifowi+ fogi] (f €ACX)).
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Cases (3) and (4). Similarly to the second case, taking into account Lemma 3.4, we
have A; € {1, =1}, ¢; = ¢ with j, k € {1,2,3}\{i} and

[fowi+Ajfopj] (f€ACX)).

N =

Pf:

In the latter three cases, P is expressed as the average of two surjective linear
isometries of AC(X) and, indeed, it is a generalized bi-circular projection by Theorem
2.2.Hence, Pf = (1/2)[f + Af o ¢] for every f € AC(X), where A € {1, —1} and
@ € MH(X) with ¢? = idy. To be more precise, following the proof of Theorem 3.2
in [9], it is proved that in Case (2) we have ¢; = idx, ¢ = ¢; € MH(X), q)z = idy
and A = A; € {1, —1}. In Case (3), ¢; = idx, ¢ = ¢; € MH(X), ¢* = idy and
A =A; € {1, —1}. Also, Case (4) will not happen. O

Remark 3.9 We would also like to remark that, taking into account [8, Corollary 4.3]
(see also [10, Example 2]), our theorems remain true when AC(X) is equipped with
the maximum norm

1l = max {[l flloo . V(H}  (f € ACX)),

and we consider the convex hull of three surjective linear isometries of (AC(X), |- |/ a)
carrying a weighted composition operator form.
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