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1. Introduction

Let n > 1 be any integer and let X be a compact subset of R such that X coincides with the closure of
its interior. Let C' (”)(X ) be the space of all n-times continuously differentiable complex-valued functions on
X, with the C-norm given by

|[f® ()]
!

11l = ma ;0 (f € COI(X)).

It is known that C("(X) is a unital semisimple commutative Banach algebra.

Linear isometries of these spaces have been studied by different authors. Pathak [19] proved that any
surjective linear isometry of C'")(]0,1]) is induced by a surjective isometry of [0, 1]. Previously, Cambern
[3] had obtained Pathak’s result for n = 1. Wang [22] extended this result for C’én) (X), the Banach space of
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complex-valued functions which have up to n-th continuous derivatives and vanish at infinity on a locally
compact subset X of R such that X is contained in the closure of its interior (see also the paper [4] by
Cambern and Pathak for the case n = 1). We denote by G(C™ (X)) the set of all surjective linear isometries
of CM(X).

The purpose of the present note is to study the approximate local isometries between C'(") (X)-spaces. Let
us recall that a local isometry of C'(™)(X) is a continuous linear map T of C'™(X) into itself which agrees
at every point of C(™(X) with some element of G(C(™ (X)), that is, for every f € C(™(X), there exists
a Ty € G(C™ (X)), possibly depending on f, such that T'(f) = Ty(f). Also, we can consider approximate
local isometries on C'"™)(X) which are those continuous linear maps T satisfying that for every f € C(™(X)
and £ > 0, there is a Ty € G(C™ (X)) such that | T(f) — T¢(f)|l < e. Similarly, the concepts of local
automorphism and local derivation on C (")(X ) and their approximate versions can be introduced.

The study of local automorphisms and local derivations on operator algebras began by Larson [13],
Kadison [11] and Larson and Sourour [14]. The investigation concerning (approximate) local isometries on
operator algebras and function algebras was initiated by Molnar [16], Molndr and Zalar [18] and Cabello
Sénchez and Molndr [2]. The main problem that arises in these papers is to study whether every local deriva-
tion, local automorphism or local isometry of an algebra is a derivation, an automorphism or a surjective
isometry, respectively, or equivalently, to establish the algebraic reflexivity of the sets of derivations, auto-
morphisms and isometries of such algebras. One can also deal with the approximate version of this question,
that is, when the sets of derivations, automorphisms and isometries of an algebra are topologically reflexive.
The consideration of approximate local maps instead of local maps is more general and allows us to address
the problems of algebraic reflexivity and topological reflexivity of some sets of linear transformations on
C™(X) simultaneously.

Concerning to derivations on such spaces, Johnson [10] proved that the space of all bounded derivations
from C(([0,1]) into C™M([0,1])* is algebraically reflexive, but Samei [20] showed that C(™)([0,1]) does not
enjoy this property for all n > 2.

Our goal in this paper is to provide a Banach—Stone type representation of approximate local isometries
between C’(”)(X )-spaces. More concretely, we prove that every approximate local isometry of C'(™ (X ) to
C™(Y) is an isometric linear algebra monomorphism induced by an n-times continuously differentiable
surjection o: Y — X and multiplied by a fixed n-times continuously differentiable unimodular function
0:Y — C. Furthermore, this monomorphism is an isomorphism if and only if ¢ is injective. As an appli-
cation, we state the algebraic reflexivity of the set G(C(X),C("(Y)) of all linear isometries of C'(™ (X)
onto C'™) (Y), and this algebraic reflexivity becomes topological when X and Y are compact intervals of R.
It is interesting to note that the obtained representation also permits us to deduce that the sets of isomet-
ric reflections and generalized bi-circular projections on C(”)(X ) are topologically reflexive. Our approach
requires first to state characterizations for these classes of maps on C")(X).

It is worth noting that the proof of our main result strongly depends on the application of a spherical
reformulation of the Gleason-Kahane-Zelazko theorem, obtained by Li, Peralta, L. Wang and Y.-S. Wang
[15]. This result applies only to unital complex Banach algebras and therefore the technique used in this
paper cannot be applied to study the problem in the case of C(()")(X )-spaces.

We are also interested in the notion of 2-locality which is due to Semrl [21] who stated the first results on
2-local automorphisms and 2-local derivations on operator algebras. Motivated by these results, Molnar [17]
studied 2-local isometries on such algebras. 2-local isometries on function algebras have been investigated by
different authors (see, for example, [7,15]). Recently, the 2-locality problem for surjective linear isometries
on C™([0,1]) with the C-norm has been addressed by Kawamura, Koshimizu and Miura [12], and without
assuming linearity by Hatori and Oi [8]. The first author of this paper also studied 2-local isometries on
C™)(]0,1]) in [9] but with a norm different to the C-norm.

Applying now a spherical variant of the Kowalski-Stodkowski theorem (see [15]), we establish here that
the set of surjective linear isometries from C™)(X) onto C™ (Y) is 2-algebraically reflexive. This reflexivity
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becomes topological whenever X and Y are compact intervals of R and we extend the main result concerning
the 2-algebraically reflexivity of the isometry group of C(™([0,1]) stated in [12]. Furthermore, we prove
that the sets of isometric reflections and generalized bi-circular projections of C(™)(X) are 2-topologically
reflexive.

2. Preliminaries

We recall the concepts of algebraic and topological reflexivity. Let E and F be Banach spaces, let F¥
be the set of all maps from E into F' and let S be a nonempty subset of the Banach space B(E, F) of all
bounded linear maps from FE to F. Define the algebraic reflexive closure and the topological reflexive closure
of the set of S by

refag(S) ={T € B(E,F): Ve € E, 35, € S | Sc(e) =T(e)}
and
refiop(S) = {T € B(E, F): Ve € B, 3{S.;}hien € S| Jim S,(e) =T(e) },
1—>00

respectively. The elements of ref,z(S) and refi,(S) are known as local S-maps and approximate local
S-maps, respectively.
Consider also the 2-algebraic reflexive closure of S, 2-refy,(S), defined as

{AeFF:Ve,u€eE, 35, €S| Seule) = Ale), Seu(u) =Auw)}

and the 2-topological reflexive closure of S, 2-refi,,(S), given by

{A€FF:Ve,ue B, HSouitien CS | lim Seuile) = Ale), lim S ifu) = Au)}.
The elements of 2-ref,s(S) and 2-refi,,(S) are referred to as 2-local S-maps and approximate 2-local S-
maps, respectively.

In the case that S is the set of all linear isometries from E onto F', we refer to the elements of ref,,(S),
refiop(S), 2-refag(S) and 2-refio,(S) as local isometries, approximate local isometries, 2-local isometries
and approximate 2-local isometries of F to F, respectively. The terminology local map, approximate local
map, 2-local map and approximate 2-local map, substituting the word “map” by isometric reflection and
generalized bi-circular projection should be self-explanatory.

The set S is said to be algebraically reflexive (topologically reflexive) if ref,,(S) = S (respectively,
refiop(S) = S). Similarly, the set S is called 2-algebraically reflexive (2-topologically reflexive) if 2-refy(S) =
S (respectively, 2-refi,(S) = S).

Throughout this paper, T denotes be the unit circle of C. Given a set X C R, the symbols 1x and idx
stand for the function constantly 1 and the identity function on X, respectively. Moreover, cl(X) and int(X)
denote the closure and the interior of X, respectively.

3. Results

Our starting point is the following characterization of surjective linear isometries between Cén)(X )-spaces
equipped with the C-norms, obtained by Wang [22].
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Theorem 1. [22, Theorem 4.4] Let n € N and X andY be locally compact subsets of R with X C cl(int(X))
and Y C cl(int(Y)). A map T: C’én) (X) — Cén)(Y) is a surjective linear isometry with respect to the C-
norms if and only if there exist a function 0: Y — C with |0(y)] =1 and ¢'(y) =0 for ally € Y, and a
homeomorphism o: Y — X with |o'(y)| =1 and ¢ (y) =0 for ally € Y such that

T(f)(y) =0(y)f(o(y)) (yeY, feCy(X)). O

From now on we shall suppose that X and Y are compact subsets of R such that X = cl(int(X)) and
Y = cl(int(Y")). Moreover, I and J will denote two compact intervals of R.
To simplify the writing, for any n € N we introduce the following sets of functions:

G(CM(X), 0™ (Y)) = {T: C™M(X) = C(Y): T is a surjective linear isometry} )

An(Y)={0:Y > C:[0(y)| =1, 0'(y) =0, Vy € Y},
B,(Y,X)={0c:Y — X: 0 is a homeomorphism, |0/(y)| =1, ¢"(y) =0, Vy € Y}.

The main result of this paper is the following description of the elements of the topological reflexive
closure of the set G(C™(X),C™(Y)).

Theorem 2. Every approzimate local isometry T of C™(X) to C™(Y) is an isometry of the form

T(f)y) =0 f(oly) (yeY, feC™ (X)),

where 0 is a function of C™(Y) such that |0(y)] = 1 and 6'(y) =0 forally € Y, and 0: Y — X is an
n-times continuously differentiable surjective function such that |o'(y)| = 1 and o”(y) = 0 for ally € Y.
Moreover, T is surjective if and only if o is injective.

Proof. We prove the result through several steps.
Step 1. T is an isometry with respect to the C-norms.
Let f € C"(X). Hence there is a sequence {T};}ien in G(C(X),C™(Y)) such that
lim Ty () = 7).

Clearly, we have
1 (17541l = 17 e
and since [|T7;(f)llo = || fllo for all i € N, we conclude that || T'(f)||o = || f|l--

Step 2. For every f € C™(X), there exist sequences {0, }ien in A, (Y) and {of.i}ien in Bn(Y, X) such

Let f € C™(X). Hence there is a sequence {T};}ien in G(C™(X), C™(Y)) such that

T(f) = lim Tyi(f).

i—00

By Theorem 1, for each i € N, there are two functions 67, € A,(Y) and oy, € B,(Y,X) such that
Tii(h) =0si(hoay;) for all h € O™ (X), and therefore
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T(f) = lim 67i(foops)-
Step 3. 0 := T'(1x) is a function of C"™(Y) such that |0(y)| =1 and 6'(y) =0 for ally € Y.

Clearly, T(1x) € C™(Y). By Step 2, there exist sequences {61, ;}ien in A,(Y) and {01, i}ien in
B, (Y, X) such that

T(lx) = hm le’ily.
11— 00
Since the convergence in the C-norm implies pointwise convergence, for each y € Y we have

T(1x)(y) = lim 61, i(y)

1—>00

and thus
T(1x)(y)| = Jlim 01,i(y)| = 1.
That convergence also implies pointwise convergence for the derivatives and therefore
T(1x)'(y) = lim 6, ;(y) =0
for every y € Y. Hence T(1x) € A, (Y).

Step 4. For each y € Y, the map Sy: CM(X) — C defined by

Sy(f) =0T(Hly)  (f € C™M(X)),

s a unital multiplicative linear functional.

Fix y € Y. Clearly, S, is linear and

Sy(1x) = 0(y)T(1x)(y) = 0(y)0(y) = 10(y)]* =1

by Step 3. To prove its multiplicativity, define T}, : C™(X) — C by

T,(f) =Ty  (feC™(X)).

Since Ty, is linear and |Ty,(f)| = [T(f)(v)| < |T(f)llc = Ifll¢c for all f € C™(X) by Step 1, then Ty is
continuous. Take now any f € C™(X). By Step 2, there exist sequences {0} }ien in A, (Y) and {0} }ien
in B, (Y, X) such that

T(f) = lim 67:(foop)-
Therefore we have

Ty(f) =T(f)(y) = lim 07:(y) fo5.:(y)) € Ta(f),

i—00

where o (f) denotes the spectrum of f. Applying a spherical version of the Gleason-KahaneZelazko theorem
[15, Proposition 2.2], we conclude that S, = T,(1x)T, is multiplicative.
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Step 5. There exists an n-times continuously differentiable surjective function o:Y — X with |0’ (y)] =1
and 0" (y) = 0 for all y € Y such that T(f)(y) = 0(y) f(o(y)) for ally €Y and f € C(X).

Using Step 4, we deduce easily that the map S: C™(X) — C™)(Y) defined by

SUNw) =0T (M) (feC™(X), yeY)

is a unital algebra homomorphism. By Gelfand theory (see, e.g., [5, Theorem 2.3.25]), S induces a continuous
map o: Y — X such that

S(Ny) = floly)  (FeC™(X), yeY),

T(f)(y) =0 f(a(y)) (feC™(X), yeY).

Notice that o = 6T (idx) € C™(Y'). To show the surjectivity of o, assume on the contrary that there exists
zo € X\ o(Y). Being o(Y) compact, from the C(°)-Urysohn Lemma (see, e.g., [6, page 245]) we can take a
function f € C(™(X) such that f(xo) = 1 and f(z) = 0 for all x € o(Y). Hence T(f)(y) = 0(y)f(c(y)) =0
for all y € Y, but T is injective by Step 1, a contradiction.

By Step 2, we can take sequences {fiay itien in A,(Y) and {oia,,i}ien in B,(Y,X) such that
lim; o0 Bidy i0idy i = T'(idx), and therefore
lglo Oidx ,i0idx i = Oo.

3

For each y € Y, we deduce that

lim Oiay i(y)oiay i (y) = lim [0y, (V) iax.i(y) + Oiax.i(¥)Thay (1))

—00 1—00

= lim (Giay i0iax.i) (y)
11— 00

= (00)'(y) = 0'(y)o(y) + 0(y)o’(y) = O(y)o’ (y),
which implies that |¢’(y)| = 1. Moreover, one can observe that lim;_, ||§0idx7igi/dx,i —0'loc =0 (] * o
denotes the uniform norm), which yields the continuity of ¢’. Now, since ¢’ is real-valued, for each yo € Y,
we can find a & > 0 such that o’(y) = o'(yo) for all y € Y with |y — yo| < &, which clearly implies that
" (yo) = 0. Therefore, " = 0 on Y, as claimed.

Step 6. T: C"")(X) — C"™)(Y) is surjective if and only if o: Y — X is injective.

We have T(f) = (foo) for all f € C™(X) with # and ¢ being as in Step 5. Assume that T is surjective.
Let y1,y2 € Y be such that o(y1) = o(y2). It follows that

9(91)T(f)(yl) = f(U(yl)) = f(U(:U2)) = 9(:92)T(f)(y2)

for all f € CU(X), that is, O(y1)g(y1) = 0(y2)g(y2) for all g € C™(Y). Hence g(y1) = g(y2) for all
g € C™(Y) such that g > 0. This implies y; = 5 since the set {g € C™)(Y): g > 0} separates the points
of Y. Therefore o is injective.

Conversely, suppose that o: Y — X is injective. Given g € C™(Y), take f = 0(go o~ 1'). Since o €
C™(Y) and |o’| = 1, it easily follows that o~ € C'")(X). Consequently, f € C™(X) and T(f) = g. This

completes the proof of Theorem 2. O
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Now we state the algebraic reflexivity of the set G(C™(X),C(")(Y)).
Corollary 1. Every local isometry of C™(X) to C™(Y) is a surjective isometry.

Proof. Let T € ref,,(G(C™ (X),C™(Y))). We have

T(f)y) =0y)flo(y) (feC™(X), yeY),

with # and o being as in Theorem 2. We only need to prove that o: Y — X is injective and thus T will be
surjective. Fix 2o € X and let yo € 0~ ({z0}). Consider f,,: X — RT defined by

o —min(X)+1
me(x)_fE()—mll’l(X)—i—]_ ($€X)

Clearly, f,, € C"™(X) with fo-({1}) = {0} Since T is a local isometry, Theorem 1 provides two functions
0r,, € An(Y) and oy, € B, (Y, X) such that

x

T(feo) ) = 01, (W) fao(0s,, (v)  (YEY).

In particular, we obtain

0(yo) = 0(y0) fao (0 (y0)) = T(fa0)(W0) = b7, (40) fzo (01, (40)),
hence fu,(0y,, (y0)) = 1, and therefore o, (yo) = zo. Since yo was arbitrary, we have proved that
o ({0}) € 77 ({ao}).
It follows that o is injective because so is oy, . O
In the following case we can assert the topological reflexivity of the set G(C™(I),C(™ ().
Corollary 2. Every approzimate local isometry of C™(I) to C™(J) is a surjective isometry.
Proof. Let T € refio,(G(C™)(I),C™(]))). By Theorem 2, we have

T(f)y) =0 floly)  (yed, fec™(D),

where 0 € A, (J) and o: J — I is an n-times continuously differentiable surjective function such that
|o’(y)| =1 for all y € J. Now, an easy argument shows that there exists ¢ € R such that either o(y) =y +¢
for all y € J, or o(y) = —y + ¢ for all y € J. In any case, o is injective and therefore T is surjective. O

We now establish a relationship between the 2-topological (2-algebraic) reflexive closure and the topo-
logical (algebraic) reflexive closure of G(C™(X),C™ (Y)).

Theorem 3.

(1) Ewvery approzimate 2-local isometry of C™(X) to C™(Y) is an approzimate local isometry.
(2) Ewvery 2-local isometry of C(X) to C"™(Y) is a local isometry.
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Proof. Let A € 2-ref,,(G(C(X),C™(Y))). We first show that for each y € Y, the functional
A,: CM(X) — C defined by

A=A (feC™(X)),

is linear. According to the spherical version of the Kowalski-Stodkowski theorem [15], it suffices to show
that A, is 1-homogeneous and satisfies that A,(f) — A,(g) € To(f — g) for all f,g € C™(X). The 1-
homogeneity follows immediately since A is an approximate 2-local isometry. For the spectral condition, let
f,g € C"(X) and take {0f 4.:}ien in A,(Y) and {0} 4.:}ien in B,(Y, X) such that

dim 05,9, f(07,6.6(y)) = AU (W),
lim 07.9.19(07.9.1(y)) = Al9)(y)-

Thus
Ay(f) = Aylg) = lim 0p,4:(f = 9)(0,4.:(y)) € Ta(f = g)-

Hence A is linear by the arbitrariness of y. Therefore A € refio,(G(C™(X),C™(Y))). This proves (1),
and (2) is obtained with an analogous proof. O

We next see that G(C™(X),C™(Y)) is 2-algebraically reflexive and this reflexivity becomes 2-
topological whenever X and Y are compact intervals of R. We extend in this way the 2-algebraically
reflexivity of G(C(™([0,1])) stated in [12, Theorem 2.1]. Our result follows by applying Theorem 3 and
Corollaries 1 and 2.

Corollary 3.

(1) Bvery 2-local isometry of C™(X) to C"(Y) is a surjective linear isometry.
(2) Buvery approzimate 2-local isometry of C™)(I) to C"™(J) is a surjective linear isometry. O

We next shall study the algebraic and topological reflexivity of two classes of linear transformations on
C™(X): the isometric reflections and the generalized bi-circular projections.

We recall that an isometric reflection of a Banach space F is a linear isometry T': £ — E such that
T? = idg. By G?(E) we denote the set of all isometric reflections of E.

The next theorem provides a characterization of isometric reflections of C((X).

Theorem 4. A map T: C™(X) — C™(X) is an isometric reflection if and only if there exist a function

0 € A,(X) with O(x) € {£1} for all z € X, and a function o € Bn(X,X) with o*(z) = x for allx € X
such that

T(f)(@) =0(@)f(o(z)) (z€X, feCM(X))

Proof. Let T € G2(C™([0,1])). By Theorem 1, there are functions # € A, (X) and o € B, (X, X) such that
T(f)@) =0@)f(o(x)  (feCM(X), ze€X).

Since T? = ido (x), it follows that

f(x) = T*(f)(z) = T(T(f))(2) = B@)*f(o*(@)  (f € C(X), z € X).
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Taking above f = 1x, we deduce that [f(x)]?> = 1 for all z € X and thus 6(z) € {1} for all z € X.
Substituting also f = idx, we obtain that x = [0(z)]?¢c%(z) = 0?(x) for all z € X.

Conversely, assume that T has the form as in the statement. Then T € G(C™ (X)) by Theorem 1, and
an easy verification yields

T*(f)(@) = @) f(o* (@) = f(x)  (f € CMI(X), z € X).
Hence T € G>(C"(X)). O
We can deduce that every approximate local isometric reflection of C'™)(X) is an isometric reflection.
Corollary 4. The set G*(C™) (X)) is topologically reflexive.

Proof. Let T € refio,(G?(C™(X))). By Theorem 4, for f € C(™(X), we can take two sequences {0;;};en
in A, (X) with 0y ;(x) € {£1} for all z € X, and {0y}ien in Bn(X, X) with 07 ,(z) = 2 for all z € X
satisfying

llgf)lo Ori(foor:)=T(f).

Obviously, T' € refio, (G(C™(X))) and, by Theorem 2, we can find a function § € A, (X) and an n-times
continuously differentiable surjective function o: X — X such that |o’(z)| =1 and ¢”’(z) =0 for all z € X
such that

T(f)=0(foo) (fe€C™(X)).

Hence 6 = T'(1x) = lim;_, o 61, ; and since 61, ;(z) € {£1} for all i € N and = € X, it is deduced easily
that 6(z) € {£1} for all € X. Define g(x) = — min(X) + 1 for all x € X. We have

9(9 o U) = T(g) = lli)m 99 z(g 00y, z)
Since the convergence in the C-norm implies uniform convergence, and g(z) > 0, 6(x),6,,:(z) € {£1} for
all x € X, we conclude that lim; o ||g © 045 — g 0 0]/ = 0. Hence lim;_, ||0g,; — 0|lcc = 0. Now, given
xz € X and € > 0, taking into account that ¢ is continuous and lim;_, 04;(x) = o(z), one can find i € N
such that [log; — || < €/2 and |o(04,i(2)) — 0*(z)| < €/2 for all i > io. Then for any i > io, we have

|05.:(x) = 0% (@)] < 10.i(04,i(2)) — 0(0g:(2)| + |o(0g.i(2)) — ()| <,

which yields lim; o 0 ;(x) = 0(z). On the other hand, for each i € N and z € X we have o ;(z) = ,
) =

Wthh ﬁnally implies that o%(z x. Thus, we infer that ¢ € B, (X, X) with 0% = idx. Therefore T' €

G*(C™ (X)) by Theorem 4. O
We now prove that every approximate 2-local isometric reflection of C(")(X ) is an isometric reflection.
Corollary 5. The set G2(C"™) (X)) is 2-topologically reflexive.

Proof. Let A € 2-refy,,(G?(C™(X))). With a similar proof to that of Theorem 3, we can prove that A is
linear. Hence A € refio,(G2(C™(X))). Then A € G2(C™ (X)) by Corollary 4. O
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Let us recall that a generalized bi-circular projection of a Banach space FE is a linear projection P: £ — E
such that P + A(idg — P) is a linear surjective isometry for some A € T \ {1}. We denote by GBP(E) the
set of all generalized bi-circular projections of E.

A complete description of such projections on CM([0, 1], E) with E a finite-dimensional complex Hilbert
space was given by Botelho and Jamison [1]. Here, the next theorem describes the class of generalized
bi-circular projections of C'")(X).

Theorem 5. A map P: C"(X) — C"™(X) is a generalized bi-circular projection if and only if there exist

a function 6 € A,(X) with 0(x) € {£1} for all x € X, and a function o € B, (X, X) with 0? = idx such
that

[f(@) +6(2)f(o(z))]  (re€X, feCM(X)).

| =

P(f)(x) =

Proof. Assume that P € GBP(C(X)). Then P + A(idee (x)y — P) € G(C™ (X)) for some X\ € T with
A # 1. By Theorem 1, we can find two functions 6 € A, (X) and o € B, (X, X) such that

[P+ Aideoo (x) = P(f)(@) = 0(x) f(o(z))  (f € CW(X), z € X),
which gives the following formula for P:
P(f)() = (1= N7'=Af(2) +0(x) f(o(x))]  (f € C"(X), x € X).
Since P? = P, we obtain the following equation:
M (@) = A+ 1)0() f(o(2) + [0@)*f(0*(2) =0 (f € CM(X), z € X).

Suppose that there exists xg € X such that x¢ # o(z0) and zg # 0%(z0). Take a function h € c™ (X) such
that h(zg) = 1 and h(o(xg)) = 0 = h(c?(zg)). Taking f = h and = = ¢ in the equation above, we obtain
A = 0, a contradiction. Hence o(z) = = or 0%(z) = x for all x € X. In any case we conclude that o2 = idx.

We now distinguish two cases. If o # idx, we can take a point zg € X with z¢ # o(z¢) and a function
g € C™(X) such that g(zo) = 1 and g(c(z)) = 0. Substituting now in the equation, first f = g and
T = z0, and after f = 1x and any z, we infer that A + [0(x¢)]> = 0 and A — (A + 1)8(z) + [0(z)]*> = 0 for all
x € X, respectively. Hence A = —1 and [0(z)]?> = 1 for all x € X. Hence 0(x) € {—1,1} for all z € X and
the formula of P yields

1

P(f)(z) = 5 [f(2) +6(2)f(o(z))]  (fe CM(X), z € X).

In the another case, if 0 = idy, taking f = 1x in the equation we obtain
[0(z) — N[0(z) —1] = [0(z)]* = (A + 1)0(z) + A =0 (z € X).

Since A # 1, we deduce that either 6(x) = A for all z € X or 8(x) =1 for all z € X. Using the formula, we
conclude that

P@) =0= 3 [f@) ~ flol)]  (feC(X), z € X)

or

[f(@)+ flo(@)]  (feC™M(X), z € X).
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Conversely, if P is given as the average of the identity operator with an isometric reflection on C(™(X),
then it is immediate to check that P € GBP(C™(X)). O

We now show that every approximate local generalized bi-circular projection of C' (”)(X ) is a generalized
bi-circular projection.

Corollary 6. The set GBP(C™) (X)) is topologically reflexive.

Proof. Let P € refy,,(GBP(C™(X))). By Theorem 5, for each f € O™ (X) there exist two sequences
{0i}ien in An(X) with 07 ;(z) € {1} forallz € X, and {0 }ien in Bn(X, X) with 07, = idx satisfying

T S [F 46747 0 05,0] = P(7).
Hence
Zlggo Ori(fooypi)=2P(f) - f,

and so 2P — idomy(x) € refiop(G2(C™(X))). Hence 2P — idoem (x) € G>(C™ (X)) by Corollary 4 and
therefore P € GBP(C™(X)). O

We close the paper with the study of approximate 2-local generalized bi-circular projection of C(”)(X ).
Theorem 6. The set GBP(C™) (X)) is 2-topologically reflexive.

Proof. Let A € 2-refy,,(GBP(C™(X))). For any f,g € C™(X), there exist sequences {0/ ;};en in A, (X)
with 67 (z) € {£1} for all z € X and {ofi}ien in B, (X, X) with 07 ;(z) = « for all z € X satisfying

im
11— 00

1

3 [f +05g.i(foosgi)] =Af),
1

lim 5 [9+0rgi(g007,4:)] = Ag).

1—00

Hence, for every f,g € C(™(X), we have
Lim O,9i(f 00p,9:) = 28(f) = .
zli{go ef,g,i(g © Uf,g,i) = 2A(g) -9

and this says that 2A — idgom) (x) € 2-refiop(G2(C™ (X))). Hence 2A — idgm (x) € G2(C™ (X)) by Corol-
lary 5. Therefore, from Theorem 5 we conclude that A € GBP(C™(X)). O
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