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INTO LINEAR ISOMETRIES BETWEEN SPACES OF
LIPSCHITZ FUNCTIONS
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Communicated by Kenneth R. Davidson

ABSTRACT. In this paper we state a Lipschitz version of a known Hol-
sztyniski’s theorem on linear isometries of C(X)-spaces. Let Lip(X) be the
Banach space of all scalar-valued Lipschitz functions f on a compact met-
ric space X endowed with the norm || f|| = max {|| f||o, , L(f)}, where L(f)
is the Lipschitz constant of f. We prove that any linear isometry T' from
Lip(X) into Lip(Y) satisfying that L(T1x) < 1 is essentially a weighted
composition operator

Tf(y) =) f(e(y) (f € Lip(X), y € Yo),
where Yp is a closed subset of Y, ¢ is a Lipschitz map from Y onto X with
L(p) < max{1,diam(X)} and 7 is a function in Lip(Y) with ||7|| = 1 and
|[7(y)] = 1 for all y € Yy. We improve this representation in the case of
onto linear isometries and we classify codimension 1 linear isometries in two
types.

1. INTRODUCTION

A map f: X — Y between metric spaces is said to be a Lipschitz map if there
exists a constant k such that d(f(z), f(2)) < kd(x, z) for all x,z € X. We shall
use the letter d to denote the distance in any metric space.

Let X be a compact metric space and let K be either R or C. The space
Lip(X) is the Banach space of all Lipschitz functions f from X into K, with
the norm [|f]] = max {|Ifll.o . L(f)} , where | ]l = sup{|f(x)| : € X} is the
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supremum norm of f and L(f) = sup{|f(z) — f(y)| /d(z,y) : z,y € X, z # y} is
the Lipschitz constant of f.

The study of linear isometries of spaces Lip(X) goes back to the sixties when
Roy [14] described the surjective linear isometries T' of Lip(X) in the case that
X is connected and its diameter diam(X) is at most 1. Namely, he proved that
such an isometry T has the canonical form:

Tf(y) =7f(e(y) (f€Lip(X), yeY),

where ¢ is an isometry from Y onto X and 7 is a scalar of Sk, the set of all
unimodular elements of K. Novinger [13] extended Roy’s result to the case of linear
isometries of Lip(X) onto Lip(Y) when X and Y are connected with diameter at
most 1. Vasavada’s result in [16] generalizes the aforementioned results since it
states that if X and Y are (5-connected for some 3 < 1 with diameter at most 2,
then any linear isometry from Lip(X) onto Lip(Y") arises from an isometry from
Y onto X as in the aforementioned canonical form. Let us recall that a metric
space X is B-connected if it cannot be decomposed into two nonempty subsets A
and B such that d(a,b) > 8 for every a € A and b € B.

As it will have could to notice, the surjective isometries of Lip(X) have a valu-
able literature. However little has been published about the into isometries of
Lip(X), that is not necessarily surjective. This fact is also meaningful if we com-
pare it to the formidable literature existing about into isometries in the context
of the Banach spaces C(X) of scalar-valued continuous functions on a compact
Hausdorff space X with the supremum norm.

The classical Banach—Stone theorem states that if 7" is a linear isometry from
C(X) onto C(Y), then there exists a homeomorphism from Y onto X and a con-
tinuous function 7 from Y into Sk such that

Tfy) =1 flely) (feC(X), yeY).

An important generalization of this theorem was given by Holsztyiiski in [9] by
considering into isometries. He proved that if 7" is a linear isometry from C(X)
into C(Y), then there exists a closed subset Yj of Y, a continuous map ¢ from Yy
onto X and a function 7 € C(Y') with ||7|| =1 and |7(y)| = 1 for all y € Yj such
that

Tfy) =71 flely) (feC(X), yeY).

This result has been extended in many directions. We can cite, for example, the
generalizations obtained by Cambern [4] for spaces of vector-valued continuous
functions, by Moreno and Rodriguez [12] with a bilinear version, by Jeang and
Wong for spaces of scalar-valued continuous functions vanishing at infinity [10],
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by Araujo and Font for certain subspaces of scalar-valued continuous functions
[2] and by many other authors.

The object of this paper is to show that Holsztyriski’s theorem has a natural
formulation in the context of the spaces Lip(X). We focus our attention on linear
isometries T from Lip(X) into Lip(Y’) for which T'1x is a contraction, where 1x
denotes the function constantly equal 1 on X. We recall that a Lipschitz function
f is a contraction if L(f) < 1.

Our main theorem (Theorem 2.4) states that any linear isometry T from
Lip(X) into Lip(Y) for which T1yx is a contraction, is essentially a weighted
composition operator

Tfy) =71 flely) (f€Lip(X), ye€ Yo),

where Yj is a closed subset of Y, ¢ is a Lipschitz map from Y; onto X with L(p) <
max{1,diam(X)} and 7 is a function of Lip(Y) with ||7]| = 1 and |7(y)| = 1 for
all y € Yy. Namely, the weight function 7 is T'1x. Moreover, we show (Corollary
2.5) that Yp is the largest subset of Y on which we can define a Lipschitz map ¢
with values in X satisfying the equality above.

We use extreme point techniques to prove our theorem as they do in [11],
[13], [14] and [16]. This method of proof is still used to obtain similar results [1]
and seems to date from the known proof of the Banach—Stone theorem given by
Dunford and Schwartz in [5].

Our theorem is not true when L(T1x) = 1 (see [17, p. 61] for a counterex-
ample). We must point out also that, in the aforementioned papers, the connect-
edness condition imposed on the metric spaces is used to prove that T'1lx is a
constant function, in whose case L(T1x) = 0. On the other hand, we want to
emphasize that Vasavada’s reduction to metric spaces of diameter at most 2 is
not restrictive because if (X, d) is a compact metric space and X’ is the set X
remetrized with the metric d’'(z,y) = min{d(x,y),2}, then diam(X’) < 2 and
Lip(X’) is isometrically isomorphic to Lip(X) (see [17, Proposition 1.7.1]).

Our theorem also provides some new information concerning the onto case. We
show (Theorem 3.1) that any linear isometry T from Lip(X) onto Lip(Y) such
that T'1x is a nonvanishing contraction, is a weighted composition operator

Tfy) =71 f(e(y) (f€Lip(X), yeY),

where ¢ is a Lipschitz homeomorphism from Y onto X and 7 is a Lipschitz
function from Y into Sk. Our approach is different from one which Novinger
[13], Roy [14] , Vasavada [16] and Weaver [17, Theorem 2.6.7] present since they
impose conditions of connectedness. Let us recall that a map between metric
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spaces ¢ : X — Y is a Lipschitz homeomorphism if ¢ is a bijection such that ¢
and ! are both Lipschitz, and a function f : X — K is said to be nonvanishing
if f(x)#0 for all z € X.

In [17, Theorem 2.6.7] Weaver obtained a noncompact version of Vasavada’s
result. He defined Lip(X) as the space of all bounded Lipschitz scalar-valued
functions f on a metric space X with the norm || f|| = max {||f| . ,L(f)}, and
showed that if X and Y are complete 1-connected with diameter at most 2, then
every linear isometry T from Lip(X) onto Lip(Y) is of the form

Tf(y) =7f(e(y) (f€Lip(X), yeY),

where ¢ is an isometry from Y onto X and 7 is a unimodular constant.

Theorem 3.1 can be improved with the aid of this Weaver’s result. Namely, we
show (Theorem 3.3) that if X and Y are compact metric spaces with diameter at
most 2 and T : Lip(X) — Lip(Y) is a surjective linear isometry such that T1x
is a nonvanishing contraction, then there exists a surjective isometry ¢ : ¥ — X
and a function 7 : Y — Sk with 7(x) = 7(y) whenever d(z,y) < 2 such that

Tf(y) =71y f(ply), VfeLip(X), VyeY.

In the final section we classify codimension 1 linear isometries between Lip(X)-
spaces in two types. If T : Lip(X) — Lip(Y’) is such an isometry with L(T1x) < 1,
Theorem 4.1 asserts the existence of a closed subset Yy of Y such that either
Yo = Y\{p}, where p is an isolated point of Y, or Y = Y; a surjective Lipschitz
map ¢ : Yy — X and a unimodular Lipschitz function 7 : Yy — K such that
Tf(y) =7 f(e(y)) for all y € Yy. If Y\Y} is just a single point or Yy =Y, we
label these isometries as of type I and of type II, respectively. These two types
are not disjoint. In fact, we give a method for constructing codimension 1 linear
isometries which are simultaneously of types I and II (Proposition 4.2). We also
give examples of type I codimension 1 linear isometries which are not of type
IT (Proposition 4.3), and vice versa (Example 4.4). The remainder of section is
devoted to study the properties of ¢ (Proposition 4.6).

In the last years, several authors have investigated about codimension 1 linear
isometries on the space C(X) ([3], [6], [8], among others many). However the
key article is due to Gutek, Hart, Jamison and Rajagopalan [7]. These authors
studied shift operators on C(X) and classified these operators using the aforemen-
tioned Holsztyniski’s theorem [9]. In this paper we have followed a similar way to
study codimension 1 linear isometries between Lip(X)-spaces applying now our
Lipschitz version of the cited theorem.
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The authors wish to thank the referee for making several suggestions which
have improved this paper, especially the contribution of Theorem 3.3.

2. INTO LINEAR ISOMETRIES

We begin by recalling some results which describe partially the set of extreme
points of the closed unit ball of the dual space of Lip(X).

For a Banach space E, we denote by Bg the closed unit ball of E, by Sg the
unit sphere of F, by Ext(Bg) the set of extreme points of Bg and by E* the dual
space of F.

Given a compact metric space X, let X = {(m,y) €X?:2# y} and let the
compact Hausdorff space W be the disjoint union of X with [3)? , where 5)? is the
Stone-Cech compactification of X. Consider the mapping @ : Lip(X) — C(W)
defined for each f € Lip(X) by

f(w) ifwe X,
& (w) = i
Bf)w) if we X,
where
roa) = HO2ID vy € X,

and Gf* is its norm-preserving extension to [3)? . It is easily seen that @ is a linear
isometry from Lip(X) into C(W).

For each w € W, define the functionals &, € C(W)* and 8, € Lip(X)* by
50(f) = f(w) and 6, (f) = ®f(w), respectively. Clearly, gw(f)‘ < Il for all
f € Lip(X) and therefore &, € Brip(x)=- It is well known (see [5, p. 441]) that
the extreme points of Br,(x)- are essentially of this form:

Lemma 2.1. Every extreme point of Byiy(x)~ must be either of the form Tgw
with 7 € Sk and x € X or of the form 70, with T € Sg and w € ﬁ)z.

We also shall need the following fact which was proved by Roy [14, Lemma
1.2] using a result of de Leeuw [11, Lemma 3.2]:

Lemma 2.2. For each x € X, gx is an extreme point of Byip(x)«-

An application of the Hahn—-Banach and Krein—-Milman theorems yields the
following fact surely known.

Lemma 2.3. Let X be a normed space and M a vector subspace of X. For each
g € Ext(By+) there exists f € Ext(Bx~) such that f|,, = g.
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Finally, we present two families of Lipschitz functions which will be used fre-
quently throughout this paper.

Let X be a compact metric space. For each x € X, the real function f;,
defined on X by f,(z) = d(z, ), belongs to Lip(X) with L(f,;) <1 and || 5|, <
diam(X). Also, for each z € X and & > 0, the function hS : X — [0, 1] given by

B (2) = max {o, RGL)) }

)

is also in Lip(X) with L(h) < 1/6 and ||hS[| _ < 1.

After this preparation, we formulate our main result which is a version for
isometries of Lip(X)-spaces of a known Holsztyriski’s theorem on isometries of
C(X)-spaces [9].

Theorem 2.4. Let T : Lip(X) — Lip(Y) be a linear isometry and suppose T1x
is a contraction. Then there exists a closed subset Yy of Y, a surjective Lipschitz
map ¢ : Yo — X with L(y) < max{1l,diam(X)} and a function 7 € Lip(Y") with
7l =1 and |7(y)| =1 for all y € Yy such that

Tf(y) =1y f(p(y), VfeLip(X), Vye Yo

PROOF. Let 7 = Tlx. Evidently, 7 € Lip(Y) and ||7]| = ||1x]|| = 1. Let Z =
T(Lip(X)) and define

Yo={y ey : 71" 4| €Ext(Bupeo). Irw)] =1}

We first prove that Y is nonempty. Since T is a linear isometry from Lip(X) onto
Z, the adjoint map 7™ : Lip(Y)* — Lip(X)* is also a linear isometry from Z* onto
Lip(X)* and therefore T induces a bijection from Ext(Bz-) onto Ext(Brp(x)+)-

Let x € X. By Lemma 2.2, S5, € Ext(Brip(x)+). Therefore T%u = §, for some
u € Ext(Bz+). By Lemma 2.3, p is the restriction to Z of an extreme point of

Brip(y)+- Hence p = « gw‘z for some a € Sk and w € YUﬂf/ by Lemma 2.1 and
so aT™* gw’Z (1x) = 0,(1x). We now see that w € Y. If there were w € 8Y, we

should have ‘aT* gw‘ (1X)‘ < 1 since
z

‘aT* Sw‘z (1X)‘ _ ‘Sw(ﬂx) — |8(T1x)* (w)| < 1.

It suffices to observe that
T1x(y) — T1x(2)]
TlX*y,z = <L(Tlx)<1
(TLx)* (. 2) e (T1x)
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for all (y,z) € Y and that Y is dense in Y. But, on the other hand, §,(1x) = 1.
This contradiction gives us w = y for some y € Y. It follows that

1=04,(1x) = ad,(T(1x)) = aT(1x)(y) = ar(y).

From this it is deduced that |7(y)| = 1 and a = 7(y). Hence 7(y)T* 4, .= 0y €
Ext(Brip(x)+) and so y € Y.

We next show that for each y € Yj, there exists a unique point x € X such that

T(y)T* 5 ‘ = 0,. Let y € Yp. Since T(y)T* 5, ‘Z € Ext(Brip(x)+) by definition of

Yy, Lemma 2.1 yields T( )T* g .= aéw for suitable v € Sg and w € X U ﬁ)z.
We show that w € X. If w € ﬁX, it is clear that agw(lX) =0, but

T(y)T* 3,

_(1x) = 7008, (TLx) = T T1x(y) = Ir () = 1.
This contradiction proves that w = z for some z € X. Then

a=ab,(1x) =7()T* 8, (o) =1

and so 7(y) )T*(6

)= 6. This proves the existence of x.
z

To show its uniqueness, assume there exists 2 € X such that 7(y)T™* g =
z

.. Consider the function f, € Lip(X). If there were 2’ # x, we would have

TWT" 8| (fa) = 0w (f2) = fala') = d(a’,2) #0,

but also
T 5| () = 8alf) = Fula) = 0

This contradiction gives us z’ = z.

Let ¢ : Yy — X be the map defined by ¢(y) = = whenever 7(y)T* 6, .= O -

Clearly, T* gy .= T(y)gw(y) for each y € Yy and therefore

Tfy) =7y f(p(y)), VfeLip(X), Vye Y.

The map ¢ : Yy — X is surjective. This is proved as the existence of points
in Yy. We now check that ¢ : Yy — X is Lipschitz. Notice that for each = €
X, fr € Lip(X) and ||f,|| < k where k = max{1,diam(X)}. Hence ||fy)| <
k for all y € Yy. Since T is a linear isometry, it follows that ||T f«p(y)H <k
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for all y € Yy. Then L(Tf,) < k for all y € Y;. Let y,z € Yy. We have
|Tf@(y)(y) =T fory) (z)| < kd(y, z). An easy calculation yields

T foi) (W) = T(Y) forn) (0(¥) = T(y)d(0(y), ¢(y)) = 0,
T fory)(2) fow (9(2)) = T(2)d(e(y), v(2)),

and thus d(p(y), ¢(2)) < kd(y, 2).
Finally, we see that Yj is closed in Y. To prove this, given x € X andy € Y, we
notice that y € Yy and ¢(y) = x if and only if |[T'f(y)| = |f(z)] for all f € Lip(X).

Indeed, if y € Yy and ¢(y) = «, then T* éy‘z = T(y)gw; hence, for all f € Lip(X),

we have

)
)

7(z

Tfy) =T" 8| (5 = 7)) = 7)f (@),

and so |Tf(y)| = |f(z)|. Conversely, if |Tf(y)| = |f(x)| for all f € Lip(X),
then |7(y)| = 1 and ker T* gy‘z = ker d,. This last implies that T gy’Z = ad,
for some nonzero scalar a. In particular, we deduce that 7(y) = a and thus
T(y)T* gy‘z = 6,. This says us that y € Y, and oly) = .

To show that Yy is closed in Y, let {y,} be a sequence in Yy converging to a
point y € Y. For each natural n, let z,, = ¢(y,). By the compactness of X, {z,}
has a subsequence {x(,(n)} which converges to a point € X. Let f € Lip(X).
We have |Tf(yo(n))| = |f(o(n))| for all n € N. It follows that |T(f)(y)| = | f(z)|.

Since f was arbitrary, the remark above gives us y € Yy and so Yj is closed in
Y. O

The next result shows that the triple {Yp, 7, ¢} associated to the isometry T
in Theorem 2.4 possesses a universal property.

Corollary 2.5. Let T be a linear isometry from Lip(X) into Lip(Y') for which
T1x is a contraction. Let Yo, T and @ be as in Theorem 2.4. If Yy is a subspace
(not necessarily closed) of Y, and 7' : Y] — Sk and ¢’ : Yj — X are Lipschitz
maps such that

Tf(y) =7 f('(y), VfeLip(X), Yy €Yy,
1l ! __ !
then Yy C Yy, 7' = T|Y0/ and ¢’ = ('D‘Yo/'

PROOF. Let y € Y{. Taking f = 1x above in the expression of Tf, we have
m(y) = Tlx(y) = 7(y), and so 7/ = leo/. Now the expression of T'f reads as

T(y)T* 6, = du1(y) Where Z = T(Lip(X)). Since d,(, € Ext(Bripx)-) by
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Lemma 2.2, it follows that 7(y)T* gy , € Ext(Brip(x)+). Moreover,

1= 040 (1x) = 7(9)0,(T1x) = 7(y)7(y) = |7 (v)[*.
Hence y € Yy and thus Yy C Y.
Let f € Lip(X). Since Tf(z) = 7(2)f(p(z)) for all z € Yy by Theorem 2.4,
Yy C Yy and 77 = T|YO/, we have T'f(y) = 7'(y)f(¢(y)). Moreover, Tf(y) =

7' (y) f(¢'(y)) by hypothesis. Therefore f(¢'(y)) = f(¢(y)) for all f € Lip(X).
This implies ¢'(y) = ¢(y), because otherwise we could take the function f,

and fi(y)(¢'(y)) = d(¢'(y), () # 0 = fo(y)(e(y)). Thus ©" = oy, . U

3. ONTO LINEAR ISOMETRIES
In this section we shall apply Theorem 2.4 to study the onto case.

Theorem 3.1. Let T : Lip(X) — Lip(Y') be a surjective linear isometry. Suppose
T1x is a nonvanishing contraction. Then there exists a Lipschitz homeomorphism
©:Y — X with L(¢) < max{1,diam(X)} and L(p~!) < max{1,diam(Y)} and
a Lipschitz function 7 :' Y — Sk such that

Tfy) =71y f(ply), VfeLlip(X), VyeY.

PROOF. According to Theorem 2.4, there exists a closed subset Y; of Y, a Lip-
schitz map ¢ from Yy onto X with L(p) < max{l,diam(X)} and a function
7 € Lip(Y) with ||7]] = 1 and |7(y)| =1 for all y € ¥; such that

Tfy) =7y f(p(y)), VfeLip(X), Vye Y.

Since now T is surjective, the set Yy comes given by
{y ey : T(y)T*gy € Ext(BLip(X)*)} )

We next prove that Yo = Y. Let y € Y. Since gy € Ext(Brip(y)-) by Lemma

2.2, it follows that T *5~y S Ext(BLip( x)+) because T is a linear isometry from

Lip(Y)* onto Lip(X)*. Then T*gy = ad,, for some o € Sx and w € X U BX by

Lemma 2.1. We see that w € X. Indeed, if w € SX, then ad,,(1x) =0, but
T"5,(1x) = 8,(T1x) = Tlx(y) # 0

because T'1x is nonvanishing. Hence w = x € X. Then

T(y) =Tlx(y) = T*gy(lx) = ady(lx) = a.

Hence |7(y)| = 1 and so 7(y)a = 1. It follows that
T(y)T*(gy) = T(y)agx = gx € EXt(BLip(X)*)
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and so y € Yj.

To prove the injectivity of ¢, let y,3’ € Y be for which p(y) = ¢(y’) and let
us suppose y # y'. Since T'f(z) = 7(2) f(p(z)) for all f € Lip(X) and z € Y, it
is clear that |Tf(y)| = |Tf(y')| for all f € Lip(X) and, since T is surjective, it
follows that |h(y)| = |h(y")| for all h € Lip(Y'). However this can not be because
o)l =0 £ du, ') = 1, )].

On the other hand, T~ is a linear isometry from Lip(Y) onto Lip(X). It comes
given indeed by

T 'g(z) =7(p~(z))g(¢ ' (z)), VgeLip(Y), Vz € X.

Using this we can deduce that ¢! is Lipschitz with L(¢~!) < max{1, diam(Y)}.
The proof is similar to that given in Theorem 2.4 to prove that ¢ is Lipschitz. [

Under the conditions of Theorem 3.1, if T' is also unital, that is T'(1x) = 1y,
then T is an algebra isomorphism. Namely, we have the following:

Corollary 3.2. Let T : Lip(X) — Lip(Y) be a surjective linear isometry. Sup-
pose T is unital. Then there exists a Lipschitz homeomorphism ¢ : Y — X with
L(p) < max{1,diam(X)} and L(¢~ ') < max{1,diam(Y)} such that

Tf(y) = flely), VYfeLip(X), VyeY.

Next we see that Theorem 3.1 can be improved. If 7 : Y — Sk is a function such
that 7(y) = 7(y’) whenever d(y,y’) < 2, and ¢ : Y — X is a surjective isometry,
it is easily seen that Tf = 7(f o) (f € Lip(X)) is a linear isometry from Lip(X)
onto Lip(Y'). Conversely, we have the following improvement of Theorem 3.1.

Theorem 3.3. Let X and Y be compact metric spaces with diameter at most 2
and let T : Lip(X) — Lip(Y) be a surjective linear isometry such that Tlx is a
nonvanishing contraction. Then there exist a Lipschitz function T : Y — Sk with
7(y) = 7(y") whenever d(y,y’) < 2 and a surjective isometry ¢ : Y — X such
that T is of the form

Tf(y) =) f(e(y), VfelLip(X), VyeY.

PRrOOF. By Theorem 3.1, there exists a Lipschitz function 7 : ¥ — Sk and a
Lipschitz homeomorphism ¢ : Y — X such that

Tf(y) =1y f(e(y), VfeLip(X), VyeY.

Let us define an equivalence relation on X by setting  ~ z (x,z € X) if and
only if there is a finite sequence of points 1, ...,z in X such that z; = x, ), = 2
and d(x;,z;41) < 1 for 1 < ¢ < k. The equivalence class of this relation are called
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the 1-connected components of X. Since X is compact, there exist z1, ..., 2m € X
such that X = U™, B(z;,1) where B(z;,1) = {z € X : d(x,2;) < 1}. For each
i € {1,...,m}, the ball B(z;,1) is contained in the 1l-connected component of
X which contains to z; and therefore the number of 1-connected components of
X isn < m. Let Xq,...,X,, be the 1-connected components of X. Notice that
X1, ..., X, are pairwise disjoint closed sets.

Fix 1 < i < n and identify Lip(X;) with the functions in Lip(X) which are
supported on X;. Let Y; = ¢~ 1(X;). Clearly, T takes Lip(X;) isometrically onto
Lip(Y;) and then, by [17, Theorem 2.6.7], there exists a constant 7; € Sk and an
isometry ¢; from Y; onto X; such that

Tf(y)=7if(pi(y), VfeLip(X;), Vyey;

A simple verification shows that 7|y, = 71y and |y, = ;.

Fix 4,5 € {1,...,n} with ¢ # j. Suppose d(zg,z() < 2 for some zg € X; and
zy € X;. Let a = inf {d(z,2’) : ¢ € X;, 2’ € X} and consider f : X — R defined
by f(z) =—a/2ifz € X;, f(z) =a/2ifx € X; and f(z) =0if z ¢ X; UX;. We
claim that f € Lip(X) with L(f) = 1. Let z,2’ € X. If z € X; and 2’ € X, we

have .
U@ S a
d(z,z") d(z,z’) —
If € X;UX; and 2’ ¢ X; UX;, we obtain
R o a
S-S & _a_,
d(z,z") d(z,z’) — 2

It follows that L(f) < 1. Using the definition of a it is easy to see that L(f) = 1.
Since || f|l = a/2 < 1, we have || f|| = 1 and thus || Tf|| = 1. Moreover, since
Tfly) =—mna/2ifyeY;, Tf(y) =m1ja/2if y € Y; and Tf(y) = 0 elsewhere, we
have ||Tf||,, = a/2 <1 and thus L(Tf) = 1. Let
b=inf{d(y,y') 1y €Yi, ¥ €Y;}.

Since Y; and Y; are pairwise disjoint closed sets, we have b > 0. Next we check
that L(Tf) <a/b. Let y,' € Y. If y € Y; and 3 € Y}, we have

Tfy) =TI _ 5lrit 7l _a

d(y,y') dly,y') — b

IfyeY,UY; and ¢ ¢ Y; UY], we get
Tfy) =TI _ 5 _a_a
d(y,y') dy,y) — 27 b

Therefore L(Tf) < a/b and so 1 < a/b.
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We now prove that 7; = 7;. Suppose 7; # 7; and let g : X — K be the function
given by g(z) = —Ta/2 if x € X;, g(x) =T;a/2 if x € X; and g(x) = 0 elsewhere.
To see that g € Lip(X), let 2,2’ € X. If 2 € X; and 2’ € X, we have

lg(x) —g(=")| _ Sl +7l _ |+ 1)

= < 1
d(z,z') d(z,2")y — 2 =

since 7;,7; € Sk and 7; # 7;. If now x € X; UX, and ¢’ ¢ X; U X, we obtain

~ oz a
s -9 _ & _a_,
d(z,z") d(z,z’) — 2
Hence g € Lip(X) with L(g) < max {|7; + 75| /2,a/2} < 1. Since ||g||,, = a/2, it
follows that ||g|| < 1 and so L(Tg) < ||[Tg]| = |lg]| < 1. On the other hand, since
Tg(y) = —a/2ify € Y; and Tg(y') = a/2 if y €Y}, we deduce
T —Tg(y
Ty(y) /g(y )N _ e _ < 1(1y),
d(y,y) d(y,y")
which implies a/b < L(Tg). Then a/b < 1, which contradicts that 1 < a/b. This
proves that 7, = 7;.

It is an easily checked fact, which is contained in [16], that ’

by — 0y ‘ =d(y,y')
whenever d(y,y’) < 2. Using this fact we now prove that ¢ is an isometry. Let
v,y €Y be such that d(¢(y), p(y')) < 2. Clearly, y € Y¥; and y’ € Y; for some
i,j € {1,...,n}. By what has been proved above, we have 7(y) =7, = 7; = 7(y/)
and it follows that

A w): W) = 3o — Tt

= Hf(y)gg,(y) - T(y,)gsa(y’)
( =d(y,y').

If now y,y' € Y with d(p(y), ¢(y')) = 2, then d(y,y’) = 2. In contrary case, it
would be d(¢ ™1 (0(y)), 1 (p(y'))) < 2 and, by applying to T~! what has already

been proved, we would have d(¢ ™" (¢(y)), ™ (¢(¥))) = d((y), p(y')), that is,
2=d(e(y),p(y)) =d(y,y') < 2, a contradiction. O

= Hgy ol — (5~y' ° TH = HT*(&/ - gy’)

~[f-5

4. CODIMENSION 1 LINEAR ISOMETRIES

Applying Theorem 2.4, we can describe codimension 1 linear isometries be-
tween Lip(X)-spaces as follows.

Theorem 4.1. Let T be a codimension 1 linear isometry from Lip(X) into
Lip(Y). Suppose T1x is a contraction. Then there exists a closed subset Yy of Y
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where either Yo = Y\{p} being p an isolated point of Y or Yy =Y, a surjective
Lipschitz map ¢ : Yo — X and a Lipschitz function 7 : Yy — Sk such that

Tf(y) =7 f(e(y), VfeLip(X), Vye Y.

PRrOOF. By Theorem 2.4 there exists a nonempty closed subset Y, of Y, a Lip-
schitz map ¢ from Yy onto X and a Lipchitz function 7 from Y into Sk such
that

Tf(y) =7)f(e(y), VfeLip(X), Vye Y.
Suppose Y'\Yp has two distinct points y1, yo. For i € {1,2}, let

6 =d(Yo Uy : j # i} yi)
Clearly, §; > 0 and hJi € Lip(Y) satisfies that hJi (y;) = 1 and Al (y) = 0 for all
yEYOU{yj j;él}

We see that hii and hiz are linearly independent. Suppose ozhf/l1 + ﬁhgz =0
for some scalars «, 3. Since hi@ (yj) = d;; where 0;; is the Kronecker’s delta, it
follows that o = 3 = 0.

We now prove that no nonzero linear combination of hgll and hgg belongs
to the range of T. Let o, 3 € K and suppose there exists a f € Lip(X) such
that Tf = ozhgl1 + ﬁhig. Then, for all y € Yy, we have Tf(y) = 0, but also
Tf(ly) = 7(y)f(e(y)). In consequence, 7(y)f(p(y)) = 0 for all y € Yy. Then
f is the zero function because 7 is unimodular and ¢ is surjective, and thus
ozhgi + ﬁhgg = 0 by the linearity of T.

From the above it is deduced that hgll is not in the range of 7. Since the
range of T has codimension 1, we have h‘;z = ozhgll + T'(g) for some « € K and
g € Lip(X). Then hg’g - ozhgi = 0, a contradiction. Therefore Y'\Y; has at most
a point. Then either Yo =Y or Yy = Y'\{p} for some point p € Y. This point p
must be isolated since Y'\{p} is closed. O

Theorem 4.1 allows us to classify codimension 1 linear isometries between
Lip(X)-spaces in two types:

Definition 1. Let T : Lip(X) — Lip(Y) be a codimension 1 linear isometry such
that T'1x is a contraction. We say:

(1) T is of type I when there exists an isolated point p of Y, a surjective
Lipschitz map ¢ : Y\{p} — X and a Lipschitz function 7 : Y\{p} — Sk
such that

Tfy) =1 f(e(y), YyeY\{p}
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(2) T is of type II if there is a surjective Lipschitz map ¢ : ¥ — X and a
Lipschitz function 7 : Y — Sk such that

Tf(y) =7 flely), Vyev.

These two types are not necessarily disjoint as the next result shows.

Proposition 4.2. Let Y be a metric compact space with an isolated point p. Let
X =Y \{p} and suppose there exists a point xg € X such that d(x,x9) < d(x,p)
for all x € X (in particular, this happens when diam(X) < d(p, X)). Then the
map T : Lip(X) — Lip(Y) defined by

Tfly)=fly), VYyeX, Tf(p)= f(xo),

is a codimension 1 linear isometry with L(T1x) < 1, which is simultaneously of
types I and II.

PrOOF. Let f € Lip(X). Obviously, ||Tf]|,, = ||fll« and L(f) < L(Tf). More-
over, we check at once that

Tf(x) =Tfp)| = |f(2) = f(xo)| < L(f)d(x, o) < L(f)d(x,p), VreX.

Therefore L(Tf) < L(f) and so |Tf]| = ||f]|. Clearly, T is linear. However
T is not surjective, since the function hy, € Lip(Y) with » = d(p, X) > 0 is
not in T(Lip(X)). Moreover, T1x = ly and thus L(T1x) = 0 < 1. Finally,
T(Lip(X)) is of codimension 1 since every g € Lip(Y') may be expressed as

g=Tf+ (9(p) — g(x0))hy,

where f is the function in Lip(X) defined by f(z) = g(z) for all z € X.
Hence T is of type I taking as ¢ the identity map on Y\{p} and as 7 the
function 1y (1. But also T"is of type II if we now put 7 = 1y and ¢ the function

from Y to Y\{p} given by ¢(y) =y if y # p and ¢(p) = zo. O

We next give a method for constructing type I codimension 1 linear isometries
which are not of type II.

Proposition 4.3. Let X and Y be metric compact spaces. Let p be a point of
Y such that 1 < d(p,Y\{p}), ¢ : Y\{p} — X a surjective isometry and 7 a
unimodular constant. Then the map T : Lip(X) — Lip(Y") defined by

Tfy)=1f(ely), VYyeY\{p}, Tf(p)=0,

for all f € Lip(X), is a codimension 1 linear isometry of type I with L(T1x) < 1,
but it is not of type II.
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PRrROOF. Obviously, T is linear and preserves the supremum norm. Let f €
Lip(X). For all z,w € X, we have

[f(z) = f(w)| = |Tf(e™(2)) = Tf(p~ (w))|
< L(Tf)d(e™ (z), ¢~ (w)) = L(Tf)d(z, w).
Hence L(f) < L(Tf) and so || f|| < ||Tf||. On the other hand, it is clear that

Tf(y) =Tf(2)| = [f(ey) = f(#(2))]
< L(Hd(e(y), ¢(2)) < [ £] dy, 2)
for all y, z € Y\{p}, and

Tf(y) =T =Tl =)l < 1l
<l dlp, YA{PY) < [I£] d(p, y)

for all y € Y\{p}. This implies that L(Tf) < || f|| and thus ||Tf|| < ||f||- Hence
T is an isometry. Moreover, we have

T1x(y) = Tlx(p)| = [T1x(y)| = 1 <d(p, Y\{p}) < d(p,y)

for all y € Y\{p}, which gives L(T'1x) < 1.

We now claim that T has codimension 1. First observe that the function
h}, € Lip(Y') does not belong to T'(Lip(X)), since if h), = T'f for some f € Lip(X)),
then 1 = hy(p) = Tf(p) = 0, a contradiction. Then, given g € Lip(Y), we
take f =7(go¢™!) € Lip(X) and it is clear that g = T'f + g(p)h,,, which proves
our claim.

Evidently, T is of type I. However T is not of type II since, in contrary case, we
could write T'f = 7/(f o ') for some Lipschitz surjection ¢’ : ¥ — X and some
Lipschitz function 7 : Y — Sk, and we would have T1x(p) = 7/(p) # 0, which
contradicts the definition of T O

We next provide a example of a type II codimension 1 linear isometry which
is not of type I.

Example 4.4. For X =1[0,2] andY = [0,1] U [2,3], let ¢ : Y — X be the map

defined by
[ ify €10,1],
o) = { y—1 ifye[23],
and let T 1Y — Sc be the function given by

(y) = 1 if y € [0,1],
TN 2480 ifyef2a)
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We claim that T : Lip(X) — Lip(Y) defined by

Tf(y) =1(y)f(e(y), YyeY, Vf e Lip(X),

is a codimension 1 linear isometry.

Since ¢ and T are Lipschitz, T is well defined. Obviously, T is linear and, by
the surjectivity of @, T preserves the supremum norm.

We now check that L(f) < L(Tf) for all f € Lip(X). Let f € Lip(X)
and x1,x2 € X with x1 # xo. If 1,29 € [0,1] or x1,22 € [1,2], then

|f (1) = fz2)| = [Tf(yr) = Tf(y2)| < L(TS) [y1 — ya| = L(Tf) |w1 — a2

for suitable points y1,y2 in'Y satisfying o(y1) = 1 and o(y2) = x2. If 1 € [0,1]
and xo € [1,2], suppose that ©1 # 1 # x2 and

fQ) = fla)] _ [fx2) = fla)] - [f2) = FO] _ [f(w2) = flz1)]

1—.1,’1 To — X1 ’ Ig—l T2 — I1

Then we arrive at the following contradiction:
[f(@2) = fl)] < [f(22) = FO[+[F(Q) = fla1)]
|f(z2) — f(21)]

D (w2 = 1) + (1 — z1)] = | f(w2) — fla1)].
Therefore we have
[f(@2) = flzd)| _ |F(1) = flan)]
To — X1 - 1—x
|f(z2) = flzy)] _ [f(22) = FO]

<
To — X1 To — 1

Applying the above-proved gives |f(x2) — f(x1)|/(xa—x1) < L(Tf) and so L(f) <
L(Tf). As also | Tf|lo = [|flloc » we deduce that || f]| < T[]
On the other hand, let y1,y2 € Y. A simple calculation yields

ITf(y1) = Tf(y2)l = |7(y1) f(e(y1)) — 7(y2) f(@(y2))]
< Ir(y) fle(yn) — (1) fe(y2))] + 17 (y1) fp(y2)) — 7(y2) f(0(y2))]
< L(f) le(yr) — o(y2)| + 1 fll o I7(y1) — 7(y2)|-

If y1,y2 € [0,1] or y1,y2 € [2,3], it follows that

Tf(y1) = Tf(y2)| < L(F)lyr —y2| < (£l |y — w2,
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whereas for y1 € [0, 1] and ya € [2, 3], we obtain that

T500) ~ TH )] < 1] [lyl “wmetl g - ?]

= [I£1 (yz —y— 1+ \/3 <A vz = o) = [1£ 1 lyr = w2l -

This proves that L(Tf) < ||f|l and therefore |Tf|| < ||f||. Hence T is a linear
isometry. Furthermore, L(T1x) = /2/3 < 1.
Finally, we claim that T has codimension 1. Clearly, the function
gly) =1y e0.1], gly) =0ifye (23]
is in Lip(Y), but not in T(Lip(X)) since |g(1)] = 1 # 0 = |g(2)|. Given h €
Lip(Y), we can take the scalar o = h(1) — h(2) (% — %Z) and the function

h(z) —« if z € [0, 1],
f(x):{ V5 ifzell,2.

)
It is readily seen that f € Lip(X) with L(f) < L(h). Taking into account that

Tf(y) +agly) =7 f(e(y) +agly) = f(y) +a = h(y)
for all y €10,1], and

Tf(y) +agly) =7(y) fle(y)) + agly) = (; + \/52) fly—1)

2 V5 (2 V5,
:<3+3Z> <3—32>h(y):h(y)

for all y € [2,3], we have h = T f + ag, which proves our claim.
Observe that T is of type 11, but not of type I since Y has not isolated points.

Next we study the properties of the map ¢ and state some conditions under
which ¢ is a Lipschitz homeomorphism.

Lemma 4.5. Let T : Lip(X) — Lip(Y) be a codimension 1 linear isometry such
that Tl is a contraction. For any f € Lip(X) and x € X, the function |Tf] is
constant on =1 ({x}).

PRrOOF. By Theorem 4.1, for all y € Yy we have T'f(y) = 7(y) f(¢(y)) and since
7(y) € Sk, it follows that |Tf(y)| = |f(p(y))|. If now y € ¢~ 1({z}), we get
Tf(y)] = f()]. O
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Proposition 4.6. Let T : Lip(X) — Lip(Y') be a codimension 1 linear isometry
such that T1x is a contraction. We take Yy, ¢ and 7 as in Theorem 4.1. The
following assertions hold:

i) For each v € X, ¢~ *({z}) has at most two elements.
il) If there exists a point xog € X and two distinct points a,b € Yy such that
o(a) = p(b) = zo, then o~ ({z}) is a singleton for each x € X\{zo}.
iii) If T is of type I (Yo £Y), then @ is injective ( and hence a homeomorphism.
iv) If T is of type I with Yo = Y\{p} and T*(5 ) € Lip(X)* is zero, then ¢
1 a Lipschitz homeomorphism.

PROOF. i) Suppose that there exist three distinct points y;,ys2,y3 € Yo such that

e(y1) = @(y2) = ¢(ys). Put p = min{d(y1,y2), d(y2,y3),d(y1,ys)} and consider
the functions hf and hf, . Since the codimension of range of T" is 1, there exist

constants o and 3, not both zero, such that ahf) +3hs € T(Lip(X)). By Lemma
4.5 we obtain
{ahyl yl) +'8hy3 hn | - ‘ahyl y2) +5hy3 Y2 ’ - |ahy1 y3) +ﬁhy3(y3)|

This gives |a| = 0 = |3|, a contradiction. Hence ¢~!({z}) contains at most two
points for all x € X.
ii) Suppose there are distinct points zg,x € X and a, b, p,q € Yy such that
a#b  pla)=pb) =z, p#q, op)=y¢l) =2
Take the positive numbers
€ = min{d(a,b),d(p,b),d(q,b)},

r1 = min{d(a,b),d(a,p),d(a,q)},

ry = min{d(p,a),d(p,b),d(p,q)} ,
and consider the functions f; = hj and fo = hg' + hy? in Lip(Y'). Then

a

fi(b) =1, fi(a) = fi(p) = fi(q) =0, fa(a) = fa(p) =1, fa(b) = fa(q) =0
Again, the codimension 1 of range of T" provides two scalars «, 3, not both zero,
such that afy + 8f2 € T(Lip(X)). By Lemma 4.5, it follows that

lafi(p) + Bf2(p)] = lefi(a) + Bf2(q)]
and
lafi(a) + Bf2(a)| = [afi(b) + Bf2(D)].
Therefore |a] = |5] = 0, a contradiction. Hence ii) is true.
iii) Let us assume T is of type I (Yy #Y'). Then Y'\Yy = {p} for some isolated
point p € Y. Therefore we may take r = d(p,Yp) > 0 and consider h;, € Lip(Y").
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If by, € T(Lip(X)), it is easy to show that hj = 0, a contradiction. Hence h}, does
not belong to the range of 7.

Suppose there exist yo,y € Yy such that yg # y and ¢(yo) = ¢(y). Let € =
min{d(yo,y),d(y,p)}. Since hy satisfies hf (y) = 1 # 0 = hy(yo), Lemma 4.5 gives
ki, & T(Lip(X)). As a consequence, there exists a € K and f € Lip(X) such that
hy = Tf + ahj. Then Lemma 4.5 gives |h;(y0) — ah;(yo)| = ’h;(y) — ah;(y)| ,
that is 0 = |af, but then hj € T(Lip(X)), a contradiction. Hence ¢ is injective.

iv) Let y,z € Yy with y # z. Putting v = min {d(y, 2),d(y,p)}, define g =
d(y, z)hj € Lip(Y). A trivial verification yields L(g) < max {1, diam(Yy)/d(p, Yo)}
and |gll., = 9(y) = d(y,2z) < diam(Yp). As a consequence, ||g|| < k where
k = max{d, diam(Yp)} and 6 = max {1, diam(Yy)/d(p, Yo)} .

We now consider the function hj, € Lip(Y) with » = d(p,Yp). Since h}, ¢
T(Lip(X)) (see iii)) and T'(Lip(X)) has codimension 1, there exist & € K and f €
Lip(X) such that g = T'f + ahy,. Since

0=g(p) =Tf(p) +a=T"5(f) +a=a,
it follows that g = T'f. Then

d(y,z) = |g(y)| = )g(y) — T(y)@g(z)‘ = (Tf(y) —7(y)T(2)Tf(2)

= [rw)1 ()~ TWTET (I (02| = £l w) ~ F(2))
< L(Hd(e(y), ¢(2)) < llglld(e(y), () < kd(e(y), ¢(2)).

! is Lipschitz and so ¢ is a Lipschitz homeomorphism. O

Hence ¢~
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