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Abstract. Let AC(X) be the Banach algebra of all absolutely continuous
complex-valued functions f on a compact subset X C R with at least
two points under the norm || f|ly = [|f|l + V(f), where V(f) denotes
the total variation of f. We prove that every approximate local isometry
from AC(X) to AC(Y') admits a Banach—Stone type representation as an
isometric weighted composition operator. Using this description, we prove
that the set of linear isometries from AC(X) onto AC(Y") is algebraically
reflexive and 2-algebraically reflexive. Moreover, it is shown that although
the topological reflexivity and 2-topological reflexivity do not necessarily
hold for the isometry group of AC(X), but they hold for the sets of
isometric reflections and generalized bi-circular projections of AC(X).
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1. Introduction

Let B(E) be the Banach space of all continuous linear operators of a Banach
space E and let G(E) be its group of surjective linear isometries. Let us recall
that a local isometry of F is a map T' € B(FE) such that for every e € E, there
exists a T, € G(FE), possibly depending on e, such that T, (e¢) = T'(e). Moreover,
an approximate local isometry of E is a map T' € B(FE) satistying that for every
e € E, there is a sequence {7 , }nen in G(E) such that lim,, o Te n(e) = T'(e).

The main question addressed by the authors is for which Banach spaces
E, every local isometry of F is a surjective isometry or, equivalently, which
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Banach spaces E have an algebraically reflexive isometry group. One can also
study the topological version of this question, that is, when every approximate
local isometry of F is a surjective isometry or, with other words, when the
isometry group of E is topologically reflexive.

In [17], Molnér initiated the study of 2-local isometries of Banach spaces.
Namely, a map A: E — E (which is not assumed to be linear) is a 2-local
isometry if for any e,u € E, there exists a T, , € G(F), depending in gen-
eral on e and w, such that T, ,(e) = A(e) and T¢,(u) = A(u). Moreover,
A: E — FE is an approximate 2-local isometry if for every e,u € F, there
is a sequence {T¢ yn}nen in G(E) such that lim, oo Teyn(e) = A(e) and
limy, 00 Te,un(u) = A(u). In the 2-local setting, the main problem is to study
for which Banach spaces F, every 2-local isometry (respectively, approximate
2-local isometry) of E is a surjective linear isometry or, equivalently, when the
isometry group of E is 2-algebraically reflexive (respectively, 2-topologically
reflexive).

An extensive research has been done on (approximate) local isometries [4—
7,13,18] and (approximate) 2-local isometries [10,11,14,16] for different spaces
of continuous scalar-valued functions. In this paper, we deal with approximate
local (2-local) isometries on spaces of absolutely continuous complex-valued
functions on an arbitrary bounded time scale X C R. These spaces are a
fundamental tool to solve boundary value problems in ordinary and partial
differential equations and difference equations (see, for example, [2,21]).

Let X be a compact subset of R with at least two points. A finite increas-
ing subset of X is a set P = {xo,z1,...,2n_1,2n} C X, where 29 < 21 <
<o < Tpo1 < xp. Given a function f: X — C and a finite increasing subset
P = {1‘0,]}1, ey 1, a:n} of X, define

n

V(P f) =Y (i) = fzizi)l.

i=1
We define the total variation of f on X as
V(f,X):=sup{V(P, f): P is a finite increasing subset of X} € [0, cc].

If V(f,X) < oo, we say that f is a function of bounded variation on X. We
shall simply write V(f) when there is no confusion.

A function f: X — C is said to be absolutely continuous if for every
e > 0, there exists a § > 0 such that if {(a;,b;)}", with a;,b; € X, is
a finite pairwise disjoint of open intervals satisfying > ", (b; — a;) < &, then
Sy | f(bi) = f(a;)| < e. It is known that every absolutely continuous function
f: X — C has bounded variation on X.

Let AC(X) denote the space of all absolutely continuous functions f: X —
C, with the norm

1flls = Iflle + V()
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where || f||, denotes the supremum of |f| on X. It is known that AC(X) is
a unital semisimple commutative Banach algebra which contains the constant
functions and separates the points of X. We refer the reader to [22] for the
study of the classical spaces AC([a, b]) and to [1,9] for the general case AC(X).

The topological reflexivity does not hold true for the isometry group of
any AC(X)-space. We present in this paper an easy counterexample. How-
ever, we can describe the elements of the topological reflexive closure of the
set G(AC(X),AC(Y)) of all linear isometries of AC(X) onto AC(Y). To be
more precise, we prove that every approximate local isometry T from AC(X)
to AC(Y) is an isometric weighted composition operator induced by a mono-
tonic absolutely continuous function ¢ from Y onto X. Using this description,
we prove that the set G(AC(X), AC(Y)) is algebraically reflexive. Moreover,
it is shown that every (approximate) 2-local isometry from AC(X) to AC(Y')
is a (an approximate) local isometry and, as a consequence, we establish the
2-algebraic reflexivity of G(AC(X), AC(Y)). As mentioned above, the isome-
try group AC(X) is usually neither topologically reflexive nor 2-topologically
reflexive, but we show that the sets of isometric reflections and generalized
bi-circular projections of AC(X) are.

The starting point of our study is an appropriate description of surjective
linear isometries between AC(X)-spaces in terms of a weighted composition
operator. Such isometries of AC(X) equipped with the ¥-norm were charac-
terized by Pathak [19]. Previously, the isometries of AC([0,1]) were investi-
gated by Cambern [8] and Rao and Roy [20]. Moreover, Jarosz and Pathak
[15] developed a technical scheme to verify that surjective linear isometries
between some classical function spaces are induced by homeomorphisms be-
tween corresponding Hausdorff compact spaces. In particular, this holds for
AC(X)-spaces.

The first author stated in [13] the algebraic reflexivity of the set of onto
linear isometries between spaces of absolutely continuous vector-valued func-
tions with a norm different to the -norm. Our approach here is quite dif-
ferent because our objective is to study the topological reflexivity, or at least
to describe the elements of the topological reflexive closure, and it essentially
depends on the application of two spherical reformulations of the known the-
orems of Gleason-Kahane—Zelazko and of Kowalski-Stodkowski, stated by Li,
Peralta, Wang and Wang [16] who applied them to study the 2-locality problem
of the isometry group of uniform algebras and Lipschitz algebras.

We thus extend here some results established by the first author in [13]
concerning the algebraic reflexivity of the sets of onto linear isometries, iso-
metric reflections and generalized bi-circular projections of AC(X)-spaces.

2. Preliminaries

Let us recall the concepts of reflexivity addressed in this paper. Let E and
F be Banach spaces, FF the set of all maps of E to F and B(E,F) the
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set of all continuous linear maps of F to F. Let S be a nonempty subset of
B(E, F). Define the algebraic reflexive and topological reflexive closures of S,
respectively, by

refa,(S) ={T € B(E,F): T(e) € S(e), Ve € E},
refeop (S) = {T € B(E,F): T(e) € S(e), Ve € E} ,

where S(e) = {L(e): L € S} and S(e) denotes its norm-closure in F. The set
S is said to be algebraically reflexive (topologically reflexive) if refyo(S) = S
(respectively, refiop(S) = S).

Consider now the 2-algebraic reflexive closure of S, 2-ref,,(S), given by

{AeFFP:Ve,ue E, 38, €S|Scule) =Ale), Seulu) =Au)},
and the 2-topological reflexive closure of S, 2-refio,(S), defined by

{A e F¥:Ve,u e E, I{Secuntnen CS| lim Sen(e)
n—oo

= Ae), Tim Sen(u) = A(u)}.

We say that the set S is 2-algebraically reflexive (2-topologically reflexive) if
2-ref,5(S) = S (respectively, 2-refio,(S) = S).

In the sequel, X and Y are two compact subsets of R with at least
two points. We denote mx = min(X), Mx = max(X), and similarly, my =
min(Y), My = max(Y).

We denote by MH(Y, X) the set of all monotonic absolutely continuous
homeomorphisms of Y onto X. In particular, we write MH(X) instead of
MH(X, X) and MH?(X) represents the set of functions ¢ € MH(X) such that
¢? = idx, where idy is the identity map of X. The symbol 1x stands for the
function constantly 1 on X and |X| for the cardinality of X. Given a Banach
space E, we denote by Idg the identity operator of E. As usual, T denotes the
unit circle of C.

The following functions will frequently be used through the paper. For
each xp € X and r > 0, the function hy, ,: X — [0, 1] defined by

hay.r(x) = max {O, 1- M} ,
,

is Lipschitz with A=*({1}) = {zo} and R *({0}) = {z € X: |z — x| > r}.
Notice that every Lipschitz function is absolutely continuous.

3. Results

For our purposes, we first need to complete a description of onto linear isome-
tries between AC(X)-spaces stated by Pathak (see Theorem 2.10 and Lemma
2.3 in [19]). We deduce this description by applying a more general result of
Jarosz and Pathak (see [15, Example 7]).
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Theorem 1. ([15,19]) A map T: AC(X) — AC(Y) is a surjective linear isom-
etry if and only if there exist a number X € T and a map ¢ € MH(Y, X) such
that

T(f)y) =Af(e(y))  (f e ACX), y€Y).

Proof. Assume that T is a linear isometry from AC(X) onto AC(Y'). By [15,
Proposition], T is of the form

T(fy) =xWf(ely)  (f€ACX), yeY),

where ¢: Y — X is a homeomorphism and y € AC(Y) is a unimodular func-
tion with V() = 0. Hence x is a constant function, therefore there isa A € T
such that x(y) = A for all y € Y, and thus

T(f)ly) =Af(0(y)  (f € AC(X), y €Y).
Clearly, ¢ = AT (idx) € AC(Y). Since T~!: AC(Y) — AC(X) has the form
T7Hg)(@) = Ag(@™ (=) (9 € AC(Y), = € X),

it follows that ¢~! = AT~ (idy) € AC(X) and so ¢ is an absolutely continuous
homeomorphism. Moreover, taking into account the representation of T', the
monotonicity of ¢ can be obtained by an argument similar to the proof of [12,
Lemma3.15].

Conversely, assume that T: AC(X) — AC(Y) is a map having the form

T(f)(y) = f(s(y)  (f€AC(X), yeY)

with A and ¢ being as in the statement of the theorem. The linearity of T' is
immediate. To prove its surjectivity, given g € AC(Y), take f = A(go ¢ 1).
Since ¢! is absolutely continuous and strictly monotonic, it follows easily
that f € AC(X) and clearly T(f) = g. Finally, given f € AC(X), an easy
verification shows that ||T°(f)|l, = [|fll. and V(T'(f)) = V(f), and therefore
T is an isometry with respect to the ¥-norms. O

For a later reference we deduce from the proof of Theorem 1 the following

fact.
Corollary 1. Let T be a linear isometry from AC(X) onto AC(Y). Then
IT(Nloe = Ifloc and V(T(f)) = V(f) for all f € AC(X). R

The following example, borrowed from [3], shows that AC([0, 1]) is neither
topologically reflexive nor 2-topologically reflexive. In what follows, we shall
use the following notation. Given a function f: X — C, a subset A C X
with |A| > 2 and a partition P of A, we set V(P, f,A) := V(P, f|,) and
V(f,A) = V(S A).

Ezample 1. For each n > 2, define the functions ¢, ¢, : [0,1] — [0, 1] by
0 zel0,3],
$(z) =

20 —1 z € [L,1]
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nilz x €10, 221],

bn(z) =

20 —1 z e [%H 1]

Moreover, define T, T,,: AC([0,1]) — AC([0,1]) by T'(f) = fo¢ and T,,(f) =
f o ¢n. Clearly, each T;, is a surjective linear isometry.

We next show that T'(f) = lim,, oo T0,(f) for each f € AC([0,1]), whence
T is an approximate local isometry. Let f € AC(]0, 1]). Since one can see that
{ITn(f) = T(f)llco fnen — 0 by Dini’s theorem, it is enough to show that
{V(T,.(f) —=T(f)) }nen — 0. For this purpose, let ¢ > 0 and choose § > 0 such
that

Z|f a2|<’

for every finite family of non-overlapping open intervals {(a;,b;): i =1,...,n}
whose extreme points belong to [0,1] and Y"1, (b; — a;) < 4.

Choose ng € N such that 1/ng < min{d,1/2}, and 0 < (n+1)/2n—1/2 <
¢ for all n > ng. From the additive property of the total variation we have

V() - 1) =V (1) - 7). o3| ) + v (10 - 7). 51 ).
If P={xg,...,2m} is a partition of [0,1/2], then for each n > ng
v (P =101 [0.5]) = 0 - Ty
— ()~ T )|
Flon() — F(0(0)
buln)) + F(0li)

(i1

s n+1l n+1“_n+12_n+1 '
Thus, for all n > ng, we have
Vi%ﬁfTU)Ol <<
n ) ’2 —4'

Now, suppose that n > ng and P = {xg,..., 2} is a partition of [1/2,1]. We
assume, with no loss of generality, that z;, = (n + 1)/2n for some 1 < k < m.

f
-2

because
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Then we get

V(P2 =700 [521] ) = LI = TN = (B0) ~ (i)

=3 £ (@nl@i) = F(b(x:) = f(Dn(@i1)) + f(d(iz1))]
=1

k
2
S,_ f(m$z>_f< l’z 1>’+Z|f2$1—1 (21}11—1)|
L ¢
4 4 2
because
k
2 2 n+1 1
—— ;1 | < =—<9
;(H—FI n+1x 1)_n—|—1 2n n
and
k k
n+1 1 1
2¢; — 1 — 2z, 1)=2 i — Xi_1) = 2 — )= <.
> i ) =230 i) (Qn 2)n

Then for any n > ng, we have

and in consequence, V(T,,(f) =T (f)) < e. Therefore, {V(T,,(f)—T(f)) tnen —
0, as claimed.

The main result of this paper is the following description of the topolog-
ical reflexive closure of the set of linear isometries from AC(X) onto AC(Y).

Theorem 2. Let T € refop(G(AC(X),AC(Y))). Then T is an isometry of the
form

T(f)y) =Af(e(y)) (f€AC(X), yeY),

where A € T and ¢: Y — X is a surjective, monotonic, absolutely continuous
function. Moreover, T is surjective if and only if ¢ is injective and ¢!
absolutely continuous.

Proof. We have divided the proof into a series of claims. O

Claim 1. [T(f)lly = Iflls: 1T(Nllse = Iflloc and V(T'(f)) = V(f) for all
f e AC(X).
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Let f € AC(X). Then there exists a sequence {T,}nen in G(AC(X),
AC(Y)) such that lim,, .o Ty, (f) = T(f). It is clear that lim, o || T (f)lls
TP timn— oo [ Tsn (F)llog = [T ()l g and lim o0 V(Tyn(f)) = V(T(f))-

Since || Tyn(f)lls = Ifllg 1Trn(H)ll o = [flle and V(T (f)) = V(f) for all
n € N by Corollary 1, the claim holds.

Claim 2. For every f € AC(X), there exist sequences {Afn}nen in T and
{¢smtnen in MH(Y, X) such that lim, oo Apn(f o @rn) =T(f).

Since T € refiop(G(AC(X),AC(Y))), the claim is an immediate conse-
quence of Theorem 1.

Claim 3. There exists a number A € T such that T(1x) = Aly.

Claim 1 yields V(T'(1x)) = V(1x) = 0 and || T(1x)| . = 1x] = 1.
Hence T'(1x) is a unimodular constant function on Y, and therefore T'(1x) =
Aly for some A\ € T.

Claim 4. For each y €Y, the mapping S,: AC(X) — C defined by
Sy(f) =AT(f)ly)  (f € AC(X)),

18 a unital multiplicative linear functional.

Let y € Y. Clearly, S,(1x) = 1 by Claim 3. By the linearity of T, so is
Sy. Moreover, Sy is continuous since
1Sy(NI =T W] < TNl < ITHlls = 1fs

for all f € AC(X). To prove that S, is multiplicative, fix f € AC(X). By
Claim 2, there exist sequences {Af}nen in T and {¢¢,}nen in MH(Y, X)
such that

It follows that
8y(f) = XT(Nw) = Tim Mpnf(67n () € To()),

where o(f) denotes the spectrum of f. Applying the spherical version of the
Gleason—Kahane—Zelazko theorem stated in [16, Proposition 2.2], we conclude

that S, = Sy (1x)S, is multiplicative.

Claim 5. There exists a surjective, monotonic, absolutely continuous function
¢: Y — X such that T(f)(y) = Mf(¢(y)) for ally €Y and f € AC(X).

Using Claim 4, we deduce easily that the mapping S: AC(X) — AC(Y)
defined by

S(H) = T(N)ly)  (f€ACX), y€Y)
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is a unital algebra homomorphism. By Gelfand theory, S is continuous and
induces a continuous mapping ¢: Y — X such that S(f)(y) = f(¢(y)) for all
f€AC(X) and y € Y, and therefore

T()y) =Af(e(y)  (f € ACX), y € Y).

In fact, ¢ = idx o ¢ = AT'(idx) € AC(Y). Notice that ¢ is not constant since
V(¢) = V(AT (idx)) = V(T'(idx)) = V(idx) > 0.

To show the surjectivity of ¢, assume on the contrary that there exists o € X

with o ¢ ¢(Y). Being ¢(Y) compact, we have r = d(zg,¢(Y)) > 0. Take

the function hy,, € AC(X) and notice that hy, . (zo) = 1 and hy,, = 0 on

o(Y). Hence T(hyyr)(y) = Mgy (¢(y)) = 0 for all y € YV, but T is injective

by Claim 1, a contradiction.

We next show that ¢ is monotonic. By Claim 2, there exist sequences
{Midx.ntneny In T and {Pidy n}neny in MH(Y, X)) such that

T(ldx) = nhigo Aidx,ngbidxyn'

We assume, without loss of generality, that {Xidy.n}nen IS convergent to a
certain \iq, € T, and so

#y) = AT(idx)(y) = Miay lim diayn(y)  (y€Y).

Notice that A\g, = £1 because |[Aiay| = 1 and A\gy
= (limp— o0 Pidx .n(Y))/6(y) € R for some y € Y with ¢(y) # 0. For each n € N,
since ¢ia .» € MH(Y, X), one of the following cases holds: ¢ia, »(my) = mx
and (bidx,n(MY) = Mx, or ¢idx’n(my) = MX and ¢idx,n(MY) =mx. Since

d(my) = Midy nliﬂgo Gidx n(my)
and
d(My) = Miay nhjgo Gidx.n(My),

one can easily conclude that there exists some ng € N such that either
Gidx n(my) = mx and ¢iqy n(My) = Mx for all n > ng, or ¢iay n(my) =
Mx and ¢igy n(My) = mx for all n > ng. It shows that either all ¢iq, »’s
with n > ng are increasing, or all of them are decreasing. Now, taking into ac-
count that ¢(y) = Midy limy, oo Gidy n(y) for all y € Y and M, € {1, -1},
it easily follows that ¢ is monotonic.

Claim 6. T is surjective if and only if ¢ is injective and ¢~ is absolutely
continuous.

Assume that T' is surjective. Let y1,y2 be in Y with ¢(y1) = ¢(y2). By
Claim 5, we have

T(f)(y1) = A (d(v1)) = A (d(y2)) = T'(f)(y2)
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for all f € AC(X), that is, g(y1) = g(y2) for all g € AC(Y). This implies
y1 = yo since AC(Y') separates the points of Y and thus ¢ is injective. Now,
using Claim 5, we have A\go¢~! € AC(X) for all g € AC(Y) by the surjectivity
of T, and taking g = Aidy, we conclude that ¢~ € AC(X). This proves an
implication, and the converse one follows by applying Theorem 1.

Now we prove that every local isometry between AC(X)-spaces is a sur-
jective isometry.

Corollary 2. The set G(AC(X),AC(Y)) is algebraically reflexive.

Proof. Let T' € ref,(G(AC(X),AC(Y))). By Theorem 2 we have a number
A € T and a surjective, monotonic, absolutely continuous function ¢: Y — X
such that

T(f)(y) =Af(o(y))  (f € AC(X), y €Y).

We need to show that ¢ € MH(Y, X) to assure that T is surjective by Theorem
1. Define h(z) = x—mx+1 for all z € X. Since T' € ref,,(G(AC(X),AC(Y))),
Theorem 1 asserts the existence of a number A, € T and a map ¢, € MH(Y, X)
for which

T(h)(y) = Anh(¢n(y) = An(n(y) —mx +1)  (y€Y).

Tt follows that A(¢(y) — mx + 1) = M(¢n(y) — mx + 1) for each y € Y,
which taking into account that |A\| = |Ax| = 1 implies that ¢(y) — mx +1 =
on(y) —mx + 1. Hence ¢ = ¢p,. Thus T € G(AC(X), AC(Y)), and the proof
is complete. O

We also show that every (approximate) 2-local isometry between AC(X)-
spaces is an (approximate) local isometry.

Theorem 3. The following inclusions are fulfilled:
2rtefiop (GIAC(X), AC(Y))) € refuop(G(AC(X), AC(Y))),
2-refa1,(G(AC(X),AC(Y))) C refas(G(AC(X),AC(Y))),
Proof. Let A € 2-refiop,(G(AC(X), AC(Y))). We first prove that for each y €
Y, the complex-valued function A, on AC(X) defined by
Ay(f)=AN)  (f € AC(X)),

is linear. According to the spherical version of the Kowalski-Stodkowski the-
orem [16], it suffices to show that A, is 1-homogeneous and satisfies that
Ay(f) — Ay(g) € To(f —g) for all f,g € AC(X). The 1-homogeneity follows
immediately since A is an approximate 2-local isometry. For the spectral condi-
tion, let f, g € AC(X) and take {\f g, }nen in T and {¢f,g n tnen in MH(Y, X)
such that

Jim g gnf(drony) =AY,
Tim Agg.n9(95.9.n(y) = Alg)()-
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Thus
Ay(f) = Ay(g) = Tim Apgn(f = 9)(brgn(y)) € To(f —g).

Hence A is linear by the arbitrariness of y and, consequently,
A € refiop (G(AC(X), AC(Y))).

An analogous proof gives the second inclusion of the statement. O

From Theorem 3 and Corollary 2 we immediately obtain the following
theorem, which was a part of the main result in [14].

Theorem 4. The set G(AC(X),AC(Y)) is 2-algebraically reflezive. O

We next study the topological reflexivity of other distinguished subsets
of linear transformations of AC(X).

Let E be a Banach space. Let us recall that an isometric reflection of F
is a linear isometry T: E — FE which is involutive, that is, 72 = Idg; and a
generalized bi-circular projection of E is a linear projection P: E — FE such
that P+ 7(Idg — P) is a linear surjective isometry for some 7 € T with 7 # 1.
Note that each isometric reflection of E is surjective. The symbols G2(E) and
GBP(FE) stand for the sets of isometric reflections and generalized bi-circular
projections of E, respectively.

Characterizations of both types of maps on AC(X) were stated in [13]
when AC(X) is equipped with the maximum norm

[ lla = max{|[ fllo . V(S)}  (f € AC(X)).

According to Corollary 1, it easily follows that each T' € G(AC(X), AC(Y"))
is an isometry with respect to [|-||,, such that T'(1x) is a unimodular constant
function. Then one can obtain the form of isometric reflections and generalized
bi-circular projections on AC(X) endowed with the ¥-norm by [13, Theorem
2.2 (1) and Corollary 3.3]. But we include the proofs to give a self-contained

paper.

Theorem 5. A map T: AC(X) — AC(X) is an isometric reflection if and only
if there exist a number A € {—1,1} and a map ¢ € MA*(X) such that

T(f)=Afe¢)  (f€ACX)).

Proof. Assume first that T' € G?(AC(X)). By Theorem 1, there are a number
A € T and a map ¢ € MH(X) such that T(f) = A(fo¢) for all f € AC(X). In
particular, T(1x) = A x and T?(1x) = A?1x. Since T? = Idac(x), it follows
that 1y = A?1yx and so A € {£1}. Moreover,

$*(z) = AT(¢)(x) = \T(A\T(idx))(z) = N*T?(idx)(z) = = (r € X),

as desired. The converse is clear. O
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Theorem 6. A map P: AC(X) — AC(X) is a generalized bi-circular projec-
tion if and only if there exist a number \ € {—1,1} and a map ¢ € MH*(X)
such that

PN =3 +Mfod)]  (f € AC(X)).

Proof. Assume that P € GBP(AC(X)). Then P+7(Idac(x)—P) € G(AC(X))
for some 7 € T\ {1}. By Theorem 1, we can find a constant A € T and a map
¢ € MH(X) such that

[P+ 7(Idacx) = P)I(f)(x) = Af(¢(z))  (f € AC(X), z € X),

which gives the following formula for P:

P(f)(z) =1 =17 [=7f(2) + Af(s(x)]  (f € AC(X), z € X).

Since P? = P, we have the following equation:
Tf(@) = (T + DAf(¢(2)) + A2 f(¢*(x)) =0 (f € AC(X), = € X).
Suppose that there exists g € X such that x¢ # ¢(z0) and x¢ # ¢*(z0). Take

r = min {|ag = ¢(ao)], [z — 6*(a0) }

and consider the function hg,, € AC(X). Observe that hy, ,(z0) = 1 and
hao +(d(20)) = 0 = hyy (62 (w0)). Taking f = hy, » and z = x¢ in the equation
above, we obtain 7 = 0, a contradiction. Hence ¢(x) = z or ¢?(x) = z for all
z € X. In any case we conclude that ¢? = idy.

We now distinguish two cases. If ¢ # idyx, choose o € X such that
xo # ¢(x0) and consider hy, s € AC(X) with s = |z¢g — ¢(z0)|. Substituting
in the equation, first 2y and h,, s, and after 1x, we infer that 7 + A2 =0
and 7 — (7 + 1)A + A2 = 0, respectively. Hence 7 = —1 and \? = 1. Hence
A € {—1,1}, and the formula of P yields

1

P(f)(z) =5 [f(@) + Af(¢(@)]  (f € AC(X), = € X).

In the another case, if ¢ = idx, taking f = 1x in the equation we deduce
7 —(T+ 1A+ A2 =0. Hence A = 7 or A\ = 1. Using the formula, it follows
that

[f(x) = f(o(x))]  (f € AC(X), z € X)

or

1

P(f)(z) = f(z) = 5 [f(@) + fle(x))]  (f € AC(X), z € X).

Conversely, if P is given as the average of the identity operator with an isomet-
ric reflection on AC(X), an easy verification shows that P is in GBP(AC(X)).
O
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It is interesting to note that although the isometry group of AC(X) is not
necessarily topologically reflexive, but below it is shown the sets of isometric
reflections and generalized bi-circular projections of AC(X) are topologically
reflexive. In particular, the next two corollaries improve the conclusions ob-
tained in Remarks 2.5 and 3.5 in [13] concerning the algebraic reflexivity of
G%(AC([0,1])) and GBP(AC([0,1])), respectively.

Corollary 3. The set G2(AC(X)) is topologically reflexive.

Proof. Let T € refiop,(G*(AC(X))). By Theorem 5, for every f € AC(X), there
exist {\f.ntnen in {—1,1} and {¢, }nen in MH?(X) such that

lim Apo(f o drn) =T(f).

In view of Theorem 1, T € ref;,,(G(AC(X))), and therefore according to
Theorem 2, there exist a number A € T and a surjective, monotonic, absolutely
continuous function ¢: X — X such that

T(f)=Afe¢)  (f€ACX)).

Hence Mx = T(1x) = lim, oo A1y nlx and therefore A = lim, o0 A1y n-
Since A1, € {—1,1} for all n € N, it is deduced easily that A € {—1,1}.

We next prove that ¢? = idy. Define the function h(x) = z —mx +1 for
all z € X. We can take a sequence {\j,}neny in {—1,1} converging to some
A € {—1,1} and a sequence {@p., }nen in MH?*(X) such that

T(h) = lim )\h,n(h o gbh,n) =)\, lim (h o ¢h,n)~
n—oo n—oo
Therefore we obtain that
A(ho¢)=Ap lim (ho¢pp).

On a hand, since the convergence in the ¥-norm implies pointwise convergence,
we infer that

AMo(z) —mx +1) :Ahnlirréo(¢h7n(x) —mx +1) (x € X),
which clearly yields
o(z) = nlirxgo Onon () (z € X),

and, consequently, A = A. On the other hand, since the convergence in the
Y-norm implies uniform convergence, we have that {¢n n}nen converges uni-
formly to ¢. Finally, taking into account that ¢y, ,, € MH?*(X) for all n € N, we
deduce easily that ¢?(x) = x for all x € X. Hence ¢? = idx, which especially
yields ¢ = ¢~!. Now, since ¢ is a monotonic absolutely continuous function,
it is immediately inferred that ¢ € MH?(X). Therefore, T € G2(AC(X)) by
Theorem 5, as desired. O

Corollary 4. The set GBP(AC(X)) is topologically reflexive.
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Proof. Let P € refio,(GBP(AC(X))). By Theorem 6, for every f € AC(X),
there are sequences {\f , Jnen in {—1,1} and {¢ ., }nen in MH?*(X) such that

Jim 3 [F + Asaf 005 = P(P)
Hence, for every f € AC(X), we have
nhﬁngo Apn(fodrn) =2P(f) - f,

and so 2P —Idac(x) € refiop(G2(AC(X))). Hence 2P —Idac(x) € G*(AC(X))
by Corollary 3, and therefore P € GBP(AC(X)). O

We also may apply the preceding corollaries to obtain the 2-topological
reflexivity of the sets of isometric reflections and generalized bi-circular pro-
jections on AC(X)-spaces.

Corollary 5. The sets G>(AC(X)) and GBP(AC(X)) are 2-topologically reflex-
we.

Proof. Let A € 2-refiop(G*(AC(X))). We first prove that for each y € Y, the
functional A, defined by

Ay(f)=ANly) (€ AC(X)),

is linear. According to the spherical version of the Kowalski-Stodkowski the-
orem [16], it suffices to show that A, is 1-homogeneous and satisfies that
Ay(f) — Ay(g) € To(f —g) for all f,g € AC(X). The 1-homogeneity follows
immediately since A is an approximate 2-local isometry. For the spectral con-
dition, let f,g € AC(X) and take {\f 4, }nen in T and {¢..n }nen in MH?(X)
such that

nlLH;O A g (@190 (y) = A)(Y),
im Afgng(drgn(y)) = Ag)(y).

n—oo

Thus
Ay(f) = Ay(g) = Tim Apga(f ~ 9)(@1.0n()) € To(f —g).

Hence A is linear by the arbitrariness of y. Consequently, A € refi,, (G?(AC(X))),
and therefore A € G2(AC(X)) by Corollary 3. This proves that GZ(AC(X)) is
2-topologically reflexive.

To prove the 2-topological reflexivity of GBP(AC(X)), let
A € 2-refy,,(GBP(AC(X))). For any f,g € AC(X), there are sequences
{Nfgntnen in {=1,1} and {¢} g.n }nen in MH?(X) such that

Hm o [f + Apgn(f o drgn)]=A),

1
n—oo 2

1
lim o [9+ Afgn(g0 drgn)] =Ag)

n—oo
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Hence, for every f,g € AC(X), we have
nlLITéO )\f,g,n(f o ¢f,g,n) = QA(f) - f>
nh—>H;o )\f’g’n(g o ¢f,g,n) = 2A(g) -9

and this says that 2A — Idsc(x) € 2-refiop(G2(AC(X))). Since G2(AC(X)) is
2-topologically reflexive, it follows that 2A —Idsc(x) € G*(AC(X)), and thus
A € GBP(AC(X)). O

Acknowledgements

The research of the second author was partially supported by Junta de An-
dalucia grant FQM194 and project UAL-FEDER grant UAL2020-FQM-B1858.

References

[1] Ashton, B., Doust, I.: Functions of bounded variation on compact subsets of the
plane. Studia Math. 169, 163-188 (2005)

[2] Bohner, M.J., Peterson, A.C.: Dynamic Equations on Time Scales. Birkhuser,
Boston (2001)

[3] Botelho, F., Jamison, J.: Algebraic reflexivity of C(X, E) and Cambern’s theo-
rem. Stud. Math. 186(3), 295-302 (2008)

[4] Botelho, F., Jamison, J.: Topological reflexivity of spaces of analytic functions.
Acta Sci. Math. (Szeged) 75(1-2), 91-102 (2009)

[5] Botelho, F., Jamison, J.: Algebraic and topological reflexivity of spaces of Lips-
chitz functions. Rev. Roumaine Math. Pures Appl. 56(2), 105-114 (2011)

[6] CabelloSanchez, F.: Local isometries on spaces of continuous functions. Math.
Z. 251, 735-749 (2005)

[7] CabelloSanchez, F., Molndr, L.: Reflexivity of the isometry group of some clas-
sical spaces. Rev. Mat. Iberoamericana 18, 409-430 (2002)

[8] Cambern, M.: Isometries of certain Banach algebras. Studia Math. 25, 217-225
(1964)

[9] Doust, I., Leinert, M.: Approximation in AC(c). arXiv:1312.1806v1, 2013

[10] Gydry, M.: 2-local isometries of Co(X). Acta Sci. Math. (Szeged) 67, 735-746
(2001)

[11] Hatori, O., Oi, S.: 2-local isometries on functions spaces, Recent trends in op-
erator theory and applications, Contemp. Math., 737, Amer. Math. Soc., Prov-
idence, RI (2019)

[12] Hosseini, M.: Isometries on spaces of absolutely continuous vector-valued func-
tions. J. Math. Anal. Appl. 463(1), 386-397 (2018)

[13] Hosseini, M.: Algebraic reflexivity of sets of bounded linear operators on abso-
lutely continuous function spaces. Oper. Matrices 13(3), 887-905 (2019)

[14] Hosseini, M.: 2-Local isometries between spaces of functions of bounded varia-
tion. Positivity (2019). https://doi.org/10.1007/s11117-019-00721-0


http://arxiv.org/abs/1312.1806v1
https://doi.org/10.1007/s11117-019-00721-0

72 Page 16 of 16 M. Hosseini and A. Jiménez-Vargas Results Math

[15] Jarosz, K., Pathak, V.: Isometries between function spaces. Trans. Am. Math.
Soc. 305, 193-206 (1988)

[16] Li, L., Peralta, A.M., Wang, L., Wang, Y.-S.: Weak-2-local isometries on uniform
algebras and Lipschitz algebras. Publ. Mat. 63, 241-264 (2019)

[17] Molnér, L.: Some characterizations of the automorphisms of B(H) and C(X).
Proc. Am. Math. Soc. 130, 111-120 (2002)

[18] Molnér, L., Zalar, B.: Reflexivity of the group of surjective isometries of some
Banach spaces. Proc. Edinb. Math. Soc. 42, 17-36 (1999)

[19] Pathak, V.D.: Linear isometries of spaces of absolutely continuous functions.
Can. J. Math. XXXIV, 298-306 (1982)

[20] Rao, N.V., Roy, A.K.: Linear isometries of some function spaces. Pacific J. Math.
38, 177-192 (1971)

[21] Santos, I.L.D., Silva, G.N.: Absolute continuity and existence of solutions to
dynamic inclusions in time scales. Math. Ann. 356(1), 373-399 (2013)

[22] Stromberg, K.R.: An introduction to classical real analysis. Corrected reprint of
the 1981 original AMS Chelsea Publishing, Providence. R I, 1981 (2015)

Maliheh Hosseini

Faculty of Mathematics

K. N. Toosi University of Technology
Tehran 16315-1618

Iran

e-mail: m.hosseini@kntu.ac.ir

A. Jiménez-Vargas
Departamento de Matematicas
Universidad de Almeria

04120 Almeria

Spain

e-mail: ajimenezQual.es

Received: August 27, 2020.
Accepted: March 10, 2021.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.



	Approximate Local Isometries on Spaces  of Absolutely Continuous Functions
	Abstract
	1. Introduction
	2. Preliminaries
	3. Results
	Acknowledgements
	References




