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Abstract. Let (X, d) be a compact metric and 0 < « < 1. The space Lip*(X) of
Holder functions of order « is the Banach space of all functions f from X into K such
that || £l = max{|l flloc, L(f)} < 00, where

L(f) =sup{[f(x) = fODI/d*(x,y): x, y € X, x # y}

is the Holder seminorm of f. The closed subspace of functions f such that

d(xl,if?w Lf () = fOI/d*(x, y) =0

is denoted by lip” (X). We determine the form of all bijective linear maps from lip* (X)
onto lip®(Y) that preserve the Holder seminorm.

Keywords. Lipschitz function; isometry; linear preserver problem; Banach—Stone
theorem.

1. Introduction

The main linear preserver problems on function algebras concern the characterizations
of linear bijections preserving some given norm. The classical Banach—Stone theorem
determines all linear bijections preserving the supremum norm of the space C(X) of all
scalar-valued continuous functions on a compact Hausdorff space X. This result has found
a large number of extensions, generalizations and variants in many different contexts (see
the survey paper [5]).

Let (X, d) be a compact metric space and 0 < o < 1. Let K be either C or R. The
space Lip® (X) of Holder functions of order « is the Banach space of all functions f from
X into K such that || f|| = max{|| f|leo, L(f)} < 00, where

[ flloo = sup{| f(x)]: x € X}

is the supremum norm of f, and

L(f) = sup{| f(x) = fODI/d*(x,y): x, y € X, x # y}

is the Holder seminorm of f. The space lip* (X) is the subspace of Lip*(X) consisting
of all those functions f with the property that for every ¢ > 0, there exists § > 0 such
that d(x, y) < & implies |f(x) — f(y)| < €d®(x, y). These spaces have been studied
extensively (see the survey book [10]).
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It is easy to prove that lip® (X) is a closed subspace of Lip® (X) containing the constant
functions. This is also true when o = 1, but, in this case, it need not in general contain
anything but constant functions. For example, if X = [0, 1] and d is the usual metric, then
f € lip' (X) implies that f’(x) = 0 forall x € [0, 1], so that f is constant. To be assured
of an abundance of nonconstant functions, we shall concern with the spaces lip* (X) for
0 < a < 1, since Lipl(X) C lip*(X) for each @ € (0, 1) and the family of functions
{fx: x € X} C Lip!(X), where

fe(t) =d(t,x), VtelX,

separates the points of X.

Besides the sup-norm, one of the most natural possibilities to measure a function f €
Lip*(X) is to consider the value L(f), which provides a measure of the maximum rate
of change of f over X. However the function L defines only a seminorm, not a norm, on
Lip*(X), since L applied to any constant function on X is zero.

In recent years, another line of research motivated by the Banach—Stone theorem has
been to study the linear bijections of C(X) which leave invariant the diameter seminorm:

diam(f) = sup{|f(x) — f(D]: x,y € X}, V[ e C(X).

Gyory and Molndr [7] obtained the general form of these bijections when X is a first
countable compact Hausdorff space. Later, Cabello [2] and Gonzdlez and Uspenskij [6]
got similar results for arbitrary compact X. Several papers on diameter preserving linear
bijections of function spaces have appeared since then [1, 3, 9].

In the context of Lipschitz functions, it seems more natural to raise this type of linear
preserver problems with the seminorm L instead of the diameter seminorm. The aim of
this paper is to determine all linear bijections 7' from lip® (X) onto lip* (Y) preserving the
Holder seminorm f +— L(f), that is, satisfying that

L(T(f) =L(f), Vfelip®X).

For simplicity, we shall say that these mappings are Holder seminorm preserving.

We must point out that the same technique of proof has been used by the first author in
[8] to study the linear bijections of Lip*(X) preserving the Holder seminorm. Namely, it
was proved in Theorem 2.1 of [8] that such a map 7': Lip® (X) — Lip*(X) is of the form
T(f)=tfop+u(f)lx forevery f € Lip*(X),wheret € Kwith [t]| =1,¢: X - X
is a surjective isometry and w: Lip* (X) — K is a linear functional with u(1x) # —t. As
usual, 1x denotes the function constantly 1 on X.

2. Statement of the results and proofs

We follow some notation and terminology of [10]. U denotes the set of all unimodular
scalars of K. Define UT = {1} if K = Rand UT = {¢’: t € [0, n[} if K = C. For
any Banach space E, we write B(E) for its (closed) unit ball. We shall use the letter d to
denote the distance in any metric space.

Let ¢: Y — X be a map between metric spaces. If for some k > 0, we have
d(p(x),o(y)) =kd(x,y) forall x, y € Y, we say that ¢ is a k-dilation.

If p: Y — X is a surjective k-dilation for some k > 0 and v € U, then the map
f = (t/k%) f o ¢ from lip*(X) to lip*(Y) is Holder seminorm preserving. Since L is
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a seminorm whose kernel consists of the constant functions, then the linear map of the
form

T(f)=(@/k)fop+n(Hly, V[ elip”(X),

where w: lip*(X) — K is a linear functional and 1y is the function constantly 1 on
Y, preserves the Holder seminorm of functions in lip* (X). The following theorem says
that every Holder seminorm preserving linear bijection from lip* (X) onto lip® (Y) has the
aforementioned form.

Theorem 2.1. Let X and Y be compact metric spaces and 0 < o < 1. A linear bijec-
tion T: 1lip*(X) — lip*(Y) is Holder seminorm preserving if and only if there exists a
number T € U, a bijective k-dilation ¢: Y — X for some k > 0 and a linear functional
w: lip*(X) — K with n(l1x) # —t/k% such that T(f) = (t/k%) f oo + u(f)1ly for
every f € lip*(X).

The technique employed in this paper to prove Theorem 2.1 is an adaptation to spaces of
Lipschitz functions of an ingenious idea of Félix Cabello Sanchez, used in [2] to study the
linear bijections of C(X) preserving the diameter seminorm. He bases the study of these
linear bijections on the analysis of the isometry group of the space C(X) modulo the set
of constant functions. We shall proceed in a similar form with the space lip® (X).

Let lip§ (X) denote the quotient of the space lip* (X) by the kernel of L and let
m: lip*(X) — lipf (X) be the natural quotient map. Clearly, lip{ (X) is a Banach space
endowed with the norm ||[ f]|| = L(f) forall f € lip*(X), where [ f] stands for the class
7(f).

Suppose that 7 is a Holder seminorm preserving linear bijection from lip® (X) onto
lip*(Y). Then there is a (unique) surjective linear isometry 77, from lip§ (X) onto lip§ (Y)
such that the diagram

lip(X) — Tip(Y)
Tl 4
lip% (X) —5 Tip% (¥)

commutes.
The main tool to prove Theorem 2.1 is the following characterization of the isometries
from lip§ (X) onto lip§ (Y).

Theorem 2.2. Let X and Y be compact metric spaces and 0 < o < 1. A linear map
T:1ip§ (X) — lip§ (Y) is a surjective isometry if and only if there is a number v € U and
a bijective k-dilation ¢: Y — X for some k > 0 such that T[ f] = [(t/ k%) f o ¢] for all
f e lip“(X).

We first deduce Theorem 2.1 from Theorem 2.2.

Proof of Theorem 2.1. 1t is straightforward to check that every linear map 7 of the form
T(f) = (t/kY)f o+ u(f)ly for every f € lip*(X) with 7, k, ¢, u being as in the
statement of Theorem 2.1, is a Holder seminorm preserving linear bijection from lip* (X)
onto lip* (Y).

Suppose now that T: lip*(X) — 1ip*(Y) is a linear bijection that preserves the
Holder seminorm of functions in lip® (X). Then there exists a surjective linear isometry
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Tp: lip§ (X) — lip7 (Y) such that Ty [ f] = [T(f)] for every f e lip*(X). By Theo-
rem 2.2 there is anumber v € U and a surjective k-dilation ¢: Y — X for some k > 0 such
that T [ f]1 = [(t/ k%) f o @] forall f € lip*(X). Then T(f) — (t/k*) f o ¢ is a constant
function on Y for all f € lip* (X) and hence there is a linear functional w: lip* (X) — K
such that T(f) = (t/k%) f o ¢ + u(f)1y forevery f € lip* (X). [ |

Remark 2.1. Observe that T is not necessarily continuous. In fact, 7" is continuous if and
only if p is.

From Theorems 2.1 and 2.2, we derive the following Banach—Stone type theorem.

COROLLARY 2.3

Let X and Y be compact metric spaces and 0 < o < 1. The following statements are
equivalent:

(1) There is a surjective k-dilation from Y onto X for some k > 0.

(2) lip} (X) and lip§ (Y) are isometric.

(3) There is a (not necessarily continuous) linear bijection from 1ip* (X) onto 1ip* (Y) that
preserves the Holder seminorm.

In order to prove Theorem 2.2, we need a characterization of the extreme points of the
unit ball of lip§ (X)* (the dual space of lip§ (X)).

For any metric space X, X denotes the set {(x, y) € X% x # y} and Co(X) the space
of all continuous functions from X into K vanishing at infinity, with the usual supremum
norm.

We embed lip§ (X) isometrically as a subspace of Co (X). This allows us to relate extreme

points of B(lip] (X)*) to extreme points of B(Co(X)*).
Given a compact metric space X, the map ®: lip§ (X) — Co (X) defined by

O[f1(x, ) = (f(x) = F(N/d¥(x,y), Vf €lip®(X), V(x,y) € X,

is an isometric linear embedding. B
For (x, y) € X, let §(,y) be the evaluation functional on Cp(X) defined by

Sy () = f(x,y), VfeCoX),

and let S(L y) be the functional on lip7 (X) given by
S [f1= S (@LFD. Y € lip”(X).

Clearly, S(x,y) is linear and |S(x,y)[f]| < |ILf]ll for all f € lip*(X). Therefore S(x,y) is in
lip% (X)* and |3, y) | < 1.

The next result provides us with a complete description of the extreme points of
B(lip§ (X)*). We shall need the following standard inequalities which are given without
proof.

Lemma 2.4. Let (X, d) be a metric space. If x,y,z € X withx # yand 0 < B < 1, then
ldP (z, x) — dP (z, = dP(x, y), equality ocurring only whenz = x orz = y.
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Lemma 2.5. Let X be a compact metric space, 0 < o < 1 and v € lip§ (X)*. Then v is an
extreme point of B(lip§ (X)*) if and only if v = Ug(x,y) forsomeo € Ut and (x,y) € X.

Proof. Suppose that v is an extreme point of B(lip§ (X)*). Since ® is an isometric linear
embedding from lip% (X) into Co(X), the set

K = {1 € B(Co(X)*): @*(n) = v},

®* being the adjoint map of @, is nonempty by the Hahn—Banach theorem. Notice that
K is a bounded weak* closed convex subset of B(Co(f( )*) and therefore it is a weak*
compact convex set. By the Krein—-Milman theorem, there exists an extreme point u of K.
It is easy to check that u is also an extreme point of B(Co(f( ) ).

The Riesz representation theorem identifies the dual space Cy (X)* with the space M (X)
of all regular Borel measures on X with values in the ground field. The duality is given by

u(f) = /X fdu, VS eCo(X).

Moreover, the norm of a measure u acting as a linear functional on Co(f( ) equals its total
variation:

sup{()I: f € CoX), I flloo < 1) = llpelhy = |l (X)

(see, for example, Appendix C of [4]). The extreme points of B(M (5( ) are the functionals
08(x,y), where o € U and §(y y) is the unit mass at the point (x, y) € X. Therefore we
can find some o € U and (x, y) € X such that v = ®*(08(x,y)), and so v = ag(x,y).

Evidently, eitheroc € Ut or—o € U™ In the first case, there is nothing to prove. In the
second one, for any f € lip*(X), we get 8(x y)[f]1 = —8(,x)[f] since ®[f1(x,y) =
—®[ f1(y, x) for every (x, y) € X and therefore v = —ag(y,x).

To prove the sufficiency, let (x, y) € X and suppose that S(x,y) =t + (1 -1
for some @1, 9o € B(lipf (X)*) and ¢t € (0, 1). We must show that 91 = ¢ = S(x,y).
Since ® isometrically embeds lip (X) in Co (X), by the Hahn—Banach theorem the linear
functionals ¢ and ¢, can be extended to Co(f( ) preserving the~norm, and thus by the Riesz
representation theorem there are measures w1, uy € B(M(X)) such that ¢; = ®*(u;)
and g = ®*(u2).

We now choose a real number g with @ < 8 < 1 and let f: X — R be the function
defined by

dP(z,y) —dP(z, x)
2dP=(x, y)
Clearly, f € Lip®(X) with L(f) = 1, since

If@) = f)| dP(z,y) —dP(z,x) +dP (w,x) —dP (w, y)|
d“(z,w) 24P~ (x, y)d*(z, w)

f@) =

, VzelX.

- 2min{d?(z, w), d? (x, y)}
— 2dP(x, y)d¥(z, w)

) {d“(x,y) df=e(z, w)}
= min , <1
d*(z, w)" dP=*(x, y)
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forall (z, w) € X and

SO = 1) _dPey) = (AP o)
d*(xy) T 2dP G A y)

As well f € lip*(X) since, given & > 0, define § = d(x, y)e'/#~® and then

B—a
dew) <8 = 1@ —fa)l <" e ) < ea(zw).
dP=(x,y)

Since S(x,y)[f] =1, we have
L= o1+ (=Dl fl =1 /X &I f1dpr + (1 — 1) /X Ol f1dpia.
As | ®[f]llco = 1 and u1, uo € B(M(f()), it follows that

[ [ f1dp
X
We deduce that

/_ B[ F1dpey = / [ fldps = 1.
X X

<1 and <L

[ L 1du2
X

We next shall prove that given (z, w) € X, it holds that |®[ f1(z, w)| = 1if and only if
(z, w) = (x, y) or (z, w) = (y, x). The “if” part follows immediately.

To prove the “only if”” part, firstly suppose d(z, w) < d(x, y). By using Lemma 2.4, we
have

|dﬁ(za )’) - dﬁ(wv y)l + |dﬁ(wvx) - dﬁ(z’ x)'

|PLf 1z, w)]| < 24P (x, y)d®(z, w)

- 24P (z, w) APz w)
T 2dP(x, y)d¥(z,w)  dP(x,y) ~

ey

For equality in |®[ f](z, w)| < 1, we must have equality at (1). By Lemma 2.4,
1Pz, y) = dP (w, y) = dP (z, w)

if and only if z = y or w = y. Similarly, we have
P (w, x) — dP (z, )| = dP (z, w)

if and only if z = x or w = x. Consequently, since x # y, thenz =y, w = x or z = x,
w = y. Hence |®[f](z, w)| < 1if (z, w) # (¥, x) and (z, w) # (x, y).
Secondly, if d(x, y) < d(z, w), then

_ P y) —dP @ 0+ 1P w, x) — dP(w, y)]
- 2dP=e(x, y)d*(z, w)

[PLf1(z, w)l

B o
- 2dP (x, y) _ d*(x,y) -1 )
2dP=(x, y)d*(z, w)  d*(z, w)

and applying similar arguments to (2) yields the same conclusion.
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So we have proved that |®[ f](z, w)| < 1 forall (z, w) € X exceptat (z, w) = (x, y) or
(z, w) = (v, x). This implies that @ and ©> must be supported on these two points. Thus

@1 and ¢, are linear combinations of §y.y) and §(y x) = —8(x.y), that is, ¢; = ad(x,y) and
@2 = bd(x. ) for some a, b € K. Since ¢1, g2 € B(lip§ (X)*) and ||3(x )| = 1, it follows
easily that ¢ = ¢ = S(x,y)- .

The extreme points of B(lip7 (X)*) are all distinct as we see next.

Lemma 2.6. Let X be~a compact metric~space and~0 <o < 1. Letoy,00 bein UT
and (x,y), (z, w) in X. Suppose that 618(x,y) = 028(;,w)- Then {x, y} = {z, w} and this
implies that (x, y) = (z, w) and o1 = 03.

Proof. To obtain a contradiction, suppose {x, y} # {z, w}. Then there exists at least a
point in {x, y, z, w} which is distinct of the other three. There is no loss of generality in
assuming that such a point is x. Let ¢ = d(x, {y,z, w}) > 0 and let g: X — R be the
function defined by

g(t) = max{0,e —d(t, x)}, VtelX.

It is easily seen that g € lip*(X) and an easy computation shows that alg(x, nlgl = o1
and azg(z,w)[g] = 0. This contradicts that o1¢ # 0 and so {x, y} = {z, w}.

This implies that either x = z, y = worx = w, y = z. In the former case we
have 018(x,y) = 028(x,y) and since [|§(x,y)ll = 1, 01 = o02. In the latter case, 018(x,y) =
—Uzg(x’ yy and therefore oy = —o7, which is impossible. [ |

Now we are ready to prove Theorem 2.2. The basic technique of the proof comes
essentially from [2].

Proof of Theorem 2.2. It is easy to check that the linear map 7 of the form T[f] =
[(z/k*) f o ¢] forall f € lip*(X) with t, k, ¢ under the assumptions of Theorem 2.2, is
an isometry from lip§ (X) onto lip (¥).

Suppose now that T is a linear isometry from lip§ (X) onto lip§ (Y). Then the adjoint
map T is also a linear isometry from lip§ (Y)* onto lip§ (X)*, and therefore 7* maps
extreme points to extreme points. By Lemma 2.5 the extreme points of B(lip§ (Y)*) are
exactly the functionals of the form ag(x, y) foro € U Tand (x,y) € Y, and similarly for
the extreme points of B(lip§ (X)*).

Therefore, for every (x, y) € Y, there exist o(x,y) € UT and y(x, y), ya(x,y) € X
with y(x, y) # y2(x, y) such that

T*Bxy) = 0 (X, Y)8 1 (xy). 2 (x.))-
So we have established a map o from Y into U™ and two maps y; and y» from ¥ into X.
These maps are well-defined by Lemma 2.6.

Switching x and y, we obtain

T*Giry) = =T Gy.0) = =0 (3. )20 9200.0))

=0 (¥, X)) (y,2),71 (y,x))
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and then o (x,y) = o(y,x), y1(x,y) = y2(y,x) and y2(x,y) = y1(y, x) also by
Lemma 2.6. Let y: Y — X be the map y;. Clearly, we have

T*Bx,y) = 0 (X, Y8037 (1) -

Let Y> and X» be the collections of all subsets of ¥ and X having exactly two elements.
Obviously, T™* induces a mapping I": Y, — X5 defined by

C({fx, yh) ={r(x. y). vy, 0)}.

We next see that I is bijective. To prove that I' is injective, suppose I'({x, y}) = I'({z, w}).
Then either y(x,y) = y(z,w) and y(y,x) = y(w,z) or y(x,y) = y(w,z) and
y(y,x) = y(z, w). In the first case we have

o (@ DT Gxoy) = 80y ey o) = By cow)y w2y = 0 (2 W T*(B(z,w))

and as 7" is linear and injective, it follows that o (z, w)S(x,y) =o(x, y)g(z,w), that implies
{x, vy} = {z, w} by Lemma 2.6 as desired. Similarly, we obtain the same conclusion in the
other case.

The surjectivity of I' is proved easily by taking into account that 7* is a bijection between
the extreme points of B(lip} (¥Y)*) and B(lip{ (X)*).

Let us observe that

T ({x, y}) = supp(T*(B(x.y)))

and therefore there exists a bijection ¢: ¥ — X such that

F{x,y}) ={ox), 0(»)}, Vx,yeY

(see Lemma 3 of [2]). Clearly,

T*Ba.y) = T(6 Y)8(p00).00)

where 7(x, y) € U.

‘We next prove that 4 (x,

W does not depend on x, y. For it notice that the equality
T*(S(x,y)) =t(x, Y)S(V(x,y),y(y,x))

can be rewritten in the form

T* ( 8y — 8y ) = 7(x, ) 8y (x,y) = Sy (y.x)
d*(x,y) d(y (x,y), y(y, %)’

where for every x, y € Y, §; and §,(x y) denote respectively the functionals

8c(f) = f(x), Vfelip*(Y)

and

Sy (f) = fly(x,y), Vf elip”(X).
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Let x, y, z be distinct three elements of Y. We have

d*(x, y) B — Surs)
d*(p(x), p(y)) £ 0

= T*(Sx - Sy) = T*(Sx - 82 +81 - 8)’) = T*(Sx - 5z) + T*(SZ - 8y)

d“(x,z) d*(z,y)
v o G — Soc V) ———— (8uz) — Su(y))-
d® (p(x), (P(Z))( @(x) o( )+ 12 y)da(w(z) (/)(y))( 0(2) (p(y))

Since the functionals J,(y)’s are linearly independent, it follows that

T(x,y)

=1(x,2)

x 2) d*(x,z) (x. ) d*(x, y) — 2. y) d“(z,y)
T dY(p(x), 9(2)) A% (p(x), 9(¥) A% (p(2), 9())
Since (-, -) has the unit modulus, we have
d“x) _ d¥y)  d¥zy) 3)
d¥(@(x), ¢()  d*(px),e(»)  d* (@), ¢(y)’
and so we obtain
T(x,2) =t(x,y) = 1(z, y).
Since x, y and z are arbitrary, the first equality in (3) means that m does not depend

on the second variable, while the second equality in (3) says us that the same occurs with
the first one. Hence there exists a constant k > 0 such that

d(p(x), o(y)) = kd(x, y).

Therefore ¢ is a k-dilation from Y onto X. Reasoning as before we see that 7( -, - ) does
not depend on x, y. Hence 7(x, y) = 7 for a suitable t € U.

Finally, we prove that T[ f] = [(t/k%) f o] forevery f € lip*(X). Given f € lip* (X)
we have

L @®) = fleB)

S (TLD =T Cue)lf1 = Bpeo.ponlf1 =72 ERT)

_ (/K [ o)) = (/K [ o))
d*(x,y)

= Sy (x/k*) f o gl
for every (x, y) € Y. Then the Krein—Milman theorem implies that
S(TLfD = SIx/k*) f o ¢l
forevery S € lip} (Y)* and so T f] = [(t/k*) f o ¢]. [ |
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