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ABSTRACT
We consider two sequences of orthogonal polynomials (Pn)n>0 and (Qn)n>0 such
that

M

N
D ainSeDyPitn—(2) = D bjnDY Qun—3(2) ,

j=1 j=1
with k,m, M, N € N, a;, and b;, are sequences of complex numbers,

25.:f(a(9) = (A+2Df(). Def(e(s) = g7 /)

z = z(s — 1/2), I is the identity operator, = defines a lattice, and Af(s) = f(s +
1) — f(s). We show that under some natural conditions, both involved orthogonal
polynomials sequences (Pp)n>0 and (Qn)n>0 are semiclassical whenever k = m.
Some particular cases are studied closely where we characterize the continuous dual
Hahn and Wilson polynomials for quadratic lattices.

KEYWORDS
Semiclassical functional; Wilson polynomials; continuous dual Hahn polynomials;
lattices

1. Introduction

One of motivations of this work is to obtain an Al-Salam and Chihara type (see [1])
characterization of classical orthogonal polynomials on lattices. That is to character-
ize all orthogonal polynomials sequences (OPS), (Py,)n>0, solutions of the following
equation

(a22+bz+c)m(8A_1/2)Pn(x(s 1/2)) (1.1)

= (A + 20)(an Pyt + 0o P + cnPat)(a(s — 1/2)),

where I is the identity operator, a, b and ¢ are some well chosen complex numbers,
x defines a class of lattices (or grids) with, generally, nonuniform step-size, Af(s) =
f(s+1)— f(s), and Vf(s) = Af(s—1). This problem finds his origin in [2]. The
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case where the lattice x is g-quadratic and given by z(s) = (¢~° + ¢°)/2 was solved
recently in [3], where under some conditions imposed in a, b and ¢, the only solutions
are the Askey-Wilson polynomials including special or limiting cases of them. But as
noticed in [4], when we consider a quadratic lattice for (1.1), solutions “can not easily
be deduced from those of Askey-Wilson polynomials”. Our objective is to present
an analogue of this problem for quadratic lattices x(s) = ¢45% + ¢5s and therefore to
provide another characterization of such OPS on lattices. For instance, it is well known
that classical OPS on lattices are characterized (see [5, Theorem 4.3]) by the following
equation

(A +2D)Py(z(s —1/2)) = =

= Aafs 17y Lot b PatenPaca)(x(s = 1/2))

In addition it is proved in [3] that, for the ¢g-quadratic lattice z(s) = (¢7° + ¢*)/2, the
following equation has classical OPS as solutions

n+l n+2 A
Z n i (D + 2D Py(a(s — 1/2)) = Z s gty — 1y i = 1/2).

Therefore a second motivation of this work is to study such structure relations in a
more general form. This is why we consider two (monic) OPS (P,),>0 and (Qn)n>0,
and k, m, M, N € N such that

M N
Z a;nSeDE Py i(2) = Z bjnDY Qman—j(2), z=uu(s),
j=1 j=1

where 28, f(x(s)) = (A + 21) f(a(s — 1/2)), Do f(2(5)) = wzrmiry [ (@(s — 1/2)), ajn
and b;, are sequences of complex numbers. Our aim is to study the semiclassical
character of the OPS involved in the above equation.

The structure of this note is as follows. Section 2 presents some basic facts of the
algebraic theory of OPS on lattices and some preliminary results. In Section 3 our
main results are stated and proved. In Section 4 we present a finer result for a special
case.

2. Background and Preliminary
Let P be the vector space of all polynomials with complex coefficients and let P* be

its algebraic dual. A simple set in P is a sequence (@Qp)n>0 such that deg(Qy) = n for
each n. A simple set (Q)n>0 is called an OPS with respect to w € P* if

(W, QnQm) = hnbpm, m=0,1,...; h, € C\ {0} .

In this case, we say that w is regular. The left multiplication of a functional w by a
polynomial 7 is defined by

(rw,p) = (w,p) , pEP.



A dual basis (r,)n>0 of a simple set polynomial sequence (@Qy)n>0 is a sequence in P*
such that (rp,Qm) = dnm, for all n,m. Consequently, if (Qn)n>0 is a (monic) OPS
with respect to w € P*, then the corresponding dual basis is explicitly given by

r, = <w, Qiyl Qnw. (2.1)

In addition any functional v € P* (when P is endowed with an appropriate strict

inductive limit topology, see [6]) can be written in the sense of the weak topology in
P* as

v = Z (v,Qn) rp.
n=0

It is known (see [7]) that a monic OPS, (Qn)n>0, is characterized by the following
three-term recurrence relation (TTRR):

Q-1(2) =0, Qn41(2) = (2 = Bp)Qn(2) = Cnl@n-1(2) , Cn #0, (2.2)
and, therefore,
i <Wa ZQ21> o <W7 Q72’L+1>
= T T wa 23

In our framework, a lattice x is a mapping given by (see [8])

(g 4 c2q® +e3, qg#1
x(s) =

as?+ s+, q=1,

| < 6) are complex numbers such that (c¢q,c2) # (0,0) if
s — 3) = 2ax(s) + 23, where

2 ’ c1/4, g=1.
We define a, == (¢"/? + ¢~™/?)/2 and
qn/2 _ q—n/2
—) i i 471
Tn= 4T —q
n, q=1.
We set v_1 := —1 and a_; := . We also define two operators D, and S, on P by

Do (0(6)) = 01y /ol = /2, Sufla(s) = 5(8 -+ 2D)f(a(s = 1/2),

These operators induce two elements on P*, say D, and S,, via the following definition



(see [9]):
<D33u7 f) = —(u,D$f>, <S$u7 f> = <u7 S:cf>

Let f,g € P and u € P*. Then the following properties hold (see e.g. [2,9,10]):

D, (fg) = (D:ch) (Szg) + (Sxf) (Da:g)a (2.4)
Se(f9) = (Daf) (Dag)U2 + (Saf) (Szg). (2.5)
fDag =D, [(Sxf - IgDmf)g} a8, (gDaf), (2.6)
D.(fu) = (sx f—a~luD, f) D,u+a~'D,f S,u, (2.7)
S:(fu) = (ong — oz_lU%)Dxf D,u+ (Smf + oz_lUlef) S.u, (2.8)
fDyu=D; (Szf u) =Sz (Dsf u), (2.9)
aD}S;u = ap+1S;Dju+ ynUlDZ'Hu, (2.10)
where
2 _ _
Ul(z):{ (a 1)(2 C3), qg#1
257 q= ]-7
{ (042 — 1)((2 — C3)2 — 4C1C2), q ;é 1
Ua(z) =
48(z — ¢g) + ¢2/4, g=1

It is known that (see [2]) if z(s) = 4852 + ¢5s, then
Doz =nz" 4o,z 24, Sp2t =240 (2.11)

with v, = fn(n —1)(2n —1)/3 and v,, = fn(2n — 1).
We denote by Q[f ], with £ =0,1,..., the monic polynomial of degree n defined by

n!
QW) = P DEQuin(2)

with 7! = 1, Yae1! = 11 Y Ynr1- If (rLk])nzo is the dual basis associated to the

sequence (Q,[i€ ])n20> it is known that (see [2])

|
DFrlH = (—1)’”2*{“'1%% C k=0,1,... . (2.12)

n-.

3. Main results

We start with the following lemma using ideas developed in [11] and [12].



Lemma 3.1. Let (u,v) be a pair of reqular functionals and ((Pp)n>0 ,( n)n>0) the
corresponding pair of monic OPS. Assume that for some k,m, M, N € N, we have

M
S 4jnSe P (2 Zb]nQn " n=01,..., (3.1)
§=0

for some complex sequences a;, and b;,, with ag,, = 1 = by, and ap by, # 0 for
M+N-1

alln. Let Apran = [li,j} . be the following matriz of order M + N,
i,

aj_z-,j, if OSiSN—l andi§j§M+i,

lij =19 bj_isng, if N<i<M+N—-1landi—N<j<i,
0, otherwise .

Assume that det(Apr+n) # 0 and k > m. Then there exist three polynomials Y1 kin,

OM4mtn+1 and Prf4m+n Of degrees N +k+n, M +m +n+1 and M + m + n,
respectively, such that

YN fhtnl = Dﬁ’m (<Z5M+m+n+1DxV + PM+m+nSa:V) , n=0,1,.... (3.2)

Proof. Define

M
k
R, (z) = Zaj,nPT[%]j (2), n=0,1,
§=0
Let (an)n>0, (bn)n>0, (a,[f])nzo, (bkn])nzo and (r,)n>0 be the associated dual basis to

[m]

k .
the sequences (Pp)n>0, (Qn)n>0. (P?[I ])nZ()’ (Qrn " )n>0 and (Ry)n>0, respectively. We
are going to prove that

n+M n+N

= Z al—n, T, be,[;n] = Z bl,mlrl s n = O, 1, cee e (33)
l=n l=n

Indeed, by definition of R,, we obtain

kKl R [k]> a—pny, fn<Il<n+ M,
<a" > Z Gl < { 0, otherwise .

Similarly, using (3.1), we write

N .
<be7[1m], Rl> = sz’,l <b7[;n]a }TZ],> = { 8l,_n’l 7 i)ftﬁergwlisi n o
=0



Therefore (3.3) hold by writing
all =3 (al Ry, S.bl =37 (S.blL Ry
=0 =0
and by using what is preceding. Taking n = 0,1,...,N—1and n =0,1,..., M — 1

in the first and in the second equation of (3.3), respectively, we obtain a system of
equations whose matrix is Ap;4n and since det(Apr4n) # 0, then we may write

N—-1 M*l/\
=Y a3 s, =01, M4 N1,
=0 =0

for some complex sequences @, ; and b, j. Even more we may also write

n+N
EQ;L (k] _ Eb/ ,beg,m]’ n=01,.... (3.4)
i=0 J=0

with aim- and b;%j complex sequences with a;LnJFN = bNM+N+n and b{n,n—i-M =

an M+N+n- In addition using successively (2.10), (2.12), (2.7) and (2.8), we obtain

DS, b
_ Am+1 SxDmb[m} + hUlD?+1b£m]
(0% (0%

( "}/m+] (am—H Sm(Qm-‘rj") + ’mele(Qm-i-jV))
’7]' a< m+]>
_1)mey, U?
N A R
| (6%
7] a< m+]>

+ <am+ISsz+j (m+1 +7m)[; QO+J)S u} .

Now since k > m, we apply DX to (3.4) using (2.12) to obtain

n+N 1 n—+M
Z (_1)k’}/2ﬁz'a{rl,iak+’i = D’;‘_m< Z b'/IZ,JDZLS$b‘£m]) ’ n = 07 17 e
i=0 v j



Hence (3.2) holds where

7§]:V (_1)k'7k+i'
YN+k+n(2) = —— ol i Pryi(2)
i=0 7i! <u, sz+i> "

n+M )

—1)" ! U
()= 3 T (a0 = (0 +30) 2 ) DaQuis(2)
=0 ;! a<v’Qm+j>

+ ’YmUlstm—i—j (Z)) )

+M
D)™

2
i=0 4t @ <Van+j

U
pM+m+n(Z) = >b;1,j <am+IS$Qm+j + (am—i-l + 'Ym)ElDsz—&-j)-

In addition, since a;L,n—l—Nb:z,n—i-M = bN,M+N+NaM,M+N+n # 0 and

a?—1

Q1 Qm g + (Qmt1 +Ym)Ymtj = @2majtt 5

a?2—-1

(O‘O‘m+1 - (@m+1+ 'Ym>>'Ym+j + YmOm+j = V2m+j >

we clearly have deg¥Nik+n = N +k +n, degdpr+min+t1 = M +m +n + 1 and
deg prr+m+n = M + m + n. Thus the desired result follows. ]

Let us now state the first result.

Theorem 3.2. Let (u,v) be a pair of reqular functionals with respect to the pair of
monic OPS ((Pp)n>0, (Qn)n>0). Assume that (3.1) holds. Under the assumptions and
conclusion of Lemma 3.1, assume further that m = k,

OM+k4n+1(2) P4 k4n+1(2) — Obthtnt2(2)prtksn(2) #0, n=0,1,...,

3
and det(By) # 0, where By(z) = [cm(z)] - is the following polynomial matriz of
l’J:
order four

UiD2sNtk+i(2) — aSgnNyk+i(2), if =0,
C@j(z) = asx¢M+k+i+1(Z) — Ul(Dx¢M+k+i+1(Z) - KM—HH—Z’(Z))? Zf j=1,

Dodnrikiv1(2) + (202 = D) Knrypyi(2), if j =2,
Dapnrrik+i(2), otherwise .

where K yyi(2) = Seprrirsi(2) — a Ui Daprripyi(2), fori=0,1,2,3.

Then u and v are semiclassical functionals. That 1is, there exist four nonzero
polynomials ¢1, ¢o, Y1 and 1pe, such that

¢1D$u = wlsxu y (Z)2D$V = wQSmV .



In addition, there exist two nonzero polynomials m and p such that
T = pS,v.
Proof. Since k = m, taking n =0 and n = 1 in (3.2), we obtain

YN+0 = ON 41DV + prr+kSav
YN4k+10 = Ork4+2D2V + prrsr+1S2v .

The determinant of the above system does not vanish identically by assumption, and
so we have ¢poD,v = 12S,v and mu = pS,v, where

02 = OM4k+1VN+k+1 — OM+k+2VN+ks V2 = PM4k+1VN+k — PM+EVN+k+1

T = OMikt2UNtk — OM+k+1VN k415 P = OMAk+20M+k — PM4k+1PM+k+1-

Now we apply D, to (3.2) using (2.7) and (2.10) to obtain

waN—l-k—l-nS:cu = (Ule¢N+k+n - aS:ﬂ/}N—i-k—&—n) D:cu
+ (an¢M+k+n+1 —U1(Dedrrybinst — KMHchn))D?:V

+ (Dadarensnts + (202 = DKnrsrin ) S:Dav

+ DxpM—i—k—&—nSiV )

forn=0,1,.... Taking n = 0, 1, 2, 3, we obtain the following system

Dytyn4xSzu D,u
DaYN k41821 - B D?CV
D:pﬂ)N—s—kz-l—QS:Eu - S:D,v
D:pr—s—k:-l—?)qu S%V

Since B(z) = det(B4(z)) # 0, then we can solve this system for D,u, that is, there
exists a nonzero polynomial 17 such that BD,u = 11 S,u. The proof is done. ]

Remark 1. It is important to notice that if & > m in (3.1), then we can apply D,
to (3.2) and proceed as in the previous proof to show that, under some assumptions,
u is semiclassical but we can not insure that v is also semiclassical. We emphasize
that the structure relation considered here has no link with the notion of coherence
pair of measures and so this explain why our results are different. Regarding this we
remind that the idea behind our considered relation was to characterize such OPS and
therefore generalize some known results as mentioned in the introduction. Finding
possible examples and connection with the so-called Sobolev OPS are not in the scope
of this note and may lead to a possible future direction. In what follows we analyse
closely some particular cases.

For our purpose the following result is helpful.



Theorem 3.3. [}, Theorem 3.6] The Sturm-Liouville type equation
P(2)D2Y (2) + 9(2)S:D. Y (2) = M\ Y (2) (3.5)

where ¢ and ¥ are polynomials of degree at most two and one, respectively, and A,
is a constant, has a polynomial solution P,(z), of degree n = 0,1,..., for the lattice
2 = 485%+c5s, B # 0, if and only if up to a multiplicative constant, P, is the continuous
dual Hahn polynomial or the Wilson polynomial.

The following result is the analogue of [3, Theorem 3.1] for quadratic lattices.

Theorem 3.4. Consider the lattice z = z(s) := 485> + ¢5s, with (B,¢5) # (0,0). Let
(Pn)n>0 be a monic OPS with respect to u € P*. Assume that the following equation
holds

(az? + bz + ¢)Dy Py = anSePpy1 + buSePp 4 cnSePr1, n=0,1,...,  (3.6)
with ¢, # 0 forn =0,1,..., where the constant parameters a, b and ¢ are chosen such

that

2
6aCoC5 +2(1+a Y)rg(Cy — %5) + 7“3((31 — By)? — 86(By + By — 28) — 202) —0,

(3.7)

whenever a # 0, and
aCyC4 (bg + 2aBy + b/) — T3 (CL(BQ + Bl)CQ + b/CQ — %(Bl — BO)) =0, (38)

with r; = ¢ + 2aCy, i = 2,3 and b = b+ 2aB. Then (P,),>0 are the multiple of
continuous dual Hahn polynomials or Wilson polynomials or special or limiting cases
of them. Moreover (3.5) holds with

d(z) =(By—2)(az+b—aBy)— (a+1)Cq, ¥(2) =2— By, \p=n(1+(n—1)a) ,)
3.9

where

CLCg 1
=——, b:=—-(B1—By+4p);
being By, B1, C1, Co and C3 are coefficients for the TTRR relation (2.2) satisfied by
(Pn)nZD-

Proof. Let (P,)n>0 be a monic OPS with respect to the functional u € P* and
satisfying (3.6). For the quadratic lattice z = z(s) = 48s? + ¢5s, if we set ma(2) :=
az® + bz + ¢, then by using (2.6), we obtain

1Dy Py = D, [(sm - 25Dx7r2)Pn} ~S, (DM2 Pn> . (3.10)



By direct computations we have
D,ma(2) = 2a(z 4+ B) + b, Syma(2) = az® + (b + 6aB)z + m(B) + act/4 .

Hence from (3.10), using (2.2) together with (3.6), we obtain

nt1 n+1

1
3 anSePi(z) = Y buPz),  m=0,1,...,
Jj=n—1 j=n-3

where
pn+1 = 20+ ap, app = by +2aB, +b+2aB, apn-1 = cn + 2aC,,
bomsr = a(n+2), bun = (n+1) (a(B,H_l Y By +bt 2a/3),

bn,n—2 = (TL - 1)071 (G(Bn—l + Bn) +b+ 20,,3), bn,n—S = a(n - Q)Cncn—l )

bun_1 =7 {a(CnH + B2 + Cn> + (b+2a8)(B, — ) + ¢ — a(ﬂ2 — f)] :

Assume a # 0 and define

Qn(2) == Z an—1;Pj(z), n=0,1,....

Jj=n—2

Then (Qr)n>0 is a simple set of polynomials and so let (a,)n>0, (aw)nzo and (ry)n>0

be the associated basis to the sequences (Py,)n>0, (P,[ll})nzo and (Qn)n>0, respectively.
We then obtain

aAp = Ap—1nTn + A nlnt1 + Gppinlnt2 ; (311)
Sxag} = bn—l,nrn + bn,nrn—l—l + bn+1,nrn+2 + bn+2,nrn+3 + bn+3,nrn+4 ) (312)
Let us write P, (2) = 2" + fp2" 1+ ..., forn = 0,1,..., with f, = _Z?:_ol B;.

Then using (2.11), we identify the coefficients of the terms in 2"™! and in 2™ in each
member of (3.6) to obtain

n—1

2
ap, =na, b, =bn+ anB,, — ganﬁ(an +6n+1) +aZBj )
§=0
Without loss of generality, we set a_; := —a. Also taking n = 1 in (3.6), we obtain

clzc—a(Bo—B)(Bl—ﬁ)—i—Cl—f—l—(Bo—B)(b—a(GB—Bo—Bl)) .

Then defining
2

A= —g((Bl — 30)2 — SB(BO + By — 26) — 202) — (a+ 1)(01 — %) ,

10



we combine the obtained system by taking n = 0,1,2 in (3.11) and n = 0 in (3.12),
using what is preceding to obtain

1 A
Sra([)u =ap+ 5(31 — Bo)ay + 3,22 (3.13)

subject to conditions (3.7)—(3.8). Now apply D, to (3.13) using (2.10), (2.12) and (2.9)

to write
1 A
D, |ag + 3 ((Bl — By) + 2U1)a1 + 3522 = —S;a; .

So using (2.1) and (2.3) we obtain
D, (¢u) = S, (vu) ,
where ¢ and 1) are given in (3.9). This is equivalent to the following equation
(2)D2Py(2) + 10(2)SeDePo(2) = MPu(2), n=1,2,...,

with A, = n(1+ (n — 1)a) # 0, by applying [9, Theorem 5: (a)<= (c) |. Thus the
desired result follows by Theorem 3.3. O

4. A special case

Here we state a finer result for the special case where a = 0 in (3.6). For this purpose
the following result is appropriate.

Theorem 4.1. [2,13] Consider the lattice z = x(s) = 485 + ¢55. Let (Py)n>0 be a
monic OPS with respect to u € P*. Suppose that u satisfies Dy (¢pu) = Sy (¢u), where
P(2) = az® + bz + ¢ and Y(z) = dz + e, with d # 0. Then (P,)n>0 satisfies (2.2) with

nep—1  (n+1ey (n+1)dn-1 1 ( 2_ %o >
B, = - —2pn(n—1), Cpy1 = ——————0" [ —fn" — — |,
dop—2 dop, fn( ) i dop—1dan+1 ¢ P doy,

(4.1)

where d,, = an + d, e, = bn + e + 2Bdn?, and
(;5[”}(2) = a2’ + (b + 68nd,)z + ¢(Bn?) + 2Bny(Bn?) + %cgdn )

Recall that the continuous monic dual Hahn polynomial (Hy(-;a,b, c)),>0 satisfies
(2.2) (see [14, p.197, (9.3.5)]) with

By=n+a+b)(n+at+c)+nn+btec—1)—ad*,
Cpi1=Mm+1)(n+a+bd)(n+a+c)(n+b+c), n=01,...,

with the restrictions —a — b, —a — ¢, —b — ¢ ¢ Np.
We are now in the position to state our result.

11



Corollary 4.2. Consider the lattice z(s) = 48s®> + ¢5s with (B,¢5) # (0,0). Let
(Pn)n>0 be a monic OPS with respect to u € P* satisfying

(z+¢)DyPp(z) = bpySaPo(z) + enSaPo—1(2), n=0,1,..., (4.2)
with ¢, # 0 forn=1,2,..., where the constant c is chosen such that
2(Ca+ (Bo = B1)e) = (B1 = 56)* — (Bo — 58)° . (4.3)

Then up to an affine transformation of the variable, P, is one of the following specific
case of the continuous dual Hahn polynomial (Hy(-;a,b,¢))n>0:

Pu(e) = (48" (5 e+ 123 ) (1.0
or
P,(z) = (—4B8)"H, ( —(z+28+ i —2)d — E,e - 1, 1> ) (4.5)
4p 163 277 272
for each n =0,1,..., where d and e are complex numbers such —d ¢ Ny and

e (15
o 1+d 6452 )

Proof. Let u € P* be the regular functional with respect to which (P,),>0 is a monic
OPS. Suppose that (P,),>0 satisfies (4.2) and subject to the restriction (4.3). Then
from Theorem 3.4 we deduce (by taking a = 0, b = 1 and taking alson = 1,2 in (4.2))
that D, (¢u) = S;(1pu) holds where

P(z) = —% (B1 — By+4B) (2 — By) — C1, ¥(z)=2—DBy.
We apply (4.1) to obtain

B, = —86n* + (By — By +86)n+ By , (4.6)
Cpy1 = i(n +1) [6462713 —163(B1 — By + 48)n* + 4C4 (4.7)

+ ((Bl ~ Bo)?— ¢ +88(B) — 3By + 2/3))71} ,

for each n = 0,1,.... In addition, we claim that the parameters By, By and C; are
related by the following equation

2

28C) = (By — Bo+88)((Bo — 8)B + ;fé) (4.8)

with By + B1 = 28 or By + By # 20.
Indeed writing P,(2) = 2" + f,2" ' +---, where fo := 0 and f, = — Z;:& B; for
n=1,2,..., we identify the coefficients of the two firsts therms with higher degree in
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(4.2) using (2.11) to obtain

n—1
1
b, = n, cn:ZBj—§(4n2—1)nﬁ—|—nc, n=0,1,.... (4.9)
§=0

Also by direct computations we obtain

D$P2(Z) =2z+ 25 — BO - B s
2

S.Py(z) = 2>+ (68 — By — B1)z + (8 — Bo)(8 — B1) + %5 —c.

Similarly we obtain D, Ps and S, Ps by taking n = 3 in (2.2) using (2.4)—(2.5):

D$P3(Z) = 322 + 2(55 — By— By — BQ)Z + (B — Bg)(Zﬁ — By — Bl)
2

+(8=Bo)(B—B1)—C1—Ca+ 2,

and
SuPs(2) = 2% + (158 — By — By — By)2% + (45(25 —Bo—B))+ 3% —Cy— Oy
(8= Bo)(8 — Ba) + (8~ B2) (68 — Bo — B) )z + (Bo — B)Ca
—(Bo+B1+ By - 3&)% +(8=Ba)((B=Bo)(B—B1) - C1) .
Taking n = 3 in (4.2), using what is preceding we obtain the following equations:

CQ +Cl —2B(63 —C) —+ (BO +Bl - 25)(%05 +7B - BQ —C)

+(B2 = B)(68 — ) + (Bo = B)(B— B1) ~ 5 =0,
(3B0 — 35 + C)CQ + (3B2 — 35 —c3 + C)Cl + (5 — Bo)(ﬁ — Bl)(Cg + 35 — 3By — C)

2
7%’(330 +3B) +3Bs — 98 —c3+¢) + (B — B)(28 — By — B1) = 0.

Hence (4.8) is obtained from the previous equations by using the expressions of c3,
By, Cy and c giving by (4.9), (4.6), (4.7) and (4.3), respectively.

Recall that from (4.3), B # By and consequently from (4.8), we obtain 3 # 0. Further,
according to (4.8), only By and B; may be consider as free parameters. Let then a
and b be two complex numbers solutions of the following quadratic equation:

1 2
8ﬂ22+(Bl—BO+86)Z+§(Bl—5B0)+4ﬂ—g—g:0.

That is

1

(a,b) or (b,a) € {(1(30—31—85)—\/5 165

168 (30—31—85)—1-\/5)} ;

where A := ﬁ(Bl —Bo+8B)%+ % (%(530 —By)—45+ %) Then we may express

13



By and Bj in term of a and b as follows

2

Boz—2ﬂ(a+b+2ab)—1c6—55,

2

31:—26(5a+56+4+2ab)—1;—5ﬁ.

So (4.8) becomes Cy = 43%(a + b)(2a + 1)(2b + 1). Then from (4.6)—(4.7) we obtain

2

—_ 5
B, = 25(4n(n+a—|—b)—i—2ab+a—|—b) 165 °

Cry1 =48*(n+a+b)(2n +2a+1)(2n+2b+ 1), n=01,...,

with the condition —a—b, —(2a+1)/2, —(2b+1)/2 ¢ Ny, obtained from the regularity
conditions. In addition, using (4.3) and (4.9), we obtain

2
021%55, Cn=—Bn(2n+2a—1)(2n+2b—1).

Hence (4.4) holds.

We remark that if in addition to (4.8), we have By = —By + 23, then By will be
the only free parameter. For this case let d and e be two complex numbers solutions
of the following quadratic equation

2
4ﬁ22+(5—30)(z+1)—1%55=o.

Then we obtain

(@.c) or vy € { (5B = 5) — VB, 5 (Ba— 6) 4 VA § |
where A = 4 [(BO "y (1 + 15 (Bo — 5)) + W}

Then we have 3(1+ 4d 4+ 4e) = By = [ — 48de — 12?5. So d and e are related by the
following relation

2

_ ‘5
(d+1)(e+1)—1—6462.

Therefore (4.6)—(4.7) become

B, = —86n* —83(d+ e — 1)n + B(1 — 4de) — 1;%6 ,

Cpy1=163%(n+1)(n+d+e—1)(n+d)(n+e), n=0,1,...,
where —d, —e, —d — e ¢ Ny by regularity conditions. We also have

2
4
c:lcﬁ—‘r’ﬁ, cn:—gnﬁ(7n2+6(d+ef1)n+3defl).

14



Hence (4.5) holds. O
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